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ON AN ALGEBRAIC SYSTEM GENERATED BY A SINGLE - 
ELEMENT AND ITS APPLICATION IN 
RIEMANNIAN GEOMETRY 


Bv. 
R. N. Ben, Calcutta 


(Received November 4, 1949) 


1. In the course of investigation on parallel displacement in Riemannian space, 
a certam system of affine connections was obtained which appeared to behave in an 
interesting manner. This system is given in the last article. Tt was thought natural 
to enquire whether there existed an abstract algebraic system which would cover the 
system mentioned above. It was, however, apparent at the outset that the well-known 
algebraic systems, such as ring, field, group ete., did not satisfy the requirements, and 
that a new (non-associative) system had to be created. This new system is discussed in 
this paper; and instead of beginning with a formal definition of the systeim all at once, 
it seems desirable to describe it gradually, ] ° 
Let us then star? with an abstract element a and suppose that corresponding to a, 
there exist two other elements, called the associate and the conjugate of a and denoted by 
a* and a’ respectively. Suppose further that there exist elements which are associate 
and conjugate of a* and of a! and of every elernent generated in this way, and that this 
process can be continued indefinitely. Let the set of all elements thus obtained be 
denoted by T. - The associate and the conjugate shall be governed by the property that if 
"tis an arbitrary element of T, the a&sociate of the associate as well as the conjugate of 
the conjugate of t is ¢ itself, written . 
Prst, Wok, EE (1.1) 


It thus follows that the property of being associate is mutual or symmetric and the same 
thing holds for conjugacy. Let us imagme that there are operations by which the 
associate and the conjugate of an element are obtained. These operations, except with 
regard to the property (1.1), are however quite arbitrary; but once chosen they must 
remain unaltered in a particular investigation. 

In adopting the notation for the repeated use of these operations, we shall suppose 
that the symbols *,’, which we shall speak of as suffixes attached to an element, are . 
written from the left to the right in order of priority of application; e.g., a*/ and a/* 
shall denote respectively the conjugate of the associate and the associate of the conjugate 
ofa. We may therefore notice that the operations with suffixes satisfy the associative 
law. Thus, for example (as in the case of composition with the inverse element of 


a ‘group’), 


GXIA = git S a*l = git gA — a, 
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An element which is its own associate will be called a self-associate element; 
similarly for a self-conjugate element. Obviously, if a is both self-associate and self- 
conjugate, T consists of just one element; and if the operations for obtaming the associate 
and the conjugate are not distinct from one another, T consists of not more than two 
elements, These are trivial cases, and wo shall exclude both these possibilities. 


9. The elements of T may be arranged as forming the following two sequences: 


(2.1) 


S.: a, a*, a", a**, qM, LL. | 
S,: a. al, a, gh, gH, 
Obviously, the r-th term of S, has r—1 suffixes and of S, rsuffixes Consider the 
possibility of two terms of one of the sequences bemg equal to one another. Let 
ty, tay ts lui 81) Bar 8s denote the successive terms of S, and S, respectively. 
I. Let tps, be the first (earliest) term which is equal to 4 preceding term, say tg; 
pqgei,2,...5 q<ptl. Four cases may arise: 
(1) peven,q odd. Here 
a** i! with p suffixes = a** ^^! with qg—1 suffixes. 
Taking successively the conjugate and the associate of both sides, 
a = a*****! with p—q+1 suffixes, or, f£, = fy 4.5. 
By hypothesis, 0 < ptisp-qt2; therefore q = 1. And, as the suffixes of tps, end 
in a dash, we have 
teeta, rT—12,... te, r=1,2,..., p (mod p). (2.2) 
Hence the sequence S, becomes a cyclic sequence with p (even) distinet terms, Again it 


follows from above that 
a = atts +! = aH ro * with p suffixes, | 


; (2.3) 
a** ird m at rt with p/2 suffixes. 
It is thus seen that S, 18 S, wilh the opposite sense, i.e., 
ty = 8p- 8r = dbgaag2e (Tl, DA ee De (2.4) 
(i) p,q both even. Here, proceeding as before, XE 
a = a*!'''* with p+q—1 suffixes, or, t, = tpe 
Taking successively the associate and the conjugate of both sides, 


= Upsqursir Ds 1:9,2605. td 
Thus, 
tp = tgo fpa fs. 
By hypothesis 
qttXptl, q«ptL ^ @=P 


tpi = tp. 
As the suffixes of tp end in a star, ty is self-conjugate. It follows that in this case 


tpar = lpereis r=1,2,...,P 


top = ti 


~ 
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As the suffixes of tıp end in a star, we have the following result: 

be = tn TSEL Se Oe eee Hae Jub Bs [OQ 
Tt is thus seen that the second half of the first 2p terms of S, is the reverse of the first 
half, after which S, follows. S, is therefore an infinite sequence which includes 8,. 

(iii) p,q both odd. This case is similar to case (ii). Here also tp+, = tp. But 
as the suffixes of tp now end in a dash, tp 18 self- associate, and the terms are then reversed 
up to typ, after which the (infinite) sequence 8, follows. 

(iv) p odd, q even. Here, as in (i), t, = ty. 4,4. Therefore, q = 1 contrary to the 
supposition that q is even. Hence this case cannot arise. 

II. Let 85,, be the first (earliest) term which is equal to a preceding term, say sg« 
Here, as in I, we have four cases: 

(i) p even, q odd. Proceeding as before, it is seen thal s, = 85.445. So this case 
is exactly similar to I(i). S, is a cyclic sequence with p terms and S, is the reverse 
of it. 

(ii) p,q both even. Here also we obtain result similar to that in I(ii). sy, is 
self-conj ugate, after which the terms are reversed up to 8p and then follows 8,. Sy, is 
therefore an infinite sequence which contains 8. 

(i) p,q both odd. ee too the result is similer to that in I(tii), a» is now 
self-associate. - 

(iv) p odd, q even. As in I(iv), this case cannot arise. 

All these properties are repeated if S, and S, are replaced by the sequences 

a, a, a*, al*,,.. and a*, aW, gW*, gH | 
Examples of the cases I(i), II(i). 
f p=2: a*=-a or Ifa or —i[a, d=% 
where a = 0 is an arbitrary element of a field. 
p=4: (1) a*, a! 2—a, +o/a, "n. 
where a 18 a number, real or complex, ¢ is a constant number and ao # 0. 
| (2) a*, à = MT, M^, 
where M is a square matrix having non-zero determinant and MT, M are respectively 
its transposed and inverse. 

8. The problem with which the present papor deals is to enquire whether 1b is 
possible to obtain, with the help of the elements of T, a new element which shall be 
both self-associate and self-conjugate. Obviously, the problem becomes less complicated 
when we have to deal with a finite T. And T is finite only in the cases I(i), II(i) of the 
last article. We shall be concerned in this paper with a finite T, i.e., witha finite 
cyclic sequence (as in the case of a finite cyclic ‘group’) and, as such, there is no necessity 
to distinguish between the sequences 8, and 8,. Take one of the sequences, say S,, the 
terms of which now form a finite set of order p (even), and in which every term is of order 
p. (in the sense that t = D***** = U*'***,. with p suffixes). In what follows 10 will be 
advantageous to speak of the terms or elements of S, as ''digits"". These digits will, 
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as before, be denoted by t,; t,,..., tp, and they will be supposed to be all distinct from 
one“another, | 

In order to obtain a-new element having the proposed property, we Ulis to construst 
a system of elements coniaining this particular element, Naturally therefore, every 
element of such a system shall have an associate and a conjugate, the operations for 
which shall be the same as those for the digits. hat is to say, if the symbols ^ and g. 
are used to denote these operations by writing 


tt = A(t), t = g(t), 


EN i is an abay digit, then for an arbitrary element x of the proposed system, 
we shall have = 
g* = h(z), æ = g(x). 
And, as t** = t, the symbol h must satisfy 
h(z*) = h(h(z)) = [h(2)]* = z. 
Similarly for the symbol g. 
Let us then miroduce a composition for every pair of digits, whereby two digits 


i; ly are composed io form an element to ty, and we suppose that the composition 
is commutative. 


Lot us further suppose that for every such element t,o t5, there exist its oa 
(t;o t;)* and conjugate (t;o t), the operations for the formation of which being the same 
as for the digits, as explained above. And for these operations the composition shall 
satisfy the following conditions: l 

(Got) =t ot, (hot) = tot (3.1) 

Subject to the above conditions, the composition can be chosen (if at all) ‘arbitrarily ; 
but when the choice has once been made, it must remain unaltered for a particular 
investigation. : 

Let A be the set of all elements t; o t}. Then A has the property that it is finite and 
that the associate and the conjugate of every element of A belong to A, 

Now, using the same composition and the same operations for the formation of 
associates and conjugates, let it be possible to extend the set A to a system 8 having 
the following própertiés : 


(1) sf È and 4 are two elements of S, £ » 7 is an element of B; 
.- (2) every element of 8 has an associate and a conjugate belonging to 8; 
(8) for every pair of elements £, 7 of S, the composition satisfies the conditions 


(fos = Font, (Pos! = Por. (3.2) 
This . system S is the required system and it is generated by the single element a. 

We shall assume, in order to avoid initial complications, that S dces not contain more 
than one element which is both self-associate and self-conjugate. The justification for 
this assumption lies in the fact that there exists system which has this property, ¢.g., the 
system given in the last article. The necessary and sufficient condition for the existance 
of ene or more such. elements requires investigation, í 
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It follows from the assumption that the set A does not contain ions than one 
element which is both self-associate and self-conjugate For, if possible, let A contain- 
two such elements í Vig 


u = tio ty, ug m tgo ty. 
Then it follows from (3.1) and (8.2) that 
U, = U, ous 


is an element of S which is both self-associate and self-conjugate. Now ts Æ u; for, if 
u, = t,, then, by symmetry u, = 43, and therefore u, = u, contrary to the hypothesis. 
As a matter of fact, if-A contains more than one element which is both self-associate and 
self-conjugate, then the system S contains a sub-system of infinite order, each element of 
which is both self-associate and self-conjugate. 


&. We now establish some formulae for the construction of the element of S which 
is both self-associale and self-conjugate when p has special values and the composition 
is of special nature, Consider the following particular cases: 

If p = 2, then a* = a’. ‘Therefore ae a* is both self-associate and self-conjugate. 
Conversely, if aoa*, which is obviously self-associate, is also self-conjugate, then 
aca* =aloa*!, This is satisfied 1f a* = a/, i.e., ifp=2. Thus 

tot, 


is both self-associate and self-conjugate if and only if p = 2. x a 

If p = 4, then a* = a'*. Therefore ao a*! = goa’ = u, say. Whence follows 
u* = w,' Accordingly, by the previous case, uou* = (a o a*!) o (a* o a*!*) is both self- 
associate and self-conjugate. Conversely, if uow*, which is obviously self-associate, 
is also self-conjugate, then ucu* = u'ou*!, This is satisfied if a*' = a!*, i,e., if p = 4. 
Hence 


(t 9 ta) o (t, o t) 


is both self-associate and self-conjugate if and only if p = 4. : 

Ifp = 8, then a*/ = a/**, "Therefore aoat*! = ao g*'* =v, say. Whence . 
follows t*' = v'*, Accordingly, by the previous case, (v o v*!) o (o* ov*/*) 18 both self- 
associate and self-conjugate. Conversely, if this element is both self-associate and self- 
conjugate, then, as in the previous case, p = 8. Hence 


((t ° t5) © (ta 9 $9) » (t. © DE (t, © t4)) 
is both self-associate and self-oonjugate if and only if p = 8. 
'The general result follows by mathematical induction, namely 


(+++ E o tipar) o (tiger o farra) © (ree o npara) + 
woe (fta o dran) o (t-10 d))s) — (0D) 
is both self-associate and self-conjugate if and only if p = 9r. 


Suppose now as a special case that our composition tot; can be defined in the 
following way: : TONES 
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For a certain kind of composition A = t,o ty for every pair of digits, let there exist 
elements every one of which is a function f(A) of A. The word ‘function’ is used here in 
the sense thai there is a one-to-one correspondence A ++ f(A) between the composition of 
every pair of digits A and f(A). ‘Then f(A) is chosen as our composition; that is to say, 
the original f;ot; 1s now replaced by f(t,ot,). This means that f(A) are the elements 
of the set A; and we have therefore to replace (8 1) and (3.2) by 


vo ty)]* = f(t} ot}), [ety] = f(tiet, 
v [ft © ty) ]* = f( ), [thet]! = f(t ot) (43) 


[f(Eon)]* = f(£*» v9), [f(£o m]! = f(& «v. 
In this special case, suppose that the function satisfies the following distributive 
condition and that the composition is also associative: 


f(f(t; o ty) o flte o ty)) = ff(t o t o t o ti), 
F o t) © f(f(ty © t) © Flim © tn))) = ff(t o ty) o fifle £ tre tmo tn) 


Then, putting ff = f?, fff = f... , itis seen that for p = 2, ‘ 
f(t, otzo +++ ot) (4.8) 
is both seif-associate and self-conjugate. And if the function ıs the identity, i.e., 


f(t o ty) = t,o ty, 
trotzo-..oty (4.4) 


18 both self-associate and self-conjugate. 
Ezamples for the case p = 4. Let a — lim, i? 2 —1, be a complex number + 0. 


1. Leta* =—l+im, a’ 2l—im. Then 
t =a = q** = qU* = 141m, t, = a* = a'*'=—l+im 
t, = a*! = qi* = —l—im, t, = a** = a! =l-1m 


The conditions (4.2) are here satisfied by the choice of addition as the composition, and 
any non-zero constant mullipher c as the function. Hence by (4.8) 


e*(t, +t, +¢,+t,) =0 

1$ the element which is both self-associate and self-conjugate. 

2. Let a* = 1/(l- im), a 2 —(Lx1m). Then 

ti =l+im, t, = (l-im)/(P +m), t, = (—I+im)/(U o m?), t, 5 (Lim). 
Proceeding as in the last example, we get the same result. 

3. Let a* = 1/(l+im), a’ = l—im. Then 

t,=l+im, t= (l-im)/(? +m’), t, = (l+im)/(? +m), t 1-1, 
The conditions (4.2) are here satisfied by the choice of multiplication as the composition 
and the identity as the function. Hence, by (4.4), 
t,t,t,t, = 1 


18 the element which is both self-associate and self-conjugate. 
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4. ‘Let a* = 1[/(l—im), a! =—-I+im, Then i i tA er 
h= lim, t= (Leim)[(P m), t, = (-l+im)/P +m), t = 24m. - 
The conditions (4.2) are here satisfied by the ‘choice of multiplication as the 
‘composition and the positive square root as the function. Hence, by (4.1) 
; . WW (tats) v (61) = i > " 
is the element which ıs both self-associate and self-conjugate Of course, all the four 
results are easily guessed from the operations of the associate ‘and the conjugate. . f 
B. Consider now the set A. Let the element t;ot; of A be denoted by ít. 
Since the composition is commutative, ty = tju. In what follows we shall use the 
-abbreviations s.a and s.c. £o stand for the words ‘self-associate” and ‘self-conjugate’, and 
shall suppose that p > 2 always. : 
Since the digits tı. t, ..., ty form a cyclic sequence, we may regard 1, p as one 
of the pairs of consecutive numbers. If the indices i, j of tj, are consecutive numbers, 
-thon £j, is either s.a. or s c. automatically; for example, tis = t,,, identically, On the 
other hand, if there exists a s.a. element ij, in which i,j are nob consecutive 
numbers, then i = ly, where i, j, k, l are distimct numbers. It will be advantageous 
to make a distinction between these two kinds of s a. elements. We shall call the former 
kind, which is s.a. digit by digit (or, index by index), an auto-s.a. element. Similarly, 
for an auto-s.c, element. Such an element of either kind may be referred to as an 
auto element. R i 
Let us start with an arbitrary element t: ; and proceed to construct the sequence 
of the type 8, (See (2.1)). Three cases may arise: (L) i= j. (2) of the two indices ij, 
‘one is odd and the other even, including the case when they are consecutive numbers 
and (8) i= j are either both odd or both even. - 
(1) Here we obtam the following sequence of the type of a finite 8, : 
tni Epp (5.1) 
(2) Suppose we start with an auto-s.a element fy,r+1, where r is necessarily an odd 
number. Retaining only the terms which are not equal to a preceding term digit by digit, 
‘we get the following sequence: ` - . : 
[TER loaxneers lr pf24-2, r+p/2-1, teppei, rtp T (5.2) 
The last erm is the (p/2)-th term in which the indices are consecutive numbers. 
And since ti, = tman if 8 is even, and tris = trary, ifs is odd, the last term of (5.2) 
is an auto-s.a. or an auto-s.c. element according as p/2 is even or odd. Therefore, the . 
sequence (5.2), although 1t 18 finite of order * p/2, is not cyclic unless p = 4. Similarly, 
if we start with an auto-s.c. element and proceed as before, we obtain a sequence of the 
type (5.2) with similar properties It is also seen that if we start with any term of a 
sequence of the type (5.2), 1.e., with an arbitrary element of A with one index odd and the 
other even, we get back the terms of the same sequence in which there are two auto 
terms, either of the same kind or of different kinds according as p/2 is even or odd, and 
the sequence so obtained 1g not cyclic unless p = 4. : 
(B) If we start with an element ts, in which i,j are both odd or both even, the 
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resulting sequence will be such that the alternate terms have indices both odd and both 
even. So, there is no necessity to distinguish between the cases having indices both odd 
and both even. Suppose then we start with an element in which the indices are both 
odd and, without loss of generality, let this element be i,,, where ris odd. Then, 
remembering (2.2), we obtain the following sequence: 
ties tarsi ae J tprp- tore tips ly ris $903 tp-igreas toot: (5.3) 

This is a finite cyclic sequence of order + p. It 18 to be noticed that this sequence 
has the property that every index occurs twice, but not repeated in the same term. and 
that the difierence between the values of the indices of a term 1s constant. 

Let us now consider a special case, The case arises out of the possibility of two 
terms of (5.8), having a common index, being equal to one another, say the first term is 
equal to the (p —7--2)-th term. Then 


p-r+2 =r, or, r- p[241. (5.4) 

Since 7 is odd, this case can occur if and only if p/2is even. When this is so, the 

sequence (5.3) has its s-th term and (p/2+8)-th term equal, 8 = 1, 2,..., and therefore 
the sequence reduces to 

inpia, tapa+a,-... pip. (5.5) 


This sequence is a finite cyclic sequence of order $ p/2. Although (5.2) and (5.5) 
may have equal order, (5.5) has no auto term. Evidently, for a given value of p, there 
‘cannot exist more than one such sequence. 

Now suppose, for the sake of convenience and for the time being, that the elements 
of the set A, which are not equal digit by digit, are distinct. ‘Then the elements of A are 
p(p+1)/2 in number. Out of these, there are p elements which form the sequence (5.1). 
Out of the remaining p(p — 1) /2 elements, there are p elements which are auto elements. 
They generate p/2 sequences of the type (5.2), each of order p/2. Thus there remains 

R = p(p—1)/2—p*/4 = p(p—2)/4 
elements. As p > 2 18 even, (p—2)/2 is an integer, 

(i) If (p-2)/2 2 2r is even, r>0, then R= pr. But then p/2 = 2r+1 is odd. 
Therefore in this case the E elements generate r = (p—2)/4 sequences of the type (5. 8), 
each of order p. 

(ii) Tf (p-2)/2 = 2r+1 isodd, rz 0, R= pr p[2, But then p/2 — 9(r4-1) is 
even, Therefore in this case the R elements generate r = (p —4)/4 sequences of the 
type (58), each of order p and one sequence of the type (5.5) of order p/2. We thus 
have the following scheme: 


č No. of sequences | No. of sequences | No. of sequences | No. of sequences 
of the type (5.1) | of the type (5.2) | of the type (5.8) | of the type (5.5) 





(p-2)/4 








(p—4)/4, ifp>4 
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Actually, however, the number of distinet elements of A may nói be p(p+1)/2 
for all values of p, as we shall see in the next article. We have accordingly to make 
necessary modifications. - HT 

6. Let us now examine whether dny element i; of A can be both s.a. and s.c. 
Obviously, if £j; is both s.a. and s.c., all the terms of the sequence generated by it have 
the same property and are equal to one another. It is also obvious that no two of the 
sequences considered in the last article can be equal. 

Consider the sequence (5.1). It is seen intuitively that no term of this sequence 
can be both s.a. and s.c., because the term is concerned with one digit only and therefore 
takes no notice of the notions of associate and conjugate. It may however appear that 
the choice of division as the composition may make the terms equal, but then division 
18 nob commutative. Again, no term of the sequence of the type (5.8) can be both s.a. 
and s.c., unless p = 4, because we can always select, from such a sequence, a pair of 
terms having one common index while the other indices are distinct, 0.9., tz, tak, JEK, 
and two such terms cannot be equal, In order therefore to look for an element of the 
set A which is both s.a. and s.c., we have to examine sequences of the types (5.2) and 
(5.5) when p/2 1s even and of the type (5,2) only when p/2 is odd. 

Consider an abstract element b and suppose that the sequence of the type S, 
generated by it is cyclic and of order p. If now we impose the further condition that b 
18 8.8., then the first term of the sequence becomes equal to the second term, and the 


(2+7)-th term = the (y—r+1)-th term, r=1,2,...,p/2—1. Thus the number of 
distinct terms of the sequence is halved, and the sequence stands as 
b= b*, b', bv, LL, brise 


Thera are p/2 terms and the last term is s.a.,or s.c. according as p/2 18 even or odd, 
On the other hand, if we impose the condition that b is s.c., we obtain similarly the 
sequence 

b =b, b*, pU lo; OE 


of p/2 terms, the last term being s.c. or s.a. according as p/2 is even or odd. 
Analogously, take an element %,,; of A and impose the above conditions. Then, 
since t, and ty are each of order p, the corresponding sequences, each with p/2 berms, are 


tay = tis s tie tap (6.1) 
ip lp tas bp- ae (6.2) 


where the last terms have analogous properties. The terms of (6.1) or (6,2), however, 
are not necessarily distincti, If now %,; happens to be both s.a. and s.c, the two 
sequences must be equal, except for sense That is to say, for every term of one 
sequence, there is a term of the oth.r sequence which is equal to it, digit by digit. Two 
cases arise: (1) i, j are both odd or both even, (2) of the indices i, 7 one 18 odd and the 
other even. "A 

(1) Without loss of generality, we may suppose i, j both odd and, in particular, 
i=1. Then (0.1) and (0.2) can be written as $ 
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UU tye iy-bi-2 tit) tyjatay+1—pl2 
taj inn 15423 sony tori lip 
Denote the terms of these two sequences by 1l, 1,...,lys and My, Ma. -> Mpp 
respectively. If now we set 
Lian = Miupp-r, TH 1,2,..., p/2-1, 
it is only then that the condition of equality of the two sequences is satisfied if and 
only if 
j=p/2+1, and .. p/2 is even 
Thus, the element tipp}: is both s.a. and s.c. if and only if p/2is even. In this case 
the two sequences reduce to the type (5.5). 

(2) In this case, as we know, (6.1) and (6.2) contain terms which are auto 
elements, and therefore the method used in (1) cannot be applied here. 

In the particular case when p = 4, we may however obtain information on referrence 
io the examples given at the end of $4. It is seen that ¢,,, in Ex. 8, t, in Ex. 1, 4 
and £,,, in Ex. 2 are elements which are both s.a. and s.e. But no two of these elements 
have this property in the same Ex., and this agrees with our assumption. 

7. The properties of our algebraic system that we have obtained so far have an 
important application in Riemannian geometry which we give below. In what follows, 
the usual notations of tensor calculus are adopted. 

Let there be & Riemannian space whose metric is given, as usual, by 

da? = gida?da', 
and in the space let there be alaw of parallel. displacement of a contravariant vector 
defined, as usual, by 
dV T Vda! = 0, ; 

where the coefficient of affine connection Li is supposed to be arbitrary. Denote the 
covariant derivative of a tensor with respect to this parallel displacement by a comma 
followed by an index. Put 

a=Ty, a* = T$ +g" gay, a = Ti. (7.1) 
The associate a* and the conjugate a’ of a (in accordance with the nomenclature adopted 
previously) in (7.1) are also affine connections. We may therefore form covariant 
derivatives of a tensor with respect to parallel displacements corresponding to a* and a’. 
Lf a semi-colon followed by an index denote the covariant derivative of a tensor with 
respect to the parallel displacement corresponding to a*, then it is known (Sen, 1048) 


that 
ga t gu; = U- 
Tt therefore follows that 
a** =a, a" — a. 


Now construct the sequence S, as in (2.1): 


a, a*, a*!, g*,,,, 
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The successive terms t,, t,,... of this sequence are all affine connections. The values 
of these terms can be obtained directly by calculating the covariant derivatives of the 
gas with respect to the different parallel displacements corresponding to the different 
terms i; and also by interchanging the two appropriate lower indices in the covariant 
derivatives so obtained (Ben, 1949a). For example, it may be seen that 


a*l = a+ gh ons, a** = at + ghg (Di — D) g gie 
If we put f 
& = g"ga,,s, a, = ggg, go 
B= ggu- Tn), B, = g"g(Di;i- Tu), y = ggg = Yos 
the terms of the above sequence have the following values which may be easily 
verified : 


t =a = gH — g 
tQ = a* = gH Ls ag 

t, =a" = gis RHE = ala, 

d = a*l* = Ghee — a tat+B—y 

t, = axle = gh = a! aS By 

t, = gx = gx = aco a B- B,—y 
t, = a% = gm =a roa B By 
t, = ghee IL gk — ala, 4 B-- B,—y 

ty = q% — gnum =a+a+ß +Bo-y 

tig = qXP EPI — git! — a! +% 4- B, 

d = og MPH ght =a+a+8 

tig = QNI — gy = al, 


1t is thus seen that the above sequence is a finite cyclic sequence of order p = 12. 
Accordingly, the terms can now be called "digits". Further let 


a =T}, b= Li 


be two affine counections, and let the covariant derivatives of a tensor with respect to the 
parallel displacements corresponding to a, b and (a--b)/2 be denoted respectively by & 
comma, a solidus and an ordinary bracket followed by indices. Then (Sen, 1949b) 


a* = at g"ga,;, b* = b-rg"ga, [3(a--b)]* = b(a + b)+ g'*(gu). 
c $(a* + b*) = gla +b) +49" (92.5 94] 


= dac b) ig^ [3995 — gh) Li.) gud? + 4)] 


= $(a-r b)+ g (ga), = [g(a + b)]* 
Thus we obtain the following property for every pair of digits, corresponding to (8.1): 


[Tare = +), (ere) = aoi) (7.2) 


Therefore 
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We may now construct our finite set A with elements t, = t, °t} by choosing 
the composition as t, ot; = }(t;+t,). We may then construct our algebraic system S as 
given in §8, all the conditions of the system being here satisfied We may therefore 
‘apply the properties of the system in order to obtain the element of S which is both 
s.a. and s.c In doing so we notice that p/2 is here even, and therefore the results of 
$6 are applicable Hence, every term of the sequence geneiated by 1,,, are equal 


elements having the desired property. From the table of values given above, we find 
that this element af S which is both s.a. and s.e is 


platat) = b(a +a tate, + B+ y) (7 8) 
To understand the nature of the offine connection represented by (7.8), we have 


only to refer to (7.1) and notice thal a s.a. parallel displacement 1s one with respect to 
which the covariant derivatives of the gy’s vanish and a s c. parallel displacement is one 


with symmetric connection (5.6., where pt = T5; It is known (Eisenhart, 1927) that 
ithe only parallel displacement in Riemannian space which is both s.a. and s.c. 18 that of 
Levi-Civita. Therefore, the affine connection represented by (7.3) should be the 
Christoffel symbol fi} As a matter of fact, it is known (Sen, 1949a) that, in terms of 


symmetric connections, 
l Doc i 
where lil = Ay- Vi) + Qs, 
Vi = (a +a’) = b, say, 


Al, = k(b* + b*) = c, say, OL = H(c¥ +c), 
Therefore : ny ( 


[i = g(a*-k a p aX aq y qE 4 PRI 4 qI y qIPIPIT) 


= la +a 2 o, B B,— y). 
Therefore, (7.8) is the Christoffel symbol, as 1s to be expected. 


In accordance with the assumption, made in 88, that the system 8 cannot have 
more than one element which is both s.a. and s,c.. the system possesses elements which 
are s.a. but not s c., and also elements which are s c. but nol s.a. for certain values of p 
at least; e g., all auto elements are such elements of one or the other kind in the case 
when p/2>>2 1s an even number. Naturally, this property has 11s application in 
Riemannian geometry; e.g., an affine connection which is s.a. but not s.c. is 


z(a +a*) = I*-ig'gu.,. (7.4) 
It is interesting to verify that the parallel displacement corresponding to (7.4) has the 
property that the covariant derivatives of the g,j's with respect to this parallelism vanish. 


Let us now introduce an orthogonal ennuple 7h; at each pomt of the space defined, 
as usual, by. 


gg = » ThTh;, phi = g? Thy. 
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It is then known (Einsiein, 1928) that the parallel displacement corresponding to the 
affine connection . 
j 7 RR rh, 7 X 
rh 3 : 
which 1s known as Einstein's teleparallelism, possesses the property that it is s.a. but 
notsc. In order to find the nature of connection between these two parallelism, both of 
which are s.a. but nob s.c., we notice that ' 


Th T i 
ER = i, + gh! (e—mrs) = ind +39" Thi Thij. 


Therefore, if the right hand side is to be equal to (7.4), we must have 
STA, Thy. = zh Thij. (7.5) 
T 2 


Hence, the parallelism corresponding to (7.4) reduces to Emstem’s teleparalligm if and. 
only if (7.5) 18 satisfied. . 

Thus, given an arbitrary affine connection a = p m a Riemannian space, tb is 
possibie to obtain both the Levi-Civita parallelism and Einstem's teleparallelism from the 
pot of view of an algebraic system generated by a. Although Levi-Civita parallelism 
is the only one which is both s.a. and s.c , Einstein's teleparallelism is not the-only one 
which is s.a. but nob s.c.. - . : l 

In conclusion, it may be remarked that the basic ideas of the algebraic system 
given in this paper can be developed and further interesting properties can be obtained; 
and it 18 believed that a complete theory may be established. 
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A NOTE ON BALANCED INCOMPLETE BLOCK DESIGNS 
By 
M. C. CHAKRABARTI, Bombay 
(Communicated by Dr. N. M. Basu—Recetved November 1, 1949) 


1. Let varieties be arranged in b blocks of k plots each, every variety being 
replieated r times and every pair of varieties occurring A times. It is well known that the 
parameters v, b, 7, k and A satisfy the two relations: 


/ ore: bk, ` (1) 
A(v —1) = r(k —1). (2) 
Let ly (i, j = 1, 2, .. ., b) denote the number of varieties common between the ith and 


jth blocks. In the present noie I give (i) a new proof of the inequality b zv, (i) a 
simpler demonstration of a result of Schützenberger (1949) and (iii) the result that the 
value of the determinant |l] = 0 if b>v and = r(r—A)* if b =v. The last result 
is believed to be new. 


2. Letnj(i—21,2,..., b; j— 1, 2,. . ., v) denote 1 if the jth variety occurs in 
the ith block and 0 otherwise. Let f; (j = 1, 2, .. ., v) denote the b-vector 


(nis uh ls my). 
BiBi =r and B.By =A ii i$j. 


The following system of b-vectors, v in number, 


Evidently 


_ 1 
ET 


À XG- — . 
y = [B-p leta n t Bu] VALE [UA A }=2,8,...,0 


form an orthogonal system, each having unit length and each two being mutually 
orthogonal. As the maximum number of non-null orthogonal b-vectors is b, v < b. 
Incidentally the vectors B, B, ..., Bo are independent and the rank of the 
matrix |n] is v. 
8. Let b =»;, then by (1), r— k. The square of the v-rowed determinant [nyl 


T À À ... À 


>» 


X 
[ng}? = 
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Adding up the remaining rows to the first row, r+A(v—1) = 7? comes out as a common 
factor and the first row becomes-1,1,...,1. Subtracting A times the first row from the 
second, third. . . ., vth row, we have 


Therefore 
| ng | = oxr(r—A)iG-U, 


The left hand side 1s an integer. Hence when v is even, (r—A) must be a perfect square. 
Thus a symmetrically balanced incomplete block design with an even number of varieties 
is impossible unless (r — A) is a perfect square. Recently Schiitzenberger (1949) obtamed 
this result by & slightly more complicated method. 


À. It is easy to verify 


i55 "M 8) 
ži = k[r4 (6 —1)], (m 9 vis b). (4) 


Leti be fixed; for the sake of simplicity wé can take i — 1. Then 


b b o b 2 
PX = 2(b -2» i-o (Xu) = 9k[(r—k)(b —1)4 (k—1)A(b —1) — k'r—1y*] . 


When r — k, v = b, the right hand side 2 O0 and ly = ly = Da A. A similar 
result follows for other values of i. Thus when ® = b, ly=A if id. 


8B. Letv=b, Wehavely =k =r and ly =A, i Æj and the determinant 
T À XA... A 


A rv À .. x 
lll = = Pray. 


A XA ... T 


Let b œv. Then the square of the (b 4- v)-rowed determinant 
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fa Tua ... Nw D 0 X.. 0 b, b s l» 00 ... 0 
0 0 0 n, fy DW, 0 6 Ora À 
0 0 O m, ng Npa 0 0 0 A r À 
0 0 ... O My n, ... "5 0 0 ... OA A... r 





-ly|rk(r-A"?. 


Since b Æ v, the (b-- v)-rowed determinant i the lefl hand side 1s zero as can be easily 
seen by developing the determinant by Laplace's method, picking out the first b rows and 
noting that either a b-rowed determinant that can be formed from these rows or its 
algebraic complement is zero. Hence when b #v, we get 


det |ly| = 0. 
6. Let Liy denote the cofactor of ly in the determinant |lyl. Then remembering 
(8) we easily get if b Au 
; Phy = Fly = 0, ij21,2,... b. 
When b =v, the corresponding result is l 
Sly = Flys (0-A ij=l 2.. av. 
3 
DEPARTMENT OF STATISTIOS, 
BomBay UmivEBSITY. 
Reference 


Schützenberger, M. P., (1949), Annals Eug., 15, 286-87. 


NOTE ON LAGUERRE’S POLYNOMIAL L,(z) AND ITS ASSOCIATED 
EQUATIONS (FUNCTIONAL AND DIFFERENTIAL) 


"4 


Bv 
Harmas Bacom, Calcutta 
AND 
NALINIKANTA CHAKRABARTI, Calcutta 
(Received July 13, 1949—Revised on December 2, 1949) 
INTRODUCTION 


The present investigation, as ita title implies; relates principally to the subject of 
Laguerre’s polynomialt La(s), considered in relation to the two associated functional 
equations : : = 


fale) = n[fs-. (5) — fa-.(4)], (I) 
and 
fa+i(#)—(2n+1—2)fn(a) + n*fp_(s) = 0 (I) 
and the differential equation of the second order, vis., 
d^w dw ex NE 
aaa t (l-s) 7+ nw — 0, (n = an integer > 0). (A) 


For felicity of expression, (A) will be referred to as Laguerre’s equation of rank n, 
and will be symbolised as L/?. The parameter n will be in most cases supposed to be an 
integer = 0, although there are casual references to non-integral parameters. ` 


It 1s common knowledge that the polynomial L,(z), although introduced into analysis 
by Laguerre, has been commented upon by a band of prominent mathematicians, notably 
Tschebyscheff, Hilbert, Courant, Hahn, Szegó and Sonin. In the present set-up, the 
subject has been approached from the stand-point of Calculus of Functions or of Finite 
Differences, ; 

As a matter of convenience, the paper has heen divided into two sections. Section I 
deals firstly with certain characteristic properties of an arbitrary solution of (II) and 
secondly with a common solution {f,(s)} of the pair of simultaneous equations (I) and (II) 
and their indirect bearing on the differential equation (A). In the discussion of the 
sequence of common solutions (just mentioned), the two functions fn_,(z) and fy,,(s) 
separated by f,(z) have been said to be '' contiguous " to f,(s). Finally, Section IT treats 
of the generating function of the set of functions ff&(s)/nl], where fals) is an analytic 


+ Incidental references are made in the main body of the paper to the so-called ‘‘ genuralieed’’ polynomial 
11,(z), conceived of originally by Angelescu and modified subsequently by*B. 8. Sastry (1989). The function ie 
known to satisfy (I) but not (II). . 
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solution of (I1). "This is followed by a passing reference to the ‘‘ generating function ”” of 


the sequence of functions {Ln(s)/n I} 
In conclusion we beg to express our gratefulness to our learned referee for his helpful 


criticisms and suggestive comments. 


SECTION 1 
4. We know that the Laguerre’s polynomial La(s) satisfies each of the two func- 
tional equations: » 
fal) = nlfzci(s) fas]. -- @) 
and 
favi(8)—(Q2n +1 —2)fn(2) + 7fns(#) = 0 (LI) 
as well as the L-equation of rank n(L™) vis., 
d*w du s z 
ur +(e) zg nw =0, [w = f,(a)] (A) 


whereas the ‘‘modified’’ Angelescu's polynomial* IL,(s), noted below, satisfies only (I) but 
not (II) or (A). : 


The mam purpose of Section I is to reckon, in its most general aspect, with a class 
of enumerable functions {f,(2)}, which shall satisfy the two simultaneous equations (I) 
and (II). Before we formally tackle this problem, it is worth while to establish a lemma, 
vig, that whenever a sequence of functions conforms to both (I) and (II), 1t must as a 
matter of course conform also to (A). 


For, (n+1) being written for n in (I), we have 
l fasi) = (n+ UG fa]. (1) 
1 (I1) be differentiated and the derived relation be coupled with (1) so &s to get rid of 
fa+,(s), the resulting eliminant becomes f i 
(n—a)fale) + nfa(z) -n° fnil) = 0. ; (2) 


The equation (I) being now solved as a linear differential equation m fii(2) gives 


fait) fale) Lar ls f e-*fa(a)de, (8) 


where @ is a constant. 
If the value of f,_,(s), derived from (3) by differentiation, be mserted in (2), we 
readily find : 





* Angelesou's function I1,(2), as modified by B. S. Shastry (1989), is defined by : 
3M 
n.) = e'( — ) Fe* 
` " e (2) [e * A.(2)], 


where A,(z) stands for the polynomial (ag. a,. 83, . . ., Ga, 2, 1)". 
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M 


af. (2) — Í e*fa(a)dz = 0. oN (4) 
Eliminating the set of terms : 
na6* + ne* f e—*f,(a)dz 
from the equation (4) and the second equation derived from it by simple differentiation, 
we are led to the relation ] 
#fn(s)+ (L— &)fs(e)  nfa(a) = 0, 


shewing that /,(#) is a solution of (A). This proves the premised lemma, which may also 
be worded as follows: 


The sequence of functions [f.(s)), satisfying the two simultaneous functional 
equations (I) and (II), must ipso facto satisfy the sequence of differential equations {Lœ}. 


2. In this article we propose to devise a synthetic construction of the common 
solutions of the two functional equations (I) and (II). The key-note to this problem is 
contained implicitly in Art. 1, where it is proved formally that every function f(s), 
satisfying both (I) and (II), must satisfy the associated equation L), 


‘The precise process to be adopted is to start with an arbitrarily assigned solution 
{fn(s)} of the differential equation L‘) of a prescribed rank n(>1), so that 


afale) + (1—2)fa(a)  nfa(a) = 0. - (1) 
A first integral of this is , 
sf (s) = -ne'[ f o~*fa(a)de +o], (2) 


where the constant ¢ is to be treated as known on the ground that the particular solution 
fala) itself 18 known. 


If we now introduce the two '' contiguous ” functions f4-,(se) and fy.1(8) in accord- 
ance with the pair of relations 


fas) = n[fa (8) — fa. (9)] (I) 
Ia G(3)— (2n - 1— 2)f(2) tf (s) = 0, (II) 


and 


we have on integrating (1), as in Art. 1, for ft), 
fnita) = 2[fala)+e*f tanda aen] (8) 


where a is a constant, as yet undetermined. 


Admittedly the contiguous function f,(s), vis. (8), containing as it does the 
arbitrary element a, 1s not exactly determinate. But this arbitrariness disappears as soon 
88 fx_y(8) is restricted to satisfy the equation L*-», 
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For, if the values of fa) and fe i(2), as obtained from (8) by two-fold differentiation 
be made use of, the left side of the differential equation L™, viz., 


^ 


af, a0) T e)fa-i(2) * (n — 1)faz. (2) 


simplifies, by virtue of (1), to the form 
HE fale) + n(o f e™fnle)da + ae], 
n 


. (a — c)e* 
in view of (2). : " 
Tt follows, then, that fa.,(2) will satisfy L7, if and only if: 


a-c=0., 


which further simplifies to 


Thus the constant a, occurring in (8), which was up till now undefined, becomes now 
perfectly determinate and is in fact equal to the known constant-c, occurring initially 
in (2). So (8) may now be presented in the form 


Tam i [9 + ef 6~*f,(#)da+ cet]. (4) 
Elimination of the set of terms 
ot f 6 *fa(a)dz + ce* 
from (2) and (4) leads to the subsidiary relation 


af. (2) — nfa(a) +n7fn—s(2) = 0, (5) 
which will be utilised elsewhere. 

If we now take stock of what has been done so far, we observe that, for an assigned 
particular solution f,(s) of the differential equation L™ of assigned rank, the equation (4) 
serves, to determine the ‘‘contiguous’’ function fr_,(4) uniquely. That being so, the, other 
functional equation (II) serves to determine the second ''contiguous"" function fa (2) with 
similar uniqueness. It is now a pleasant job to verify that the function faei(2), thus 
defined, automatically satisfies the equation L(9*?, 

- For (II) being re-written as 


favi(4) = (2n+1—2)fp_(2)—17fn-s(2), - (6) 
we have 


asala) = (Qn +1—2)fa(2) —fale)—7°fn—a(s). (7) 


Eliminating fp_,(s) and fr-a(2) linearly from (1), (5) and (7), we deduce after easy 
reductions i 


fari(8) = in + 1){fale)— fale) ; (8) 


Computing the value of fa+(2) and substituting, we have, by (1) and (5) 
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afasi (0) 1L 8) foi (4 (n+ 1)fa (o) 
= (n+ ULedfs(o) fala) + (1— 0f. (8) inle) + (Qn --1—2)fg(u) n*fa...(8)] 
= (n+ L[fefals) + (1—a)fa(a) + 2mfn(s)} — af. (s) — ^f... (2)] 
= (n + D [nfa(z) — af. (9) ^ n*fu...(2)], 
= 0, 
Thus fn+1(#) satisfies the differential equation L®™”, 
Inasmuch as (8) is almost the same as (I) and in fact differs from it only in having 


(n+1) in place of n, it ig plam that f,(} 18 one the two functions ‘‘contiguous’’ to fs, (2). 
If, then, the second ‘‘contiguous’’ function fn+a(2) of fn+1(2) be defined by 


fa+a(#) — (2n -- 8 — 5)fa  , (s) + (n +1)fn(a) - 0, (9) 


we can apply the same mode of reasoning to prove thal fn.,(#) satisfies L™+?, Repetition 
of the same line of argument leads ultimately to an ''aseending'" sequence of functions, 
beginning with fa, (s), viz., 
fil), fa+a(2), farala), -a l (10) 
which satisfy respectively the sequence of differential equations 
LD, L@-», Ls), : 


ES 
and between any two or any three consecutive members of which there shall subsist the 
two functional equations (I) and (II). 

Proceeding along the same line in the reverse order, we shall similarly come across 
a ‘‘descending’’ sequence of functions, _ beginning with f, (a), vis., 


In-i(2), fro(#), fazat), .. ., (11) 
which shall satisfy the respective differential equations of the sequence 
Lov, Lo-», Lo-» T LO, 


and any two or any three consecutive members of which shall abide by the two equations 
(I) and (I1). 


Putting this and that together, we readily realise that a knowledge of a single parti- 
cular solution fm(2) of a particular differential equation of assigned rank (LO?) serves in 
its own way to determine a unique set of functions like faz), which shall-satisfy the two 
simultaneous equations (I) and (II) and, naturally therefore, the differential equations of 
the set {L™}. Palpabiy the totality of common solutions {fn(z)} of the pair of equations. 
(I) and (II) must be conventionally taken as co, seeing that the initial choice of particular 
integral fa(z) of L‘ must needs involve two arbitrary constants, i : 


Having thus disposed of a synthetic method of constructing the common solutions 
of (I) and (II), we shall devote Section II of the paper to the determination of the 
generating function of the sequence of functions [f(s)/nl] where {f,(s)} is an arbitrary 
solution of (IT). i a 
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SECTION II 


GENERATING FUNOTION or THE SEQUENCE or Funotions [fs(s)|m!], 
WHERE f,(2) IS AN ARBITRARY SOLUTION oF (II) 


3. Supposing {fn(2)} to be an arbitrary solution of the functional equation 
ÍIn«i(2) — (2n +1—2)fa(z) +n? fa (2) = 0, (n. 
ga(2) = fale) [n 1, 


we easily deduce that the equation for qa(2) is 


and setting 


(n 195. 1(8) — (2n + 1— 2)es(2)  n9n-.(2) = 0. (1) 
If we now write do 
V= 2 h"9,(z), (2) 


and assume for the present ihe validity of termwise differentiation (w.r.t. h) of the 
infinite series on the mght side of (1) and attend to the relation (1), we find without much 
difficulty 


a-ak +(h-A\V = B, (8) 


where A and B are certain functions of g, defined by 


Azmi1-ea l 
and (4) 
B = 9,(2)—(1—2)p0le) = 94(s)— Apals) | 
Solving (8) as a linear differential equation in V, we obtain 
yu [ef (1—hyelFah + 99] (5) 
(1— Rh) e1-a ' 


where the constant of integration, vis., ¥(#) 1s independent of h and is certainly deter- 
minate as soon as a particular value 1s ascribed to k. 


Reserving for the next article a discussion of the limitation to which the equality 
(5) 18 subject, let us consider the particular case where fy(z) = La(s) for every n. This 
can be easily realised if we set 


‘ fos) = L,(2)=1 and fi(2) = L,(a) = 1—8, (6) 
for (II) 18 a linear difference equation of the second order. 
Combining (4) and (6), we get 
B=0, 
so that (5) simplifies to 


e 


AnLa(2) _ y(2) 
> n! | (-h)elü-W' (7) 





LAGUERRE'S POLYNOMIAL L,(z) AND İT ASSOCIATED EQUATIONS Rrc. 93 


To find ¥(2), we write h = 0 in (7), so as to deduce ` 
i Lole) = (rie, ido f(a) = 0% 
Accordingly (7) reduces to the known resultt 


h^L,(e) _ e-a- 
> ni 1-h ^ i (8) 





aml) . 
4. In order to investigate the condition under which the formula (5) of the previous 
article holds good, we may write . 
ds = Pa(z) 
in (1) and (2) of the same article. Thus we have 
, o 
V = > anh", (1) 
^20 . . 


where fas] conforms to the recurrent relation 


f anta = DnÜn v1 t Gnin, s (2) 
it being understood that 
— 4n+3-2 _ _ntl 
Beg > ORES eg 


In view of the equtlities 
limps&-2 and hmq,= —i, 
nc no 
we learn, on reckoning with the relation (2) and appealing to Van Vleck's (1900) famous 
theorem, that the radius of convergence (E) of the power-series in h, viz., (1), is equal to 
the smaller of the moduli of the roots of the quadratic in t, viz., 


#—2t+1 = 0. (8) 


Both the roots of (8) being = 1, R must also be = 1. This radius of convergence (viz., 
unity) being independent of g, it follows that the equality (5) of Art. 8 is valid for all 
positions of h within the circle | h | = 1 on the h-plane and for all positions of s in the 
finite part of the s-plane, provided that ‘s’ never coincides with a singularity of any 
function of the set {pn(z)}, i.e., of {fn(#)}. Subject to these limitations on h and 2, the 





t In the above context the Laguerre polynomial L,(x) has been defined as that particular solution of 
the functional equation 


faala) — (8n4-1—3)/ (s) + n3f. (s) =0, 
which fulfils the two special conditions 
hiz) =1 ond file) = 1-3. 


As shewn above this definition leads to the other definition (implied in (8,), vis., that L,(s) is tbe 
coefficient of h*/n ! in the expansion of o—sk/(1-h)/(1—h). Although this result is mentioned in Hobson's 
“Spherical and Ellspsoidal Harmonics" and proved differently by B. B. Sastri (1989), still it is inserted in the 
above set up inasmuch as ıt provides a simple illustration of the general summation-formula 15), $ 
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series on the L.8. of the formula (5) of Art. 8 is absolutely and uniformly convergent 
w.r.t. h. This justifies the operation of termwise differentiation (w.r.t. h), effected 
already in Art. 8 on the said formula. f 

If we now introduce the restriction that the functions of either set {fn(s)} or {pnle), 
satisfying (II) of Art, 8, shall be integral (rational or transcendental), the possible 
existence of a singularity of any of the functions in the finite part of the z-plane has to be 
discounted and the formula in question holds for all finite positions of z, provided, of 
course, that |h] « 1. 

The main set of results may thon be finalised as follows :— 

If {fale} be an enumerable set of integral, functions, satisfying the functional 


equation 
fnoi()—(2n+1—2)fu(z) + n%fns(2) = 0, (n 2 1), (IT) 


then the summation-formula 


Sio. if) - a - rey fa menm an eq) 
nl 


(1- h)e*ta— =h) (4) 








n=O 

holds for all positions of 2 in the finite part of the s-plane and for all positions of 'h' 

within the circle |h) = 1 in the h-plane, it being tacitly undersood that the function (a), 

occurring in the R.S. of (4) is to be found by assigning a convenient admissible value to h. 

The particular case when the integral function f,(#) happens to be rational and to 
coincide, in fact, with L,(#), has been noticed heretofore. " 
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ON GENERALISED LEGENDRE POLYNOMIALS 
By 


. V. N. L. SnrvasTAva*, Lucknow 


(Communicated by Dr. S. C. Mitra—Received December 16, 1949) 


1. Let Dt stand for the operator E E X and pi for the operator De repeated m 


times. Sharma (1948) has shown that 


1 m 
Fm, xd i ; 1j 1-4) = Qu?) = mE pi (1 — gbytm, 


When k = 2, this reduces to 


1 qm 
P = — #4\2m T 
2m(2) B5 (95) 1 dem V. s) 


which is the well-known Rodrigue’s formula (Whittacker and Watson, 1920) for a 
Legendre Polynomial. Let A = 1/k*"(2m)!. Then 


1 l 
d 1 d km—k 
Iz kr ; = f br] 7. — yk)2zm) d 7 
=f Qem(y dy = A y PEE a —y*m]dy 


1 1 
Stå f krybr-ket P [Di"-*(1 — yj ]dy = Akr(kr-k+1) f yF-tDE"- (1 — yb)mdy 
0 0 


1 
= Ali(kr — k)(kr — k +1) kr —9k +1) if yF DE a — yh) dy. 
0 


Repeating this process of integration m times, we have the integral 


L = Akr(kr—k)(kr—2k) - - - (kr —m —1k)(kr — + 1)(kr — 2k +1) - - - (kr —mk +1) 


1 
x J yF-*n(1 — y5)?ndy 








0 
2 Ake r+ 1/kE)D(r- DP(2m 91) _ 1 I'ra1/k)L(r-4 1) ; (rzem) 
T(rt+m+1/k+1)1l(r—m+1) k T(r-mcljkel)](r-mzc1) ^ 


= 0, (r < m). 
Again we note that 


Qemsrl®) = rus 1 d pie(j -grpmei — s P (—m, m+1/k tl, 11-3, 


(2m +1)! de 


* Editorial board regrets to report the untimely death of the author after the submission of this paper. 
4—1739P—1 
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In a similar manner, integrating term by term, we get 


1 ya T(-1/k) 1i (oon ) 
f» Qim (VEY = so DP - m1) ea * L/k+1, 7 2/k1; 
The hypergeometric function is Saalschittzian. Hence 


T(rt+1/k)T(r+2/k) 
f” Qimsily)dy = l T(r+1/k— m)I'( +m + 2/k +1) 





Let us next consider the integral 


1 
J (1+ y*)?Qim(y)dy 
0 


r 


= [os (ro 1. (pom yrl, PP- oe m) 





yore Dey, E 


_ p(p-1)...(p-m« DI(m &1/E) 14%- m)(m+1/k) 
kD(Qm 4+ 1/k 1) , ll(2m 1/k +1) 





qum m)(p —m— I)(m+1/k)\(m+1/k+1) M zm 
21(2m - 1/k € 12m - 1/k 2) 


. 1 T'(p41)l(m -1/k) 
7k Tm m 1T Fim- p moins 2m+1/k+1; 1). 


As special cases, we get 
f ‘(+98 "Qin(y)dy = I Tm + DD(m-* 1/E) 


D I'(2m r1/k 7 1).. 
Since 


i I(L-4a—5)1'(1- 1a) 
F(a, b; 140-0; — 
aure Era V = Era - DT aj 





we get when p = 2m, 





1 D. _ 1 I(2m-c1)UI(m-1/92k) 
f (1 + yb Qenly)dy ~ 9k I(m + 1)I(ġm + 1/2k + iy 


The foilowing integrals can be obtained 1n a similar manner. 


f PE (=DE + DPT (m + 1/k) 


A kI(p — m * 1)P(m  DUP(m- p+ jk +1)’ 
1 1 r/X)r(2/k) 
k SS Se ee T RESET 
J (1+ y*)?Qamsi(y)dy k D(ijk—m)D(m +2/k+1) 


x Faf- p, 1/k, 2/k; 1/k—m, m+2/k+1; —1], 
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i d Ta/E)r(/k) 
J (1—y*)?Qim (y)dy = k D(i/k—m)U (m+ 2/k+1) 


xF- p, 1/k, 2)k; 1/k—m, m 2jk1; 1l, 





o 


1 
x 1 I(p-1)0(m-c1/k-41) 
1+ yty Qu. dy — l 
J (Lr yty Orms 0 dy k l'(p—m-1)D(2m &1/[k-2) 


x ,F,(m— p, m 1/k- 1, 2m t 1/k 2; —1), 


J (1-995 Qus iya ce Ee ED 





A 3 7 poms DI (m4 p 1k 4 2)T(m * 1) 
Special eases of the above are 


1  DPüjEID(9/k)D(m-1jk-1) 


l 
— Qm kym —1]k ly = 
J 1-y*) Qin i()d y = k Tim+ 1ITPü/k- m)J.( (m+1/k+1)’ 





1 
Ey k-1 £ 1 P(m-1)D(m -1/kh 1) 
| e y Qxnsi(y)dy k POm+1/k+3) ` l 





1 
; l'(2m-1)l(3-4m--1/2k) 
r kjam, ka 
fe: J^ Qm (0d) = EDT Sm 41/2) mk+ k+ 1) 


9. Let us next evaluate the mtegrai 


1 
Í e Qs (y) dy, 
0 
which 18 equal to 


1 
zs ay, — (=) Dm*1/B)  .-qeunmeg-is 
f1 aa 2i p estdy = y TOm-i[Rel). 6 Mii, npn. 


Let us multiply both sides by e^"*z' and integrate with respect to € between the 





limits zero and infinity. Since 





f meas Dn. 
0 (a+ ybyr*! 
oe B Qenly dy = (-1 m T(m--1/k)D(m4ar- 1) 

(a * y^)! kl (r4 DIGm + Lkr IOa 


In a like manner we get 


1 
ia 1 I'(p * 1/k)I' (p +2/k) 
zy kp f d = p 
f 6 YP Qin Ydy k pom +i/bl(pt+m+2/k +1) 


0 
x Fy (ptljk, p+2/k; p-m+I1/k, ptm+2/k+1; —z) 








[ y Qi. (yay _ 1 I(p+1/k)(p + 2/k) 
(a+ yb k D(p-m-1]/k)I'(p-- m4 2/k + 1)ar*? 


x ,F(pt1/k, pt2/k. r+1; p- m jk, p— milk, p+m+2/k+1; —1/a). 
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The following are the special cases 


Qualydy _ 1 (—1)"T(m -1/E) TQ +1/k) 
SD yp 3 kram m+? ' 





Qia(y)dy — (D 
A (i+ yF)r ieri (mk + 1)gmk , 








f ym Orns (Ydy _ at I(gm-r1/k43) 
(1+ yer tense 3k 9r3HTTD(y m )T'(m 4 + 1] k) 


showing that the integral vanishes when m is an odd positive integer. 
8. We can also write rd 
= CUoT (m + 1f) P, +1/k; 1/k; yh 
Hence 


if Y” Qim(y)Qan(y)dy 


= (QI i Be ID(m+1/k) [ {yrs Comm UE atest ybre a KS ] Que (y)dy 


T(1/E)I(m + 1) ~ dla 
Integrating term by term we get the value of the integral 
= (21 ee 


rah fes r4 l1, m n+r+1/k+1, 1j/k, —n- r4 1; 1). 


The hypergeometric series is Saalechülzian. ln a similar manner 





1 ; 
i (y dy = CC PIG 2/ E) T(r -8/K)T(n 4 1k + Y)P(m  r8/k +1) 
fo Qni V) Oem (dy k(n - 1)T(1/k + 1)P( m 7 2/K) 
xF EE E 1 
"Mk1, -m+r+2/k, m+r+3/k+1; ) 


A special case of the above is 
1 
[yr nml) 
0 


T'(m-n- 1D(m-cn-c-1/ED(m-n--2/k—1) 
~ kim DL + DI(GmcT1/EI(Qr1/EJ (am + on 2,k) 





4, By Laplace’s transform, we have, if 


ftp) = p | o=h(a)dz 
0 


f(p + h(z) and 1/p' = 2 /I(r+1): 


then 
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We have proved that 





l 
—gu'T ` _(- I)"I'(m + 1/k) mr 
fe SE Oim(yiady = kml iP (m+1/k; 2m 1] k 1; —z). : 


Let us put z = 1/p. On interpretation and writing t for t and putting r= 1/k—1, 
we get 


m 
Jom41f (2) . 





1 
(= 
f YEO Jy (yt) Qim(ydy = ` = 
0 
The following are the special, cases 


1 "RU 
b= 15 f Jl2ytt)Qnty)dy =U" 7, it); 
0 


: : 
m 2; f Pamly) cos 2tydy = 3(— 1)" (n/0)9J am 4 (2t). 
d : 
In a similar manner we notice that 
1 
J vimos. dy 
0 


: D(r+1/k+1) _ zn 
= OEDUmsrelmeri331d]A) TP (r+1/k+1, —m+r+1; m+r+1/k+2; —0U) 
f yr 73, yt) Oams (y) dy 
0 
noc SEP) «x o 
kP( m r—1]/k-4 1)D(m 4 r2) 


+ Fo(r-1/k+1; -mt+r—1/k+1, m+tr+2; —t?). 


5. We shall now find some integral and other representations of Qpn(2). 
We shall prove that 
en NED Meme dt = (—1) 9g Dn + 1T(n+1/k)Qinfa): 


0 


Let s = 


ce] ee 


E Then Di = DET y The left hand side reduces to a 


T e- ^r /k)gkn MDE" (ev Dat 





0 
_IT(n+1jk) [enan fi " n(n—1) D E 
TURO bran" tn a mane j^ 


which on integration becomes equal to 


Tg P(—n, n &1/k; L/h; 8#) (19k? (n+ DT (01/5) Oral). 











CUT 
fry T 


Afat V 


-au hk 
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We shall next show that 


Qi.(z) = — t p” 3 ^ 
1.(k-- 12k 1) -- (n - 1k  1)n 1 k^ (uk + a) 





where u* is to be replaced by (1— z*) after differentiation. 








We know that 

-[i- a [Kyu , (1/k)\(1/k o 1)u*k 
(uF + 2 EPI Thai — 3] atn. 
eo (ety HE: err 1) Eats] 
n 8 r 

Also pel o CEUK. (rinik) (re n) 

Ve = gh tener ` 
Hence : 1 i — 

pP = 1(k+1)---(n—1k+1)(n)! kis) 


* (uF + gpi 
on slight reduction. 


In the same way we can prove that 


ntifk pb* 1 = n 
(baht DE" cg = L+ Dk +1) ++ (8 m-ik+1)(n)! k nl TA x) 


Let us now suppose that æ, y, 2 are independent variables, so that 
c+ ya gt = t; 3 = yr. 


By repeated application of the operator 


16 18 not difficult to prove inductively that 
T(/k)1 pi" ( l ) 


T 





(x) _ 
mU Tim 1L (m +1/k)k?™® 


In eonclusion, I wish to express my thanks to Dr. 8. C. Mitra for his EIE and help 
in the preparation of this paper. 
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LINEARIZED SUPERSONIC FLOWS AROUND A BODY 
OF. REVOLUTION 


BY 
M. Ray, Agra 


(Received December 21, 1949) 


For the flow of a compressible fluid in three dimensions the hypothesis of the 
existence of potential flow, though not exact, can be accepted as a good approximation. 
This hypothesis depends on the fact that generally the flow wets the body, thal is, the 
deviation of the stream-line from the direction of the undisturbed flow 18 small and the 
variations of the velocity components with respect to the undisturbed velocity are small. 
If the body has its axis parallel to the flow, the potential motion can be cbtained from 
the potential of a source (cr sink) distr:bution along the axis of the body. The position 
of the sources and the law of variation of the strength of the sources depend on the 
shape of the body. ‘The problem is thus reduced to determination of the source 
distribution as a function of the shape of the body. In this paper a source distribution 
of constant intensity has teen taken along the axis and the shape of the body has been 
determined for various values of tbe Mach number and of the intensity of the source. 

For a body of revolution, take the z-axis along the axis of the body and the y-axis 
normal to the z-axis in the meridian plane m the direction of the radius of eyery circular 
cross section of the body. If V be the velocity of the undisturbed stream in the 
direction of z-axis, the components of velocity at any point can be defined as: 


ap! 

= l= yV 

u = V +u = V+ 

T (1) 


J 


where ¢' is the potential function which defines the variation of the flow generated by the 
presence of the body. 

If 9 = ¢(z,y) be the potential A of the fiow, the differential equation of the 
potential flow can be written m a simplified form. The simplfymg hypotheses are usually 
based on the assumption that the variations of some of the components of the velocity 
are small in comparision with the speed of sound a. On this assumption the differential 
equation for $ is (Ferri, 1949) 

. 8o oo, 1 Op _ : 
1—M?* TI 0, (2) 
; QU SATA y 
where M = (V [a)-is the Mach number of the undisturbed stream. Since 


v= Vv paw 
oy 


d = y | 

: ae a ix 
= Sage 
oy oy j 


the function ¢’ also satisfies the equation 


aM) Ses ELE pi 1 0. (4) 
The solution of equation (4) is given by the expression (Ferri, 194U) 
e f(£&)d (5) 
r=- ep- 


where B? = M? —1 and f(£) defines Y source distr:bution which will produce a flow that 
satisfies the boundary conditions. For supersonic flow M > 1, the value of the integrand 
can be imaginary and hence integration should be carried’ out only over the real values 
of the integrand and zero is to be substituted for the imaginary values. The value of the 
upper limit €, of the integral represents the end of the source phenomenon. Now the 
integrand in (5) becomes imaginary when 


(z-£)-B'y! <0, or when £>2-—By. 


Therefore the limits of the integral are £ = 0 and £ = z— By. Let us consider a source 
distribution of constant intensity. Taking f(f)- C and writmg ¢ = z— By cosh z, we 
get from (5), 


9! = — C cosh (z/ By). (6) 
"Therefore 
u= V— C 
(x? — B?y?)} 
and (7) 


1» Cz . 
— y@ — Bh 


Now at any point on the surface of the body, the velocity must be along the tangent to 
the body, hence the boundary condition is given by 


T a 
Therefore the differential equation for the boundary is 
dy Cz 
de ~ Vea O; i‘ 
The solution of this equation is 
y 27 [7 (B3 4-1) tog [1 - DEP e ot my] (10) 
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ar 2293€ C (gs Di C (ps 1 2 B2y?)\t 1 2,,214 
y 232 [S r+) log G Gt 0- 6-59 +e- Bh]. ay) 
For a smk distiibution, the corresponding solutions are 
2 C [S 2 { A et 2 X ] 
y y Ly E+ D log Lt —B*r1) (x y? (12) 
x "pm Dus er ae pd 
y= 22/5 (B +1) logis (B +1) + (a? — Bey? yt p- (z* — B*y?)# |- (18) 


Equations (10) and (12) correspond to the case when the origin 1s at the vertex of the 
body and (11) and (13) to the case when the origin 18 not on the body but in front of it 

It is found by numerical analysis that no boundary of the form (10) or (12) existe 
for any value of C/V snd of M. The obvious conclusion 1s that the source distribution 
must start ahead of the body. 





Bie 1 


Thus if OO’ be the axis of the body, i.e., z-axis, O' the vertex of the body, the origin 
must be at some point O. 


At 0’, y = 0, therefore £ = v, i.e., the pomi O' is influenced by the source 
distmybution extending from O to O'. For any other point P on the boundary, 


a 


É = ap— Byp = zp— yp cot p = OA, 
u being the Mach angie, B = (M?—1)* = (cosec* y — 1) = coty. Therefore the sources 
distributed along OA will influence the pomt P. Similarly for any pomt in the liquid. 


We now find the boundaiy given by (11). The flow around this boundary 18 
produced by a source distribulion along the axis over & limited segment. The boundary 


is given by 
z?— Bu = b’, (14) 
with 
EDD | 
y-25|yM dy *. b jb, (15) 
where 


M1, bcc M but zs 0: 


The negative values of b correspond to the sink distribution, note equation (18). 
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Also since dejdy = 0, when y — 0 and (z* — B*y?) 


* — C/V, we see that z will be 
maximum when b = 


CjV — At this pomt the base of the body will be situated. 

‘Lhe solutions of equations (14) and (15) have been carried out by numeueal analysis. 
Since the variations of the velocity components from t 
C must be small compared with V. In the following t 
been tabulated corresponding to different values of C/V 


he undisturbed stream are small 
ables, values of z and of y have 
aud of M 


C/V 202, M=8 


0°20 


0°50 


1°00 





1°84 


1 83 


170 





0 63 


0°62 


0:48 




















When y =0, z i8 shghtly different from 1:82 — 'The vertex of the body is at a distance 
1:82 from the origin and the height of the body 1s neaily 0°52 






1:00 | 200 

















4°72 | 441 








1:20 














Distance of the vertex from tho origin = 2°75 nearly, height = 1'97 


C/V 20:5, M=2 


























Distance of the vertex from the origin = 1 6, height = 0 44. 
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CIV 205, M 28 























D stance of the vertex from the origin = 4'1, height = 8'26. 


C/V 205, M=4 




















Distance of the vertex from the origin = 7°62 nearly, height = 8:18. 


: jer c-? M.4 


Fic 2 Fie 8 


The figures 1 and 2 give only one-half of a meridian section. The surface is obtained 
by revolving this section about the z axis. For convenience all the surfaces have been 
drawn having the same vertex 

From these figures we see that for small values of M the surface is very stiff or 
blunt at the vertex and as M increases the surface becomes more elongated and the nose 
becomes sharper and the large portion, except near the vertex, 1s more or less straight. 
There is a slight bend at the base. 


96 M. RAY 


We algo nole that as C/V or M increases, the extention of the souice distribution 
as weil as the height of the body ineronsos. We conclude that a source (sink) d stribution 
of constant intensily extending along the axis over a limited length m front of the body 
ean produce a supersonic polential motion of a compressibie fluid around a body of 
revolution whose shape can be easily determined. 


Aara COLLEGE, 
AGRA, ÍNDIA 
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SOME PROPERTIES OF THE SKEWNESS OF DISTRIBUTION OF 
THE GENERATORS OF A RULED SURFACE 


By 
P. B. Bnajvracuanya, Delhi and Ram Beuari, Delhi 


(Communicated by Dr P. L. Bhatnagar— Received January 14, 1950) 


1. In a recent paper, V. Ranga Chariar (1945) has defined the skewness of 
distribution of the generatois of a ruled surface, and has discussed some of its properties. 
The object of this paper ıs (o obtain some further properties of the skewness of 
distribution and to extend the idea of skewness of distribution to the ruled surfaces 
through a line of a rectilinear congruence. 

9. The equations to a developable surface are given by 


£—ztlhuw, y= ytmy, C= atny, 


where l, m,, n, are the direction cosines of the tangent to the edge of regression. 
Therefore the skewness of distribution p 18 given by 


n= [8, d, a"][|d P 


L m, n, Lom, n 
= lalo m,/p "lP IM. d DA le 
= e) 7 iua Mea) Sar Se 
lfíl hNY ht, P p p pr ui 
Ln -2p mek! a hom, m 
p\o pj P 
Therefore if u is constant, the edge of regression of the developable surface is a helix, 


Also 
& 2h; m=m; ELLO 
&,= htu p = m,+u(m,/p); {= n,+u(n3/p), 


where suffixes 1 and 2 denote partial differentiations with regard to u, and s (the arc of 
the edge of regression) respectively. ‘Therefore 

2 

E-1 G-1«* 


3 


p 
£u 70, nn = 0, On = 0, 


l 
$a, Sa buc 
P P P 
AE 


L=0, M=0, N=u/po. 
The first curvature of the developable surface is 


Jol,l.EN-2FM «GL, w p 
Pı Pa EG-F* pru wu y 
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But in the case of a developable surface one of the principal curvatures is zero, say 
I/p,=0. Then 


Hence tn the case of a developable surface, the principal radius at a point distant u 
from the edge of regression, is u/p where p18 the skewness of distribution, 


3. We now proceed to find the skewness of distribution of the ruled surface 
formed by the binormals io a given twisted curve. The equations of this ruled 
surface are 

E= grlu, go gym, C= gt ny, 
where I, Ms, n, are the direction cosines of the binormal. 


la m n 


3 4 
lom, ny di » 
$ bot : y ! -lje lis N 1 Wy 
L= |ls ma ng [mnan = i c c / (E) 
P 1(h LY 4 fs Pcs un 
o\c p 
hom, n 
cac 1 1 _ oC 
Paes ly Ti, ns pog » 
hom, n, 


Hence ihe skewness of distribution of the ruled surface formed by the binormals 
to a given twisted curve is equai to the reciprocal of the skewness of distribution of the 
developable surface formed by the tangents to the given curve. 


4. In the same manner, the skewness of distribution y of the ruled surface formed 
by the principal normals io a given twisted curvo is given by, (Ll, m,, nz) being the 
direction cosines of the principal normal to the given curve, 


l M, fa 
hl 
SA —-l ess soo’ 8/2 
je . cw ua Jy 
aho ho te ay eee eee 
o? c? p? p? 





pi. ot pe pee pe ot 
l mg n, lL, m, n, 
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or 
p. = pa(p'a —o*p)| (p° + 07 8, 
If the given twisted curve be a helix, p/o = constant, and therefore 
op’ — pr =Ù. S p=. 

Hence we get the result that for the ruled surface generated by the principal 
normals to a helix, the skewness of distribution vanishes, which can be scen to be true 
]rom purely geometrical consideraliona. 

B. Again, the system of curved asymptotic lines of the ruled surface, 

z=p+lu, y=qtmu, 8 =r+nu, 
is given by (Ram Behan, 1946) 


du x A 
d» utu T 





where 
A= *i(qh" — rq"), v= S(m’n" —n'm"), 


B= Dlm — mr’) + (g!n^—n'q), 8 — —[p, l, I’). 
This is Riccatis’ equation. From definition of the skewness of distribution 


p, it follows that 
v = pl? +m? + stola. 


If pz = 0, then v = 0, and the equation of the curved asymptotic lines becomes 


du m 
dq a racic 


Further if v = 0, the generators remain parallel to a fixed plane Taking this fixed plane 
as the plane of zy, the equation of the surface can be written, without loss of generality, 
in the form 
e=u, yzvcrf(vu, a = Fiv). 
Here - f 
8 —-—f'F! p —fp'"—f'pn A= Be, 


Therefore the equation giving the curved asymptotic lines becomes 


du F’ 


dv 9fP ape UT - fF’yu = 0, 


whose solution is 


7 us (>) lager? constent]. 


Hence the curved asymptotic lines of a ruled surface whose skewness of distribution is 
gero can be obtained by two quadratures. 


6. We now proceed to find the properties of the skewness of distribution Bs for ihe 
ruled surfaces through a line of a rectilinear congruence. 
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Let r(X, Y, Z) be the direction cosines of a ray of the congruence meeting 8 curve 
C on the director surface. These rays form a ruled surface 3. Let ds be the linear 
‘element of the curve C and do the linear element of the spherical representation of the 
corresponding ruled surface. Let d — r. Then 


where i ıs the unit tangent io the spherical representation, and dashes denote 
differentiation with respect to the arc length of the directrix C of the ruled surface &. 


Differentiating again 
dt + to” = kno? to", 
do 


d’ = 
where kn is the vector curvature of ihe spherical representation 
p= [d, d', d*]j| d! P = Jr, to’, kno +to*]/|d' |? 
= [r, t, kn]o?/]t Bo? = [r, t, kn], 


or 
X Y Z 
AA pad 
a= do do 
du\? du dv du dv d^v 
x. (2) T2 qo do +X, mx (e 2y tga 


The converse problem i.e, given a specified p, to find the curve C or the spherical 
representation of the corresponding ruled surface ^ annot in general be solved; for the 
equation giving p is only one ordinary second cider differential equation in two dependent 
variables, and therefore the differential equation 1s indeterminate. If however p 18 
zero, then 
[r, t, kn] = 0 

i.e., the vector curvature lies in the normal plane through t and concides with the 
normal to the surface ‘Therefore the spherical representations are geodesics on the unit 
sphere, i.e., are grout circles through the point. 


7. We now proceed to find the skewness of distribution of the five families of 
ruled surfaces through a line of a reclilinear congruence. 

Let the spherical representations of the principal surfaces be takeu as parametric 
curves. Then (Ram Behan, 1946, p. 52) 


F=0, fef —0 and de? = Edw! t Gdr’. 


For the principal surface represented by the parametric curve u = constant, do = y G.dv 
and therefore 
dX dY dZ_ xX, Y, Z”. 


t= , $ , 
do’ do’ do 4G JG VG 
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kn = =. ok, H5 2), oS GX- G,X, GY,— GY; GZ- G32, 
Gdv\VG4 Gi 5 a £ G? 
Therefore 

Y Z 

Y, Z, X Y Z 

hy = vc va VG -G-|X, Y, Z,|, 

GX- HX, GY,- G, Y, GZ,,— 4,2, Xy Ya Z5, 

G G? G? 


Similarly the skewness of distribution u, for the principal surface represented by the 


parametric curve v = constant is given by 
X Y Z 7 


Ba = EDS Y, Z, 
Xu Yu Zn 
With the above choice of parametric curves, the directions of the spherical 
representations of the developable surfaces are given by 
Edu Gdv 


edut+fdv —fdu+gdv 


cr 
Efdu? + (eG —Hg)dudv + [Gdv* = 0 


or 
EfA? + (68 — EgJA 4 jG = 0, where A = du/dv. 
An element do cf the spherical representation is given by 
do? = Edu’ + Gdov’, since F = 0, 

















= (EX + G)dv? 
or 
do = (EX? + G)tdv 
dX _ dX E X, . 
de (HA?+@)idv  (EA*-G)* 
Therefore 
dX 1 d | X, \ 
do? (HA?+Gjt dv \(EA? + G) 
S: 1 (EX? Gy X4, — X (EX? + G) Y(E,A* + 2B, + Gy) 
— (BP Gy (Ed + G) 
_, (BA? G)X 4,  3X,(E,A* + 2BAA, + G3), 
(HA? + G)* 
Therefore p, the skewness of distribution of the developable surface 
X Y Z 
z(EAX TG) X. Y. Z, 
Xa Yaa Loa 


6—1739p—1. 
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If the congruence be normal, then f=f' and .. f=f'=0, since f = -f. 
Therefore the equation giving A becomes 
(eG — Eg). = 0 


Therefore A = 0 rejecting the case e/E = g/G when the congruence is isotropic. 

In this case (EA? + G)-8/? = G—93 and we find that the u for the principal surface 
coincides with u for the developable surface. . 

Incidentally we get the result that if the skewness of distribution for the principal 
surfaces through a line of a rectilinear congruence is the same as that for the developable 
surfaces through thai line, the congruence is normal, which gives us a necessary and 
sufficient condition for a rectilinear congruence to be normal. 

In the same way it can be shewn that, when the congruence 18 normal, the 
skewness of distribution of the characteristic ruled surfaces through a hne of the 
congruence is the same as that of the ruled surfaces whose spherical representation are 
minimal lines. i 
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SOME PROPERTIES OF THE WHITTAKER TRANSFORM 


By 
S. K. Bosz, Lucknow 


(Received October 11, 1949— Revised on December 12, 1949) 
1. The integral . 
o(p) = p | Gp)" Was Gpalfisgis a) 
0 


is the generalisation of the Laplace Integral and the new transform is known as Whittaker 
transform, according to Dr. Varma (1947), e(p) is called the image of f(x) and f(z) the 
original of e(p), and I (1949) have given the symbolic notation to integral (1) as 


e(p) = f(z). \ 
For k = 3, m = +}, the above transform reduces to Laplace Transform, due to 
(Qep)-*W,44(2px) = 677, 


There are other particular cases of this transform, due to the fact that for certain 
values of the parameters, k and m, Whittaker function reduces to other well known 
functions. ' 

This paper is an attempt to establish some new properties of this new transform, the 
` analogues of which do not exist in the case of Operational Calculus. The properties of 
Whittaker and Parabolic Cylinder functions have been utilised in deriving these properties. 


` 3. Theorem I. If 
ee(p) Œ f(x) 
then 2 1/1 r eo 
2 2(i-1) g,(p) = pak f (2pa) terr- Wy «(2«pz)f(z)dz 


Tl 
T9») 0 


provided R(uX m--5/[4) 2» 0, where f(x) = O(z*) for small a, a > 4 and g C3Wiya(2p,zM(z) 
is bounded for x>0, R((2«—l1)p]L p, 220 and the series om the left hand side ia 
uniformly convergent. 


Proof: We have 
ep) = p f Gem) ass pod a) 
o 


Mulüplying by G- y and taking the sum from aero to infinity and using the result of 


Goldstein (1982, p. 112) 
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abe i9 Wy (az) = ge $ iG- 1) Wesron(2) 
r=0 


(8) 


e 1 
Pau 


where « is positive, we have 
r el 
(1-1) Pp) = pat f (2zp)-te*20- OW, ,(Qpxa)f(a)da 
The change of order of summation and integration 1s permissible due to the uniform 


and absolute convergence of the series and the integral 
Let (Bose, 1249, p. 18) 

—m+5/4 1_ 2) 

, 9 2p ’ 


8. Example: 
rer T(n- m 5/41 (n — m 5/4) T iin n 
d n—k-r-t-7,4 


2(9p)^L'(n — k — r 4- 7/4) 
R(n x m4 5/4) 7 0, |p| 2 [q| and R(p) 0 





f(z) = gree = 








Hence by Theorem I, we get 
- Suis T'(n4 m 5/4)T(n —m 46/4) Ñ (1ja— 1) 
n-i ap—e)-gzd E 
[ en) Wy m(2pex)e c (2p)^* Fak 25 PIn-k-r4"j4) 
utn n—m+5/4 ; 1 q 
n—k—r+7/4 2 2p 
R(nXm-45/4) >0, a> 4, R(p(2«—1) - q1 2 0 and | p> |a]. 
4%. Theorem II. [f 
plp) = f(z) 
then eo 
— Lthy (-h* 
y(p) D 8:2; 3! Palp), 
where 
J(p) + (ælajtfiæja) and a= a 
R(p) > p, > 0, [h] < 1-and the series 


O(z*) for small z, 


provided R(u4 5/4) >0, fla) 
on the right hand side ie convergent 
(o 


Proof: We have 
ep) = p f Ge Wired 


0 
Multiplying by (—R)'/s! and takmg the sum from acro to infinity and using the result 





(Goldstein, 1982, p. 112) 
(hy tea = aciei S CCP, ue), hcl 
GP) jp), 


we get 
= ae oo He -»( zt f z dz = 





370 


t 
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where ~ 
lth 
x 4 mI. 
Vp) = (ea)f(ea) and a = Fo. 
The change of order of integration and summation can be justified as before. 
5. Example. Let (Bose, 1949, p. 12)* 


E Lp. qet} TUB) (= YI r)D(n- r 5/4)T (n v € 5/4) 
Me) eset aper Bises] V tad rIT(B-- 7) E(n— s 3r 54) 





SERT dato n+rt5/4- 


eta C i R(n+5/4)>0, R(p)>0 and [p| 7 4. 


and 





l(n45j/4) pfo nt 5/4. -1)« i 
y(p) — i ye d E chap (a/a)*f(x/a). 
Hence by Theorem II, we get, that the sum of the double series is a hypergeometric 
series, 


T'(z)T'(n + 5/4) nts5[4 gq 
Sa EA a ica 


PX —y*rhiT (o tr) (n 75 Urs slay zy 
£ alr! I(B4r)I'(n—&-r--5;4) 2p 


n+7+5/4, n+r+5/4 
x ,F, / / > a} 


n—8+rt+5/4 


R(n+5/4) >0, R(p 2,70, |h|« 1 and [p|7 |a]. 
6. Theorem III. If 


f 


Mx 


Par(p) f(z), 
then ao Ote-t 1/1 d 
f er20 -a D _f2a(pz)t}f(z)de = ap 2293 -1 Par(p) 


0 
provided R(A) >> —1, where f(x) = O(z^) for small z, Ri(202 - 1)p} >p > 0, 2? > 4 and 
the series on the right hand side is convergent. 


Proof: We have 


elg) = 27er np E D, ias 1{2(2p)i}f(a)da. (1) 
0 


Multiplying by +(4-1) and taking the sum from zero to infinity and using the result* 


(Goldsteim, 1982, p, 116) 





* The convergence of the series follows by considering the behaviour 


Flatr, b+; ctr; 2] v5 ee LE z)'F[a b; c; v] 


where A = mm (a, b, c). 
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= r 
#g— taa T) = iz D, _ ; 0 
ang -1(4%) = e~ È E o aS -1) +2r-1(@), a> 
we get 
m NA , ur NE 
2i > A (5-1) culo) = wp | or0--9D,-s{2a(ep) Hy le)de (2) 
T— 0 


provided R(A) >—1, where f(z) = O(z^) and smal! z, R{(2u?—1)p}> p, > 0, a? > 4 and 
the series on the left hand side is convergent. 

‘Lhe change of order of integration and summation can be justified as before. 

7. Eaample. Let n p. 14) 


e 


yI'(s Y2p)^*. 8+3, 8+1 i 
f(z) = J, {22 Ta Ep r4 2) d ae yj 





. Hence by Theorem III, we get 
f grs) D, {2a(pa)HJ {Qet}da 
0 
2b Ñ > (—}T(s + 8)(28)7* stg, 8+1 
= —-1)].F Pip 
$5 eger ayn 


any «T1sl I'(s- áp r2) No? 8—áp—r42 





R((2z* — 1)p] > py > 0 and a > 4. 
8. Theorem IY. If 


then 
IE exp [pz — i(2(pz)* + s D (2(pz)* + uf (2)dz -ES C 


0 
provided R(p) > p, > 0, RA) 2 —1, where f(x) = O(z^) for small z and the series on the 
right hand side is convergent. 


Proof: We have 
ep) = 274p i Dat (paf (z)da.. . a) 


Multiplying by (—)”n"jr! and taking the sum from sero lo ee and using (Goldstein, 
1982, p. 116) 





e-tet)'D (z+) = 2:33 C Dy+1(2) 
r=0 : 


we get 


2e Cer v, (p) = Ji exp [pz — if2(pz)t + yh] D,{2(pa)* + gif (z)dz 
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provided R(A) >—1, where f(z) = O(z^) for small s, R(p) > p, >U and the series on the 
left hand side is convergent. 
The change of order of integration and summation can be justified as before. 


9. Theorem V. If 


et 
PnalP) * arai a) 
then ; 
Va (D) = (2P) Pra- P) — ENP, - LX) 
provided R(y — A 1) 2-0, where f(x) = O(z*) for small xand R(p) 2 p, 2 0. 
Proof: We have 


Patia(p) = 2-70 *Dp f D» ito finis. (1) 
0 


Using (Goldstein, 1982, p. 115) 


Dai, (e) = Dalt) —nDy_, (2) 
in (1), we get 
Patia(P) = (2p)tgs a -4(P) — Ate 1a (p). (2) 
The result (2) shows that there exists a recurrence formula of the images of any 
function z-^f(z), where A is an arbitrary parameter, for which the integrals and the 
integrated series involved are uniformly convergent. 


10. Ezample: Let (Bose, 1949, p. 18) 


E L maaga ttt T(v—-A-80I(v—A-1). pi Àà+gv—Àà+1 | q 
À = gr-Ae 7g 4. 
x f(x) T 6 ran X Cpr Th- LX inc 8) 3 1 xs in +8 ' 9 9p) 


. Henee by Theorem V, we get 


T(v—A— -int p a s v-A+] 


Fai 
T(vCA-à4n41)?^ *w-A-4n41 > 8 3p 


—A+2, v-A+ 3 | 
-A- int ; 37 


R(/-A441) 2 0, R(p) > p, 2 0 and[p]>]qgl. 


Zio: v-A+§, v-At+1 1 q 


= (A+). FT Ae cA 


11. Theorem VI. If 


Pna(P) (a) 


int 
H 


Daa) E z-le), 


and 


then 
f Da-1a() = PtPa-11—lP) - 219.4 (D)- 

provided R(u—A+1)>0, where f(x) = O(s") for small z and R(p)>p,>0, where 
Q, (p) 18 the image with respect to D,{2(px)¥}. 
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Proof: We have 
es (p) = 2p | Def2(pa)i}a-Y(a)de 
0 


and 


a-il p) = 2-#“Yp f osse finas. 


: 0 
Using (Goldstein, 1932, p. 115) 


D,-1(@) = à2Ds (2) - D«(z), 
(1) and (2), we get 
G, ip) = plesi-4(0) - 210(0). 
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NOTE ON A FUNCTIONAL EQUATION, CONNECTED WITH THE 
WEIERSTRASSIAN FUNCTION &(z) 


By 
Haripas Baacur, Calcutta, and PHATIK CHaAND Caarrersi, Calcutta 


(Received. December 19, 1049) 


Inrropuction. This short paper, consisting only of two articles, aims at the 
complete solution of the functional equation: 


f), fy), fle+y) |=0, @#y), (1) 
f(z), fly), —f-y) 
1, 1, 1 


subject to the usual limitation that f(s) shall be analytic except for poles in the finite 
part of Argand plane. An obvious implication of the well-known Addition Theorem is 
that a particular solution of (1) is 


f(s) = 8(2), 

where &(z) 1s the Weierstrassian elliptic function. The discovery of the general solution is, 
however. the main objective of the present investigation. 

We are not aware whether the problem m the present form has been attempted 
heretofore by any previous writer. 

1. At the very outset we remark that, for a non-degenerate function f(z), satisfying 
(I), the origin must be a singularity. For, otherwise, when the point (2 = 0) 18 supposed 
to be a regular point, we must have 


fO) =a and f0)=b 


where a and b are finite constants, Then setting y = 0 m (I) and allowing full variation 
to the other variable z, we get 


fc a f(z) |-0. 
f b, -f() 
1c, 1 
This relation being equivalent to 
i f'(z)ff(z) ^a] = 0, 
ihe legitimate inference is that f(z) is a constant. Hence we can assert that if a function 
fu), other than a constant, satisfies (I, it must have the point a = O for a singularity. 


Further, this singularity must be polar, seeing that the essential singularities (in the finite 
part of the plane) are out of the picture in the present set-up. 


We shall now suppose that the order of the pole (viz., s = 0)-is n, the associated 
principal part bemg 


7—1739P.—21. 
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a, 
g 


+5 355 Em (as # 0). (1) 


Let us now revert to (I), and put 
y =e, (2) 
where e 1s a very small quantity (real or complex). Then by (1), we have 


fle) ~ +a e, (8) 
and 
2 
file) --9 at s - A (4) 


The other variable « being, as betóre, supposed to be unrestricted, the equation (I) 
can be expanded in the form 


Tz) [f (s) + f+ )] — ffc) + fic e) ] + f(x ) [f (2) ^ f'($)] = 0. (5) 


The approximate values of f(e) and f'(e), as given by (8) and (4), being made use of, 
and Taylor's theorem being applied to /(z-* e) and f'(z-- «), the relation (5) becomes 


wl- S m S eme] (S a) [os $ Ze] 
Ax Srey fr fro Š ze] =o. 


When multiplied by e™*?, the equation last written is carried over into 


f(z) [ ^ fna, + (n—L)dn_ye+ (n —2)as 46? t +++ c 2a,6?7? +a, e} + e^* (f/(z) + of (x) + .- 1] 





— e(ap "Fn, tana + +--+ E ae") [2f (2) ef" (x) + SMe) +] 


+ [f(z) + f(z) +2 fe) *o][nas(n—-1)as 6 +++ +a,” + fi(m)en*1] = 0. (0) 


As is obvious on inspection, the finite terms in the left side of (8) neutralise each 
other. Next, the least value of n being unity, if 18 manifest that the. infinitesimal terms 
of the first order are together equal to 


«(n —2)asf!(a). (7) 


Inasmuch as a, Æ 0 and f'(x) + 0 (for a non-degenerate function), the identical vanishing 
of (7) implies f 
n-2=0, 

shewing that the pole (at = 0) must be of the second order. In other words, if a non- 
degenerate function satisfies (I), it must have, the origin for a pole of the second order. 
The far-reaching consequences of this result will be traced fully in the succeeding article. 

2. The origin (2 = 0) being proved to be a quadratic pole of the function f(z), we 
may take its principal part at that point to be 
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a a. 
a Tas (a, 3- 0). 


Without going over the whole ground afresh, we may simply write 
d, 0,,..., Gp each = 0, 


so that the relation (6) of the preceding article at once boils down to 
2 
FL- Qa, aye) + PG) + efla) + - -}] es ase [offG) + afta) +E f(a) + ...] 


+e) ese e fe) + --- 1a eae e] <0, (D 


As noticed already, the finite terms and the coefficient of e in the left side of (1) 
vanish separately. Next the coefficient of e° in the left side is easily seen to be —a,/"(z), 
Since f'(z) + 0, (by hypothesis), we must have 


a,=0. (2) 


If we now equate to zero the coefficient of e? in the left side of (1), and attend to the 
relation (2). we arrive at the relation 


2f(z)f'(z) —4a;f"(z) = 0, (8) 
which can be treated as a differential equation to determine f(x). 
‘If we now write 2 for z, and introduce the notation w = f(z), (8) assumes the form 


du icu Cw 
ds 19 dg?’ 


which can be readily integrated in the form 
a 


where g, and g, are arbitrary constants. 
The independent variable 2 being changed into As, (where A stands for the constant 
V4,), (4) may be re-written as 


dw\? 
(2) = 4w* — gw — g,. (3) 


Remembering that w, i.e., {(8) becomes infinite as z (or 8')> 0, we can invert the 


relation (5) in the form 
hes i dt 
, 4e —gat—gs)¥ 


w = &(s") = (Ax). 
The sum and substance of the whole investigation may then be presented as follows: 
The most general form of a non-degenerate function f(s), which satisfies the 
functional equation 


shewing that 
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fz fly), faery) |= 0, (zÆy), (I) 
f(z), ft) —fi(ery) 
Y .4 1 


and has no essential singularities in the finite part of the plane, ta that given by 

f(a) = (Az), 
it being understood that the parameter A as well as the moduli g,, g,, attaching to the 
elliptic function, aie all arbitrary constants. 

We shall now close this topic by simply mentioning that the proposition, established 
as above, indirectly provides an independent definition of the Weierstrassian elliptic 
function. In point of fact, 16 18 easy to see that @(z) is definable as the uniquely 
determinate function, which satisfies the cquation (I) and 1s analytic save as to poles 
in the finite part of the plane and be8ides harmonisca with the special condition. 


hm fa*f(z)} = 1 
30 
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A NOTE ON PARAMETER OF DISTRIBUTION OF A RULED 
SURFACE THROUGH A LINE OF A RECTILINEAR 
CONGRUENCE 


By 
R. S. Misura, Lucknow 


(Communicated by the Secretary—Received October 14, 1949—Revised on December 8, 1949) 


The object of this note 1s to find out a new expression for the parameter of distribu- 
tion of a ruled surface through a line of a rectilinear congruence. New expressions for 
developable and other surfaces of the congruence have also been obtained. Some 
properties have been deduced with the help of these expressions. 

4. Let the coordinates of a point on the surface of reference be given by 
z'(i— 1, 2,8) and the direction cosines of the ray ‘l?’ by A*(i— 1. 2,8). Then the 
parameter of distribution of a ruled surface through ‘l’ is given by (Rain Behari, 1946) 

idut ri Al dul) 
a= (xf, »B 1. 
G.o du*du? Msn 
where zh, and A‘, are the covariant differentiations of æ' end A* and Gig = Ata Abs. 
Squaring (1.1) we get, 


gap dudu?  p,du*  ug,du*du? 








p.du* 1 0 
ga p,glu*duP 0 G,gdu*du? (1.9) 
Gig Gas dudur du du : 
where N 
Jp = Tja tp; Pa = A*z and pop = Àj Tia 
or = 
3 — (JaPa pudu" [4 papau" ul 
d G ,gdu^d G,gdu* du? 
or p" adu P 
2,129 — (9.8 — PaP )du*du 
d? i CYGaduedu — (1.8) 


where t 1s the distance from the central point to the surface of reference. 
For a developable surface 
,d-0. 
Therefore for a developable surface of the congruence the distance of the central point 
from the surface of reference is given by 


a (Jop— Pa pg)du* du? 
is G.asdu*duP ` m 


E 
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Similarly the parameter of distribution of the surfaces for which the lines of striction 
he on the surface of reference 1s given by 


: = (09 p. pa)du*gdiu? L5 
d G,gdu*duP ` 9) 





2. The functions zí, may be expressed in tarms of A‘ and A'.. Thus 


ei, = potty at : (2.1) 
where 
Aj. = PLAL AL = uid, (2.2) 
or 
Hep G8 = py ; (2.8) 


which according to notation used by Eisenhart (1909) gives 


i2 Ge--Ff', 3 Gl -Fe. 1 _ Gí- Fg. a 6g - Ff 294 
"c wei cya moles eet et = 
From (2.1) we get, 


Bi, aig = pops + pr ug Arty Aly 
or 
Jae- Pa Pa = nY'u Gy, = nu, (2.5) 
Therefore the equation (1.8) assumes the form, 
1 ug, du* du? ; 
2442 = Ha Kpy 2.6 
d? Ga duadur ` (2.6) 
When expanded this equation becomes ' 


dè + {2 = (GÈ —2Fef' + Gf" Ndu)? +AGef — Feg —Fff! + &gfdu'du* + (GP —2F gf + Egdu") 
JP [6(du!)* - 2Fdu'du* + G(du?)*] 


(2.7) 
Consequently for the developable surfaces, 
1 ug, dutdu® 
Lu = Ba Py 
Gig dutdu 
or ps Matte, GP due? T 


Gs du? du? 
and for the surfaces whose lines of striction lie on the surface of reference 
X up,dutdué 
d = Feleti T 2.9 
G.gdu*du 9 
or 


= 19, G6 du* du : 
d? mel ade ‘ (2.10) 


9. (a) Ina congruence of Ribaucour (Eisenhart, 1908, p. 890) 


9.8—P.'Dg = Jun’? 
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where g.g are the fundainenial tensor for the director surface and 9 is the Bianchi’s 
characteristic function. 


Hence in a congruence of Ribaucour the equation (1.8) assumes the form 
ag. B 
dia 79 du*du 8. 
Gsdu*du? t) 
and for the developable surfaces through a line of congruence of Ribaucour 


2 9g. adu * du? 
P^ dutu" (8.2) 


For a congruence of Ribaucour, the eqnation of surfaces of distribution ig given by 
t=0, 


Hence from (8.2) we get the result: 


In a congruence of Ribaucour developable surfaces cut the surfaces of distribution 
along curves corresponding to null lines on the director surface, 


If the congruence of Ribaucour is isotropic, 
Jas = Gag and pptpp. = 0 
and the equation (8,2) for developable surfaces becomes 


PG, gdutdu® = 0 
or 
Gagdutdu® = 0, (8.3) 


Hence we get the well known result that in an isotropic congruence the developable 
surfaces are represented on the sphere by minimal lines. 


(b) From the equation (1.8), (d?+ t”) 1s positive. Therefore 


(9.8 — PaPa)dusdue 
18 positive. Hence 


Jaa > (Pa), ie. gi2 pi and Ja >p (8.4) 
and 


E 3 2 
91—? Jia — Pip ; 
ds 1 T : 2 >0 (8.5) 
9s1—PsP1  Qai— P2 

which assumes the form 


(911933 — gi) zn (91:P2 + gas — 29 P314) 0 
or 





dupi T Jas? — 293P; Pa <i. ` 
g 1 1922 F. Jiz 
The expression on the left denotes sin*ó (Behari and Mishra, 1049), where 6 is the 
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angle between a ray of the congruence and the normal to the surface of reference at thé 
point where the ray intersects it. 
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CORRECTIONS TO MY PAPER ON ‘PARALLEL DISPLACEMENT 
AND SCALAR PRODUCT OF VECTORS—III’ 


By 
R. N. Sun, Calcutta. 


The following errors have unfortunately crept into my paper entitled ‘Parallel 
displacement and scalar product of vectors—III’ published in Bull. Cal. Math. Soc., 
Ai, 118 (1949). d 
i" Page 114, formula (2.1), for — Ti read + Ti. 

Page 114, formula (2.2), for - 1/2 read —1/2. 

Page 116, 18th line from the top, for Aij read Vi. 

Page 116, formula (8.2), for Ajx—y(Ajn + Aij) read 2 [A - A tA). 

Page 117, 12th, 18th lmes from the top, equations on the left-side, for 39 (gpdq. 

ig" (gap read g¥(gpt)q, g" (ga) respectively. 

Page 117, equations (8.18), (8.14), for 1/16 read 1/4. 

Page 117, last two lines, for —8[zi — --] - 8i. —:-] read —9(al, —- 4 - 9085. e. 

' Pago 118, formula (8.17), for the terms 4Kzy, —6Vin, —S(Vict Vn) 
- (sl + Bin), +4(Ale+ A) road Qin, — Vy +I V), 
+2(atn+ Bix), + BAT + One) respectively. 2 


DePARTMENT OF PURE MATHEMATICS, 
CALCUTTA UNIVERSITY. 


NOTE ON A TRIAD OF FUNCTIONAL EQUATIONS CONNECTED 
WITH THE LAGUERRE'S POLYNOMIAL L,() 


Bx 
Haripas DAconr, Calcutta, and NALINI KANTA CHAKRABARTI, Krishnagar 


(Received December 19, 1949... Revised on February 18, 1950) 


IwTROpUCTION. The main object of this short paper is to study ihe inter-relations, 
subsisting among the three functional equations - 


fale) = n[fa-1l8) fu. (2)]. (I) 
Ín-.(2) — 2n  1— 2)f, (2) +n’ fns) = O, (11) 
fal) = nfa(s) - n^fa... (2), (111) 
and the differential equation ; ' 
sT + (1-2) + nw = 0, (w = f,(2)) (A) 


which are ali associated with the Laguerre’s polynomial (Courant and Hilbert, 1981; 
Sastry, 1084; Bagchi and Chakrabarti, 1950). Unless otherwise stated, the parameter n 
will be supposed to be arbitrary, and the equation (A) will be designated as the L-equation 
of rank » and symbolised simply as L™. The gist of the results established in this papor 
18 that the four equations (I), (1I), GTI) and (A) are tantamount to two offective equations. 
To that end it is necessary to reckon with a total of *C, (or 6) distinct pairs that can be 
formed out of the four equations. The six corresponding problems have been disposed of, 
three by three, in the first two articles. The third article is rather supplementary to 
the first two and practically gives a finishing touch to the whole investigation. At the 
end of the paper there is a passing reference to an enumerably infinite set of functions, 
satisfying any two of the four equations. 

Finally we beg to express our indebtedness to our learned referee for his valuable 
criticisms and observations. 

We are not aware whether the problém in the present form has been tackled 
heretofore by any previous writer. 

1. In this article we propose to take account of three specific problems arising 
oul of the three combinations of equations, viz., 


(G) IandII; (i) IandIII; and (i) II and III. 
To the next article we postpone the consideration of the remaining three problems, 
dealing respectively with the other three combinations : 

(v) land À; (v) Iland A; and (vi) III and A. 


Problem (:) That the combination (I) and (II) leads automatically to (III) and (A) 
has been demonstrated fully in the authors’ paper, cited already. So further discussion 
is uncalled for and hence dropped altogether. 


8—1739P—1 
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Problem (ii), When the relations (I) and (III) are given in the first instance; 

we have, on changing ñ into n+1, LA 
fatale) = (n+ D [fal@)—fal)], (1) 
fret) = (+ L)fnis(#)— (n + fa). (2) 


Elimination of f,(s) and fa4i(a) from (1), (2) and (ITI) and subsequent simplification 
give rise to 


ahd 


fnai(3)—(Q2n+1—2)fals) + nfa) = 0, 
sbewing that (II) is a mere consequence of the combination (J) and (III) Thus 
Problem (ii) reduces to Problem (i), so that according to proved results, (A) will also follow 
as a matter of course. 


Problem (iti). When (II) and (III) are given, we may alter n into n —1; so that 
f«(s) — (2n —1— 2)fa a (9) + (2-1)*fn-a(#) = 0 (8) 
— afa -a(0) + (n— Df s (8) —(—-1)"fn-a(#) = 0 (4) 


Dispensing with fale) and f4.,() from (8), (4) and (III), we find after easy 
reductions 


and 


fala) = n[fa-i() -fa-i(2)]. 
This being the same as (I), we infer, on the strength of the results of Picblems (1) and (ii) 
that (II) and (III), taken together, affirm both (I) and (A). 
The remaining three problems will be disposed of in the next article. 
2. Problem (iv). Starting with the combination (I) and (A), we have, on taking 
two values (say, n and n + 1) of the parameter, 


fia) = nf; s(5) nfa), (1) 
afa(e) + (1— e). (2) + nfals) = 0, (2) 

as well as , i 
d fusi) = (n + 1)fa(e) - (n fale) (3) 

an 
#fn4i(8) + (1—2)fagi(s) + (n+ 1)fa s (0) = 0. (4) 
Evidently (8) gives on differentiation 

faril) = (n + I)fn(s)— (n + Lfala). (5) 


Eliminating f,(2), f.(2) and fati(2) from.(2), (B), (4) and (5), we eventually arrive 
at the relation 
afn+i(4) = (n+1)fnsile)—(n + 1)*fa(s). : 
This bemg substantially the same as (III), the inevitable conclusion is that (III) 
is but a corollary to the combinaticn (I) and (A). Consequently. by Problem (ii) we 
conclude further that the same combination leads also to (II). 


Problem (v). When (II) and (A) are given in the first mslance, we may choose 


three special values n, n+1 and n—1 for the parameter in (A), so that we have at the 
very start ' 
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x af (8) (1— 2o) erfi(s) =0, (ro n1, n, n—1), (6), (7), (8) 
fnri(8) —(2n 1— 2)fs (2) 1 n? f, (2) = 0. (I) 

Two-fold differentiation of (II) gives 
"m fari(8)— (2n 1— 2), (2) + fale) t n^, (n) = 0 (9) 
fn) 7 (2n 1— 2)fs(s) + 2f. (2) ^f (9) = 0. (10) 


If we now add (10), (multiplied by 2). to (9), (multiplied by 1—2), and then to (IT), 
(multiplied by n+1), and further attend to (6), (7) and (8), we derive after easy 
reductions : 

gefale) = nfala) —n*fa... (2). 

This being the same as (ITI), we míer by Problem (i) that the combination (II) and 
(A) implies (III) as well as (I). 

Problem (vi). When we start with (III) and (A), we may choose values n and n+1 
for the parameter in (III), so that we have initially 


zjale) = 1fn(2) — n^fa..,'2), (IIl) 
afale) = —{(1—a)fa(e) Enfal) (A) 

as well as ; 
afnta(e) = (n+ 1)fnsi(s) — (7 + 1)*fu(a). ^ (11) 


Now differentiating (III) and coupling the derived relation with (A), we get 
(s —n)fs(2) = njala) +23f,—1() = 0. 
n+1 being pub for n, this becomes 
(e=n — Dfa) — (n+ fas (0) + (n+ 1)*f, (0) = 0. (12) 


Eiimination of f. (2) and fn41(2) from (111), (11) and (12), followed by elementary 
manipulations, gives f 


Ín«i(2) (2n +1 — 8)f (8) tnu uo) = 0. 


This relation being none other than (II), the logical conclusion is that (II) and (A), 


taken together, imply (II). By Art 1 (Problem à), we gather that (I) wil also follow 
from the combination of (IIT) and (A). 


Thus (IL) and (A) are together equivalent to iII) and (I). 


3. The results of the six problems, dealt with separately in Arts. 1 and 2, may now 
be amalgamated and condensed in the followmg form: 


The three functional equations, vis., 


fale) = n[feca(s) -fu-s(2)], (I) 
Tne (8) — (2n - 1— a)f(2) - n?fu (2) = 0, (LI) 
2f) = nfa(a) -nfn (n) (III) 


and the differential equation 
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oT (14) P tnw = 0, [w = fa(e)] (A) 
are 580 related to one another that if a sequence of functions {f,(2)} satisfies any two of 
them, it must satisfy the other two In other words, the four equations are tuntamount 
to two independent equations, j . 

It is clear that, in so far as this general proposition is concerned, the parameter n 
may be perfectly arbitrary (real or complex) An interesting special case arises when n 
is resüieted to be a positive integer, so that the sequence ff,(z)} is enumerably infinite 
and is composed of functions hke 


fs). file), folz),-. +, fala) enn B) 

Reference may now be made to the authors’ paper (1950), where a aynthetic 
method has been devised for finding an enumerable get of functions lke (B), which 
satisfy both the functional equations (1) and (II) and therefore necessarily the differential 
equation (A). 

In view of the general proposition, proved as above, it is abundantly clear that the 
self-same set of enumerable functions of the type (B), just talked about, might as well be 
regarded as representing the common solutions of any two of the four equations (I), (11), 
(III) and (A). i 
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CALCUTTA MATHEMATICAL SOCIETY 


Report of the Council for the year 1949 to the Annual General 
Meeting of the Society 


The Council of the Calcutta Mathematical Society has the pleasure to submit the 


following report on the general concerns of the Society for the year 1049 as required 
by the provisions of Rule 25. 


The Council: The Couneil of the Society for the year 1949 consisting of the 


officers and members electod at the last Annual General Meeting together with the 
Editorial Secretary, was constituted as follows: 


President 
. Prof. A. C. Banerjee 
Vice-Presidents 


Prof. F. W. Levi ; Prof. N. M. Basu 
Dr. R. C. Bose Prof. B. B. Ben 
Prof. V. V. Narhkar 


` 


Treasurer 
Mr. BS. C. Ghosh 


Secretary 
Mr. U. R. Burman 


Editorial Secretary 
Mr. P. K. Ghosh 


Other Members of the Council 


Dr. 8. S. Pillai Dr. B. 8 Ray 

Dr. R. N. Ben Prof. N. R. Sen 

Dr. T. Vijayaraghavan Dr. 8. Ghosh - 

Mr. 8. Gupta Prof. M, R. Siddigi 

Dr. B, R. Seth Prof. C. N. Srinivasiengar 


Prof. P. N. Dasgupta Mr. B. N. Mukherjee 


General: The various activities of the Society have been conducted throughout 
the year in accordance with the usual procedure. The council 18 glad to report that it 
was possible to arrange a lecture by Prof. S. Chapman, Sedlian Professor of Natural 
Philosophy in the University of Cambridge (England) during the Professor’s visit to this 
country to attend the 36th session of the Indian Science Congress held at Allahabad 
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in January 1949. The Council offers its grateful thanks to Prof. Chapman for the 
illuminating lecture he delivered on ‘‘Atmospheric oscillations and Lunar tides". 


Membership: The Council reports with satisfaction that there has been a number 
of additions to the list of ordinary members of the society, no fewer than 10 new members 
being elected during the year under review. The council still feels that every effort 
should be made to bring into the society as many as possible of those persons who would 
be glad to benefit by its uctivilies once having been made properly aware of them. 


Meetings During 1949: The Council held four meetings during the year and there 
were five ordinary meetings devoted to the reading of original papers communicated to the 
society for publication im the Bulletin, 


Publications: During the year 1949, the society has published five numbers of the 
Bulletin, namely Vol 40, No. 4 and Vol. 41, .Nos. 1-4. The council notes with 
satisfaction that the printing delays which have so seriously interfered with the regular 
appearance of the Bulletin have been overcome this year through the efforts of 
Mr. 8. Gupta, a member of the present council and a former Secretary of the Society’s 
Editorial Board. The council conveys its most sincere thanks to him. It 18 also 
necessary to record the Society’s deep imdebtedness to the authorities of the Calcutta 
University for printing the Bulletin free of charge and to the officers and members of the 
staff of the University Press who have given their every sympathetic and active 
co-operation in bringing out the Bulletin m time inspite of conditions in the printing 
mdustry being still very difficult. 


Exchange of Publications: The transmission of the Sdciety’s publications to 
various countries in the world have been carried on in the usual manner and some new 
exchange relations have also been established during the year under review. The 
distribution of wartime issues of the Bulletin to all institutions on the exchange list has 
almost been completed and a few sets of earlier issues are yet being sent out to 
institutions whose libraries have been destroyed or badly damaged during the war. The 
wartime gaps in the Society’s copies of foreign publications have mostly been filled up 
and attempts are being made to make our files as complete as possible in respect of all 
the available materials. 


Library: ‘The Council has the pleasure to report that the usefulness of the 
Library has been considerably enhanced by the addilion of the following periodicals 
to the existing list: 

Acta Mathematica, Mathematische Annalen, Quarterly Journal of Mathematics 
(Oxford series), Monthly Notices of the Royal Astronomical Society (Geophysical 
supplement), Communications of the Institute for Advanced Study, Dublin (Eire). Some 
more journals ordered for this year, are also expected to arrive early in 1950. The ^ 
purchase of these journals has been made possible by a capital grant to the society 
made by the Government of India m pursuance of their policy of strmulating the spirit of 
scientific research in the country. ‘The Council will speak about the details of this grant 
in this report under the Finance head. The council hopes that if the flow of such 
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periodicals into the society’s Library can be maintained uninterrupted through the 
munificence of the Government of India, the society will be able to make very substantial 
contributions to the cause of Mathematical study dnd research in the country. 

The demands on the shelf-space of the library has increased so much during the 
présent year that the Council has decided to meet this requirement by the construction 
of additional steel shelves. This construction is likely to be completed in February, 
1950 at an estimated cost of about Rs 1250/- and it is hoped that the increase in space 
will provide relief from congestion for a period of seven or eight yeurs at the present 
rate of growth of the library. 


Finance: The annual accounts of the society for the year 1949 have been 
presented to the Council m the standardized form by the auditors Dr. S. K. Chakrabarty 
and Dr. 8. K, Basu. The Council gratefully acknowledges its mdebtedness to them for 
their honorary services. The society received a sum of Rs. 500/- from the Government 
of India through the National Institute of Sciences, as grant-in-aid of publications 
and also a capital grant of Rs. 4000/- to be utilised for the development of the hbrary 
and for the purchase of mathematical types and symbols The former has been wholly 
used up in purchasing paper for the Bulletin and the additional journals to the library 
previously referred to in this report, have been paid for out of the latter grant. Orders 
for sets of more periodicals, to the extent of the amount still available for the purpose 
have already been placed with foreign subscription agencies, and the whole consignment 
18 likely to be in hand by March 1950. The Council would take this opportunity of 
extending the society’s most grateful thanks to the Government of India and the 
National Institute of Sciences for these grants. 


The council also desires to mention that with a view to meet the mcreasing 
demands on the society’s revenues it has been necessary to enhance the annual 
subscription price of the Bulletin with effect from 1950, The revised subscription price 
has therefore been fixed as follows: 


India and Pakistan—Rs. 12/- (postage inclusive) 
Elsewhere —Rs. 13/- 5 T 


This 18 estimated to bring an additional annual return of about Rs. 250/- on the 
revenue side. The council hopes to receive the same support from subscription agencies 
as it has hitherto done. 


Changes in Rules & Regulations: The-council after careful consideration proposed 
two amendments to the existing Rules and Regulations of the society and im accordance 
with the rules, put them in circulation amongst the members of the society to ascertain 
their views. ‘The amendments refer to Sec. 2 and Sec. 40 of the standing Rules and 
Regulations ; one gives power to the Council for co-option in its body not more than three 
persons from amongst the Benefactors while the other 18 concerned with the 
definition of Benefactors. The Council is pleased to report that its recommendations 
have been agreed to by the members and these will therefore be declared adopted at 
the Society’s Annual General Meeting to-day. 
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ON COMPLEX TENSOR CALCULUS 


By 
N. N. Guosu, Calcutta 


(Received January 81, 1950) 


Introduction. The object of this paper js to give a new systematic development 
of the complex tensor calculus in close analogy to the ordinary treatment (Eddington, 
1924), as restricted to real coordinates. It differs from the existing theory (Schouten: 
Struik, 1988), as being based on more general notions. Starting with the most general 
definition of a function of several complex variables and a general coordinate trans- 
formation, the procedure adopted evolves an extended summation convention, in conse- 
quence of which the notations and formulae can be presented in familiar forms, possess- 
ing, however, a wider significance. In the present theory the invariants are always 
real, while the vectors and the tensors have complex components obeying character- 
istic transformation laws. 

Although the metric tensor is complex, the metric of the complex space 18 real 
and obviously a generalized form of the line-element defined in general relativity. 
As a result, EHinstein’s gravitational equations are generalized to admit of complex 
coordinates As regards Maxwell’s electromagnetic equations, a special metric 18 defined, 
which preserves its invariant form under Lorentz transformations. The theory ultimately 
leads to the generalized electromagnetic equations. 


1. Coordinates: As an initial step to generalization, there will be n coordinates 
x’, z*, ... 2", denoted briefly as z^, admitting complex values given by 


a = q*+ipt, ` =(—1)t, (1.1) 
where the quantities q*, p* are real, The system of coordinates, complex conjugate 
to (1.1), will be denoted by . 

ae = qr — ipt, (1.2) 
We shall call u and p* a pair of complementary indices. Assuming the possibility 
of associating coordinates z^ with the points of a complex space the totality of points 
determined by assigning arbitrary values to z*, i.e., to the 2n real and independent 
variables q^ and p^, will constitute a complex space of n dimensions. A domain (D) 
of this complex space is defined by the set of values of z!, z?, . . z^ for which 
Í [ee |< r, (y 21,2, .. m). 

2. Function of several complez variables: A complex variable M = m+il ig 
said to be a function of z* for values belonging to a domain (D), if there exists an 
assignment of values of M to the values of z^ in (D) such that, to every value of 
z^ ın (D) there corresponds a definite value of M, i.e., of m andl. In accordance with 
this general definition we, however, assume that m, l are single-valued continuous 
functions of 2n variables (q^, p^), together with their first and second derivatives, 
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8. Total differential of a function: Let é. denote the operator 4(8/0q°+ iof Op*) 
and £,. its complex conjugate, then the total differential of M with respect to q*, p* 
may be written, in accordance with the usual summation convention, 








oM ƏM 
dM = =—dq*+ dp: 
dq* 7 Ops ; 
s [1f 9M _ .oM a ofl aM ,, OM 
-ovii (BR) e(t I 
Barrido) alag pe) t Gat "PP age t Spe 
Hence l dM = das. M) +da“ (£ M). (8.1) 


We shall, henceforth, adopt the new convention that the occurrence of a dummy index 
involves the summmation of all the 2n terms as indicated ın (8.1). The above may then 
be written in a furthe: abbreviated form 
poi dM = da(é,»M), or dM = da*' (£. M). (8.2) 
It should be notiċed that l 

roe = 0, a* = 1, if = 

t £z it p "| , (8.3) 

=0, if pfa 
A, General transformation of coordinates: To define a transformation | of 
coordinates from one system a^ to another system z= we consider, in general, the 
2n inutually independent equations of transformation 
qe = q*(q', q*, .. q^, p, p^ ++ p?) 

(4.1) 


pe = p'(q*, q’, .. 9", P% p^, . . BY), 
where the single-valued functions involved are real and continuous, together with 
their first and second derivatives. It is understood that in the domain under considera- 


tion the transformation is reversible. 
6, Contravariant and covariant vectors: The differentials dz^ are transformed 


as can be seen from (8.1, 2) in accordance wıth the equations expressed in the form 
] da't = das(eri*). 6.1) 
Any set of 2n.-complex quantities (4*, As"), transformed according to this law, 
will be called a ‘contravariant vector A“, The 2n equations of transformation are then 
included in the formula’ | : i 
- : A'r = A*(£ x"). ' (5.2) 
where the dummy ‘index « is introduced in accordance wilh the extended summation 
convention and p. takes on values 1, 2,.. n, 1%, 2*, .. n*. 
A covariant vector A, will be defined as & collection of 2% complex quantities 
(A,, £), which are transformed in accordance with the law 
A, = A Cur"), (5.8) 
where „u takes on values as in (5.2). 


+ The usual complex coordinate transformation is a partionler type of what is considered here. 
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It is easily verified that the coefficients, of transformation in (5.2, 8) satisfy relations 
‘of the type 


(£x) of) = fa =0, (a Coe") = Eat = 1, ifa = 4 
—0,if«zbB 
6. Tensors of second and higher orders: Considering the transformation laws of 
the product of a pair of contravariant vectors we are led to define a contravariant 
tensor A** of second order having 4n* components (4*8, As#*, A'E, A«"8*), where the 
third and the fourth denote respectively the complex conjugates of the second and 
the first. The 4n? equations of transformation are then included i in the formula 


A’w = AB (E «a Ege 7), (6.1) 
where u, v range over values 1, 2, .. n, 1*, 2*,.. n*. 
In the same way, the transformation laws with regard to a covariant tensor 


(5.4) 


A,, and a mixed tensor A; are respectively e" 


Sav Ae 


» Ag, = Aga ( Eua) (Em), Met (6.2) 
Az = Aa Ep z^, (6.3) 


where components with complementary indices are complex conjugates of one another. 
The transformation laws for the tensors’ of higher order follow from the above 


by obvious generalizations. Thus a mixed tensor of order four A‘, having (2n)* 
components will obey the transformation law 


Age = AE (ELE ar (Cara's), Ei (6.4) 


where p, m, v, c range over values 1, 2,.. n, 1*, 2%... n* and components with 
complementary indices are complex conjugates of one anothér. 


7. Inner multiplication and contraction: Given a contravariant vector A^ and a 
covariant vector B, the sum of 2n terms denoted by A^*B, is called the inner product 
of the two vectors. Evidently this is real and making use of the transformation 
equations (5.2, 8) and the relation (5.4), it can be proved also to be an invariant. 
Similarly the inner product of a covariant tensor And a contravariant vector may be 
proved to be a covariant vector. . F : 

To illustrate the contraction of a tensor, let us, consider the mixed tensor (6.4), 
- Betting p = o*, we get 


A, i Asyl £c") (EY ám art )- Yay ASY OR (T. 1) 

in consequence of (9.4). Hence. Ans iB a covariant tensor obeying the E E 
law (6.2), B 

8. The metric tensor: Let g,, be a covariant tensor and dz an infinitesimal 

vector, then the inner product g,,dz» “da is real and invariant. We further, remark 

that the components 


Jav = Qu,  Qu,* = Jute = COD). Grats . md $ (8.1) 


"n 
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and call g,, the covariant metric tensor. As a scalar measure of the linear element 
de corresponding to the infinitesimal vector dz^ we shall take the equation 


dg? = g,,dz*'da^ . (8.2) 


We now form the determinant of order 2n 





g—| im =.. già dui +--+ dee (8.8) 
Gut «++ Oan Grat ee gn*n* 
7 gn eee Gin gi1* oss Gin* 
gxi -e Iun Grit © © Ynn 


which is hermitian, because of the relations (B 1). Let g^ und g** be defined as the 
cofactors of g,*,^ and g,,* respectively in the determinant, divided by g; then from 
well-known law of determinants, we have 
IntoG = gua =l, fp =y IntoG” ” = 0. (8.4) 
= 0, if pe "| : 
The components 
g» = grt, gu = g"* = con). g", 


together with their complex conjugates will define the contravariant metric tensor g* . 
9. Raising and lowering of jndices of tensors: Raising the index of a covariant 
vector will be defined by the equation 


At = ge'd, = g* Aw, (9.1) 
and lowering the index of a contravariant vector by the equation 
A, = g,» À* = g,, A". (9.2) 


Similarly we can raise or lower one or more indices in a given tensor. Such tensors 
are called associated tensors. 

40. Christoffel symbols: The Christoffel symbol (pv, c] of the first kind will be 
defined by 

[uv, c] = 4b Juo + Eure — Erga). (10.1) 

_Bince u, v, c range over values 1, 2,... n, 1*, 2*, . . . n*, there aro four distinct types 
of such symbols, symbols with complementary indices being complex conjugates of 
one another. Christoffel symbols of the second kind are related to the first by means 
of the equation 


{E} = 9 Lav, A]. (10.2) 
It may be proved that 
v*l 1 
(is = aret = €n log v9, (10.8) 


assuming g to be positive. 
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11. Christoffel symbola in two coordinate systems: From (6.2) we have 
Jor = Gaal,e**)(E.e*), 
Since & = (iar é, we obtain, by differentiating-the above, 
Hadar = Meo Lien) n) + n" EEL] Mgr Eat). an 


Forming similar expressions for Ega and 352, we subtract (11.1) from the sum of 
these two. Ulilizmg then the relations (8.1) with some suitable interchanges of the 
dummy indices «, 8, we notice si ys : : 


4 terms containing gag cancel one another, 


4 ” ” M g.*g* 2) ^3 » , 
2 » 2 Jape dy n » , 
2 » » g.*g ', n yy: G 


and 2 terms containing g.*g cancel with 2 terms containing 9.8.« The rest of the terms 
combine to give the formula IE 


[av AV = gaol Eo Kex") + (Ea (Em (Exo) fag, y]. (11.2) 
Again, making use of the relations ` : uj, i 


! " * : " mé 
{ey = Lav, A]g* , i (11.8) 
ae JEEE) = ghar’), 0 000 (11.4) 
and simplifying by means of the relations (8.4) and (10.2), we obtain from (11.2) 
/ : o P , * * "wn " E 
JEY = (EEEa) + (Cor VCP) Ca oL) (11.5) 
Further, by applying (5.4), we derive the formula 
I E 
P * — € e lat gt 6 
[E erm = EE eem. tLe) 


which determines the second derivative £a in terms of the first derivatives. `~ 


12. Various formulae: We have proceeded so far as to enunciate a general rule 
of transforming any ordinary formula into its complex analogue. The rule is as 
follows : IA 

In a formule change all the dummy indices («, «) into (4, «*) in accordante with 
the extended summation convention defined in (3.2), and for other indices extend 
the range of values to 1, 2,...m, 1*,2*, ,.. n*. Thus we obtain the following 
formulae for covariant derivatives : ' 


Ann = E A, EMI (12.1) 


4r, = G An P ae P (12.3) 
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Apne = eh oe s e] n (12.8) 
Ake = Ese dn ^ (24) 
At = &Av d dE h^ Je | (12.5) 
A geodesic 18 defined by the equations expressed as 
ae = ca 


Riemann-Christoffel tensor is defined by the equation 
Aave 7 Apes = AB, 


wher P alf e € | 
rors feae a 


By setting e = o* and utilizing (10.2), we derive the contracted tensor 


Gu = [es M - [ log Vg + Eng, log v j - e (12.8) 


which is the complex analogue of G,, in the theory of relativity. All such formulae 
are, however, to be interpreted in accordance with general principles underlying the 
present theory. i l 

48. Electromagnetic metric tensor: We conclude this paper with the discussion 
of a special type of the metric (8 2) in whlch the components of the metric tensor are 
as follows : p 9 l 

‘ Jaw = 0, Real part of ga» = 0, (18.1) 
p, v ranging over the values 1, 2, 8, 4. 

Assume g,, = tif, where f,, is real, then since gat = conj.g,*, we must have 
fae = —fx» We shall call g,,* the electromagnetic metric tensor. To define g^"*, instead 
of proceeding with the determinant g m (8.8), it is simpler to take the determinant 
a = Gur | : (18.2) 
of order four, in which 9x ! 
» _ cofactor of g,* 

a 


gt” 


‘Since g,,* is purely imaginary, the diagonal elements of (18.2) vanish and we obtain 














gute iut, ge = ee, gv 8r, d (13.8) 
(a) (a) (a) 
gt = — giat git = Jis* g9* = — Jia” 
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Consider now a Lorentz transformation expressed as 


, 1..ug* : Ac rA 
q"- Aca P =g, q" agi g“ = tiu = y (18.4) 

: 1. ap* z — un! 
This gives , , ' 
£m —0, E2=0, Ge s £a = AL. (18.5) 


The equations of transformation (6.1, 2) are therefore much simplified and become 


ee „agr Og y Oq* . Og? 
B = = T 18.6 
aqe 9 B Aor, Ipv 0, Jas Jap* Oq'* aq v ( ) 


where the dummy indices run over values 1, 2, 8, 4 only. Hence the metric 


g*r = 0, g^* = g^ 








ds? = g, das" da» +g, dorda (18.7) 


will preserve its form under a Lorentz transformation. It may be noted that the 
above reduces to the more explicit real form 


ds? = 2 f,,dp*.dq’. (18.8). 
14. Maxwell equations: We proceed next to obtaim the first set of Maxwell 


equations. Simce & = anb ; we have from (18.6) 


ag 8g? OU (14.1) 


Egat = £yg.«g* aq” 80 * 90^ 


Similarly, 
Imiarly P " aq agl 8q* (14.3) 


Gq8 Y ` 
Egiue = Lager 2 ST VE Ses (14.) 





Adding. (14.1, 2, 8) together it appears that under a Lorentz transformation 


ExGave Ead + by Iya" (14.4) 


is a tensor of the third order, Hence the first set of Maxweli equations follows, 
Let us introduce a covariant vector A,, the electromagnatic potential, and set 


Inv = (£A, = §A,), (14.5) 
then obviously (14.4) vanishes. Ii should be remembered that 4, must be such that 
£,4, — £, A, is real. f 

To obtain the second set of Maxwell equations we introduce the elementary tensor 


having components 
AN =A®= AM =1, AM =—-1, Av =0, Amt =0, (14.6) 
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Let us form the contravariant tensor EY ! i 
Am AME gy ye = dut ] (14.7) 


then the second set of Maxwell equations may be presented in the form 
20 Shae = Ja, (14.8) 


where J, is the charge-and-current vector. 
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NOTE ON A CIRCULAR CUBIC’ WITH A REAL INFLEXION i 
INFINITY l 


. E . Br ous 
Harr Das Baacm, Calcutta, AND BISWARUP MUKHERJI, Howrah 


(Recetved November 18, 1949) 


- IwTRÓDUOTION. As is well-known, the subject of circular cubics 18 a classical one, 
its ‘‘cireles of inversion” and. ‘‘ focal parabolas ’’ being associated with Prof. Casey; 
latterly the subject attracted the attention of a band of prominent mathematicians, 
the majority of whom studied the cubic as a degenerate variety of a bicircular quartic. 
The present investigation centres round that particular variety of circular cubic, which 
has a real inflexion at infinity. Although we have confined our attention chiefly to 
bicursalt circular cubics, still there are occasional references to unicursal ( unu, cubies 
(nodal and cuspidal). : 

. As a matter of convenience, the subject has been subdivided into four sections. 
In the first place Sec I deals with the geometrical aspect of the subject, its mothod 
being based on Sylvester’s Theory of Residuation. Than the next two sections (II) 
and (III) take account of the analylic aspect, and make free use of rectangular Cartesian 
coordinates to the exclusion of trilinear or other types of homogeneous coordinates, 
this being necessitated by the fact of the cubic having to pass through the two circular 
points at infinity. It is remarkable that although the discussions of both Sections 1I 
and III are based on Cartesian methods, still there is an essential difference in their 
mode of discussion. Thus while on the one hand Sec. II reckons with the Cartesian 
equations of the four '' circles of inversion ' and the four associated ''focai parabolas ”’ 
of an unrestricted circular cubic (given in the Cartesian form) with a laconic reference 
to certain special varieties, e.g., a Trisectrix of Maclaurin, Sec. III, on the other hand, 
utilises special canonical forms of a bicursal circular cubic, having one or more inflexions 
at infinity, to demonstrate some of -its more salient properties. Finally; Sec. IV 
concerns itself principally with unicursal circular cubics, having one or more inflexions 
at infinity. 

Although on certain occasions it has been felt necessary to touch on known results, 
still this paper is believed to embody a considerable amount of original ‘matter. _ 


: BEOTION I 


. Geometrical treatment based c on the Theory of Residuation 


1. Bos that I’ 1s a bicursal circular cubic, having its real point (K) at infinity 
for an inflexion and that « is the point of contact of any of the three tangents (to T) 


t Needless to say, a bicurss! curve is one whose genus (or deficiency) 18 unity. 


2—1739P—2 
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that can be drawn through K. If, then, I and J be the two circular points at infinity, 
we have the equations of residuation 


[I+J+K] 2 0, [8K] =0 and [22 +K] = O. 
These automatically lead to 
[6a] = 0 and [4e - IJ] = 0, 


showing that the pomt + (on D is sextactic as well as cyclic. Further this « is also 
a centre of inversion, for the tangent (to T) at æ meets the line at infinity at precisely 
the same point (K) as the real asymptote. What holds for + must from symmetry 
hold also for the points of contact of the other two tangents from K (to I). Bowe 
arrive at the proposition that for a bicursal circular cubic T with a real inflexion K at 
infinity, each of the three seztatic points, having K for their common tangential, behave 
also like a cyclic point and a centre of inversion.] 

In the succeeding Article, we shall deal with certain propositions, each of which 
may in a sense be regarded as the converse of the above proposition. 

2. As before, using the letters I, J, K, to denote the two circular points and 
the real point at infinity on an unrestricted circular cubic I, we have the permanent 
equation of residuation 

[I+J+K] =0. (1) 

There are several cases to consider. 


Case I. Firstly, suppose that one of tho centres of inversion (say, z) hehaves 
like a cyclic point. Then we must have 


[20+ K] =0 (2) 

and [424+14+J] = 0. (8) 
Combining (2) and (3) with (1), we get 

[6a] = 0 (4) 

and [8K] = 0, (5) 


showing thal the same point x is sextactic and that its tangential K is an inflexion. 
So I’ must be a cubic of the type considered in Art. I. 


Case II Secondly, suppose that one of the centres of inversion (say, «) isa 
sextactic point, ‘Then (2) and (4) are the equations to start with and (5) follows as a 
matter of course, showing that K in an inflexion. Thus we are again led to a cubic 
of the afore-said type. 


Case III. 'Lhirdly, suppose that a point « (on I") is both cyclic and sextactic. 
Then we start with the equations (3) and (4), and combining then with (1), we readily deduce 
[2«-- K] = 0 and [8K] = 0. 

So « must be a centre of inversion and K is an inflexion on the cubic I’, which must 
accordingly belong to the above category 


+ It goes without saying that none ol the remaining 27—8 or 24 sextactic points of P is a cyplio point or 
& centre of inversion. 
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Case IV. Fourthly, suppose that three of the centres of inversion (say, a, a’, «!) 

of a bioursal circular cubic I' are collinear. ‘Then we must have 

[22+K] 2 0, [22 - K] = 0, [22”+K] =0 and [a s! a] =0, 
lhese, taken together, manifestly lead to (5), showing that K is an inflexion and that 
consequently I is a cubic of the above description. 

It is hardly necessary io remark that, when three centres of inversion are collinear, 
the fourth centre of inversion of I'\—which 18 no other than the point of contact of 
the fourth tangent from K,—coincides with K itself,—a fact which is otherwise evident 
from geometrical intuition. The converse result, vis. that the existence of a centre 
of inversion, at infinity implies the collinearity of the other three centres of inversion, 
ultimately requiring the (circular) cubic I to have an inflexion at infinity, easily 
admits of independent verification. 

It is palpably plain that the result of any of the four cases I, II, IIT and IV 
may be regarded as a converse to that of Art, 1. These isolated results, taken in 
conjunction with the original proposition of Arl. 1, may now be presented together in 
the following compact form : 

A bicursal circular cubic T, whose real point at infinity is an inflexion, is definable 
alternatively : 

(i) as a (circular) cubic, one of whose centres of inversion is a cyclic point; 
or (ti) as a (circular) cubic, one oj whose centres of inversion is a sextactic point ; 
or (ui) as a (circular) cubic, one of whose cyclic points is a sextactic point; 
or (iv) as a (circular) cubic, three of whose centres of inversion are collinear; 
or (v) as a (circular) cubic, onc of whose centres of inversion is at infinity. 

In other words, the five geometrical attributes (i), (ii), (iii), (iv) and (v) must, 
if at all, go hand in hand and any one of them marks out the circular cubic I' as one, 
whose real point at infinity is an inflexion. 

The circular cubic under discussion in the present article has been uniformly 
supposed to be bicureal. The reader can easily introduce the modifications appropriate 
lo a unicursal (circular) cubic. 

Section 1l 
Analytical treatment based on Cartesian method, 


3. If a focal parabola X and the associated circle of inversion II of an unrestricted 
eireular cubic [I be takon in the Cartosian forms 


y? —4a(z4a) and (x-a)? + (y—B)? = è, (1) 

the Cartesian equation of I’ can, without much difficulty, be thrown into the form 
x(x? + y*) + (2a — «)(a? + y?) + (c? - 4ax)z — 4aBy + (2a(3? - B') —e?*a] = 0, (2) 
where c Be — 17 — BF (8j 


By elementary algebraic manipulations one can easi turn (2) into tho following 
equivalent form of a similar structure 


w(x? + y?) + (24, — z,)(2? 3b y?) T (c2 —44,2,)e — 4a,,y + (2a, (o; + Br) = cfa} = 0, (4) 


i 
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provided that the three new sets of constants 


E (As, Ay, Cp, Mp, B,) 
are defined by 


d, = GÀ, & = «+2A,, B. = aB/(a+A,), li =1, 2, 8) . (b) 
e; = ki—ar— Br = c! AA Qa +) +82 J 


and A,, Àa A, are the diti non-zero roots t of the biquadratic in A, viz., 
dud P ila- A)(a+ 2a)? — — 4aA (a + 9A) — c*A — a(z + py = 0. ©) 


"The ES lanky of the two equations Q) ‘and (4) reveals the fact that 
the other three focal parabolas (2, Z,, 3,,) and the three-associated circles of inversion 
(I1,, IL, IT,)* have for their respective pairs of equations Fe 
0l 0l (Br)... 9? = 4(a A,)(z + aj), 
and (IL) .. “es a) t(y-8) = ki 
it being understood once for all that the constants (a,, e&,, By, ky) are as before given 
by (5). "The common axis (y = 0) of the four focal parabolas X, 3,, X, which 
are manifestly confocal—will for the sake of brevity be designated as the-''axis " of 
the (circular) cubic I’ and symbolised as A. "s 

Plainly the real point (K) of T at infinity will be an inflexion, provided that tBe 
tangent at K, which is no else than the real asymptote (of I"), viz., 


Jr (r = 1,2, 8), * (7) 


z+2a—a = 0, 
meets (2) " a third point at infinity. The condition for this to be possible is seen to be 
B=0, (8) 


which is precisely the condition for the biquadratic (6) in A to have one of ils non-zero 
roots (say, Às) — —a. Then (5) gives 4, = a--2a and f, - 0/0 and so apparently the 
corresponding centre of inversion (4, B,) is indeterminate. But by a priori reasoning 
this point can be identified with the real point K (at infinity). Further reference to 
(5) shows that (8) leads to 8, =0 and 8,=0. Thus, as could be expected from 
other considerations, the inflezional character of the point K requires threo of the 
centres of inversion to be on the “axis -A and the fourth centre of inversion io move 
off to infinity. F : : 

We may then summarise our conclusions in the form of a proposition : 

If one of the four centres of mversion of a bicursal circular cubic I’ happen to 
lie on its own '' axis” A, two other centres of inversion must also lie on A and the 
fourth centre of inversion will move off to infinity; and at the same time T will have 
ite real point K at infinity for an inflerion. Conversely, every bicursal oircular cubic 
having a real inflexion at infinity, must enjoy the afore-mentioned property. 





+ For obvious reasons, one ol the roots of (8) is 0. 
* The traditional relations between the four focal parabolas and their attached circles of inversion 
can be easily corroborated by reckoning with the equations (1) and (7), Perm the relations (5) are properly 


utilised, 
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&. Keeping to the notations and ‘conventions -of the foregoing article and 
attending to (8) of the same article, we may represent a circular cubic I (with a real 
inflexion K at infinity) in the Cartesian form : 

i z(z* +y?) + (2a — e) (a* + y?) + (3 — 4aa).2+ (2aa? — c3a) = 0, l (1) 
where c? = ka’, 

Evidently, if I is to be an inflexion on T, then J must also be so. Now-if I 
and J are to be inflexions, the two isotropic lines (y = tix) drawn through the double 
focus O,—which are no else than the tangents to I’ ai I and J—must each cut 
T at a third point at infinity In other words, the necessary and sufficient condition 
for I (and ;. for J) to be inflexions on IT is that the coefficient of z, vis., c?—4ae, 
should be nil. Consequently the Cartesian equation of a circular cubic, (bicursal or 
unicursal), having three inflexions at infinity, may be exhibited in the form 


F(z, y) = (z--2a—a)(z* + y?)—Qax* = 0, («-0). (2) 
When this cubic I' is .further restricted to have a double point, this (double) point— 


which must needs be a node*—will have its coordinates satisfying (2) as well as the 
two equations 


OF = 0 and E = 0. I (8), (4). 


Bearing in mind that ihe node cannot lie on the asymptote z +2a—a — 0 nor 
upon the parallelline z — 0, we promptly realise that the He of the triad of 
equations (2), (8), (4) demands the fulfilment of the relation 

2(2a — ay —27aa? = (a + 4a)*.(2« — a) = 0, 
proving that «= —4a ora/2. In the-former case’ the node is (—4a, 0); in the latter 
case, it is (—a, 0). It can be verified on reference to the relations.(5) of Art, 8 
that the node in either case coincides with a centre of inversion (of T, the associated 
circle of inversion being a point-circle, Furthermore, it is a simple affair to verify 
that the Cartesian equation of I', referred to the node as origin, assumes the forms 


X(X?+ Y°) = 2a(8X?— Y?) and XU +Y?) = Z z (BX? — Y»), (5) 


according as one or other of the ‘specified points is the solem nodis À simple 
glance al (5) marks out the cubic as a Trisectrix of Maclaurin. 
The main results may be summed up as follows : 
If a circular oubio T, having three inflexions at infinity, passess a double point, 
then : . 
a (i) this double point, which is clearly a node, must lie on the ' azis’ of I’, 
(or what is the same thing), 
(ii) it must coincide with a centre of inversion of IT, the associated circle of 
inversion reducing to a point, d 





* For, the existence on a cusp on T reduces the number of inflexions to tinily. 
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and (iii) al the same time T itself must be a Trisectriz of Maclaurin.! 

We may now easily devise a synthetic method of generation of a Trisectrix of 
Maclaurin vie. ; 

Let S be the jocus and A the vertex if a parabola (Q). On SA produced take 
u point B such that SB —the latus rectum of Q, Then the envelope of circles, having 
their centres on the parabola Q and passing through the fixed point B, is a Trisectiiz 
of Maclaurin, 

For obvious reasons, this mode of generation holds for every variety of Trisectrix 
of Maclaurin. 


SECTION IJI 
Alternative Cartesian investigation 


5 If the double focus O of a circular cubic T' (bicursal or unicursal) be chosen 
as lhe origin and the line, drawn through O parallel to the asymptote, be chosen 
as the y-axis (æ = 0) so that the "axis ' of T is the z-axis (y = 0), the equation 
of I' can be readily put in the form 

(z—A)(25 - y*) c az -by-- c = 0 (1) 
Plainly the line (æ = A) is the real asymptote and tho line (ar+by+c = 0) ıs the 
satellite of the line at infinity. 

In order that IX may have its real pomt K al infinity for nn inflexion, 
the two lines (z—A and az+by+ce = 0) must be parallel to each other, so that b 
must vanish. Accordingly lhe typical equation of a circular cubic, having K for an 
inflexion, may be taken to be 

(z—A)(z* y) - am c = 0. (2) 
If, m addition, I or J is to bo an inflexion, the line at infinity (const, = 0) must 
coincide with its own satellite (az cc = 0), so that the estra condition (a = 0) must 
be fulfilled. Consequently the equation of a circular cubic, having all the three 
points at infinity, (viz. I, J, K) for infloxions, is 


(z—AYz? y?) +e — 0, (c £0). (8) 
Certain characteristic properties. of this type of cubic wil be discussed in the 
next article. i 
6. The notations and conventions of the previous article being kept intact, we 
may u» before starb with un unrestricted circular cubic m (ho Cartesian form 
(z-A)(z? + y*)+an+byt+e = 0. l (1). 
At the very outsel we obse.ve that the polar conic of the double tocus O (0, 0) w.r.t. 
T, viz., 
—A(z* + y*) -2(ax - by) +8c = 0 





t Refer to Art. 94, (p. 100) of Ganguly's " Theory of Plane Curves" (Vol. II) (1926) for an 
alternative demonstration of the known result that a Trisectrix of Maclaurin 18 definable as a nodal circular 
cubic with three inflexions at infinity. 
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will haye O for its centre, when and only when 
a=b=0, (2) 
i.e., when and only when I has three inflexions at infinity (Art. 5). Other geometrical 


interpretations can be put upon the pair of conditions (2). 
In the first place we observe that the polar line of O (0, 0) w.r.t. T vis. the line 


acv+by+8e = 0 


will coincide with the line at infinity (const, = 0), when and only when the same pair 
of relations (2) : satisfied. So (2) may at pleasure be regarded as the necessary and 
sufficient condition for the double foeus O to be one of the poles of the line at infinity. 

Yet another interpretation, mvolving properties of the Hessian (IV) of I', may 
be assigned to the conditions (2). For, a point of inflexion of I’ being also a point 
of inflexion of IV, it is geometrically evident that if I' is to have I, J for inflexions, 
I" must also have I and J for inflexions and so must be a circular cubic. The 
mode of reasoning being manifestly reversible, we conclude that the two relations (2) 
represent the necessary and sufficient condition 'for the Hessian IY to be a circular 
cubic. This result promptly admits of analytic verification, 

For, if us denote the group of terms, homogeneous and cubic in 2, y, occurring 
in the Cartesian equation of the Hessian I’, wo find easily 


= 3a, y, ~àg]. 
y, T, —Ày 


—Aa, —Ay, az t by 
Manifestly, u, will have 
zy? = (x+iy)(x—ty) 
for a factor, if and only if 


8, +i, —À |= 4(a +ib) = 0, 
+i, 1, Fir 
—À, T, acib 
i.e., if and only if a=b=0. 


This completes the verification of previous statement. 
The main results of the present Section may then be presented in the following 
form : 
If a circular cubic I’ (bicursal or unicursal) possesses any one of the four under- 
mentioned properties. viz., 
( that the two circular points at infinity I, J (and .*, also the real point 
K at infinity) be points of inflezion, 
(i) that the double focus be the centre of ita own polar conic, 
(iii) that the double focus be one of the poles of the line at infinity, 
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(iv) that the Hessian of T be also a circular cubio, then it (T) must possess 
the other three properties, and at the same time its Cartesian equation 
can, by a suitable choice of Garea azes, be thrown into the canonical 

form: 


EM (c #0). 
Szcrion IV 


Special consideration of a unicuraal circular cubic with one or more inflexions at infinity 
7. The axes of coordmates being chosen as in Art. 5, the Cartesian equation 
to a circular cubic I, DoE its real point K (at infinity) for an inflexion, may be 
written as 
(z — A)(z* -- y?) az - o — 0. (1) 


We shall now work out separalely the conditions that I’ may have a double point, 
in particular, a cusp, 
Plainly T' will have an ordinary double point, provided that the two equations 
2?—Az'-caztc-0 (2) 
and 82'-21z4a = 0 (8) 
are consistent. ‘The relevant condition for this to be possible is 
0, =, O, 8, —22, a. | = 0. 


0, 8, —2A, a, 0 
8, —-2A, a, 0, 0 
0, 1, -A, a, c 
1l, -A, a, e, 0 
If, in addition, the double point is to be -a cusp, the third equation, vis., 
8g'—4Az +A = 0 


must hold along with (2) and (3) at the double point. So T will have a cusp if and only if 
a 3 
a and: o=- 
Subject to these conditions, the cusp is easily seen to be (3A, 0). When, however, 
this cusp is taken as the origin, the Grim to I‘ assume the form : 
. + Y?)—4AY? = 0, 
shewing that it a cuspidal circular cubic has a realinflezion at infinity, the cuspidal 
tangent must be perpendicular to the real asymptote. 
8. As noticed m Arts 5 and 6, the Cartesian equation to a circular cubic 
I, having I, J, K Eu inflexions can, by an-appropriate choice of axes, be put in 


the form 
(z-X)m-?)*0-0, (CO. 2 ^ 7 (1) 
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Clearly (1) will have a double point, if c = 4A°/27. Further, subject to this 
. condition, the double point is (A, 0). When, however, this double point, (which is after 
all a node) is taken as the origin, the transformed equation of I' is. 


24 ys) = > (Y*—-8X?). (2) 


Thus once again we are led to the known result (mentioued m Art. 4), vis., that a 
unicursal circular cubic with three inflexions at infinity is nothing, if not a Tmrsectrix 
of Maclaurin. Joining this result to the conclusions arrived at in Art..6, we may 
record the following equivalent geometrical definitions of a Trisectrix of Maclaurin, viz., 

(i) that it is the only nodal circular cubic with three inflexions at infinity; 

(iit) that is the only nodal circular cubic, whose double focus is the centre of 

its own polar conic, which is none other than a circle; 
(iii) that itis the only nodal circular cubic, whose double Jut ig one 2 of the poles 


of the line at infinity, - 
(iv) that it is the only nodal circular cubic, whose Hesian is also a circular cubic. 


and 
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ON BATEMAN’S FUNCTION AND AN ALLIED FUNCTION 


By 
H. M. Srivastava, Lucknow 


(Communicated by Dr. S. C. Mitra—Received April 4, 1950) 
1. Bateman (1981) has defined by K,(z) the function 
2 [* 
K,(z) = 2f cos (z tan 6—n6)d6 ; 
T 


o 
when n" is an even integer, 


Kaala) = OIT AE (07ean) = (- 197,402). (1) 


He has deduced the recurrence relations satisfied by K,(x), vis, 


(n —2)K, (2) —(n+2)Knas(2) = 40K,(2), (2) 
(n — 2) (2) + (n +2)Knsa(z) + (2n —42)K,(z) = 0, (3) 
Ki(x)+Kisolx) = Kn(a) — Kn, (2). (4) 


The differential equation satisfied by K,(z) is 
zK,(z) + (n—a)Ky(x) = 0. (5) 


The object of the present note is io deduce certain properties of K,,(x) and of another 
function, allied to K,(z) which we define by Tale), vis, 


T,(«) = a sin (a tan 0 —n6)d6. 
0 


2. Let us consider the relation (4). Multiplying both sides by K,(x) first and then 
by Kn+2(#), we geb on addition 


Kyla) K, (x) + Ks (z) E, s s(2) + Kui (m) Kala) + Knyo(2)Ku42(e) = Kile) - Katela), 
ar 1d 2 2 3 
g qg Fo Esc)? = Kale) - Esas). 


When 7 18 an even integer, we get 
d 
3 4; (Kot Ky)? + (Kat Ky)? + ++ + (Kamat Ean’) = Ko - Es, (6) 


and when n is an odd integer, 


2 i {(K,+K,)?+(K,+K5)? + hed + (Koni t+ Kanes) = Ki — Kin 41. (7) 
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If we now write 


X= f eK ,,(x)dz, 
0 


then since K,,(0) = 0 when n =1,2,..., the equation satisfied by X is 





dX 2n—2Qp 
dp p^ 
whence 
x= tP- 
(p 1)**! . 


Comparing the coefficients of z, we find that the operational representation of Ew i is 
o(p), where 


— 2p1-p)- g 
e(p) “Caper (8) 


We have the formula (Van der Pol, 1985) 


« >) = (1) Ar " f (Er 202 E(t = -Enla 


Let us write $t? for t and 42* for x, We get 
f (z£)3J (a) -1K (30)dt = 4-1)" 2A Ks (da), (9) 


showing that z-*K,4( iz) 18 self-reciprocal in the Hankel Transform of order 1 if n is an 
odd integer, and skew selí-reciprocal if n is an even integer. 
8. We have defined T,(x) as 


9 ix 
T(z) = = f sin (æ tan 6—n6)d6 
T 
We see that 9 : 
T,(0) = zn (008 inz-1) (Tae) [al 


_ 2 ie, 2 T sin zy 
T (a) = = i sin (x tan 6)d6 = ity = dy, 
which is a convergent integral. Since (Watson, 1944) 


= 20e f” sin(eu)du 
I-9-L0 = var) (eui? 





we geb on putting v = —$ +e, 


9(42)-* (^ sın (zu)du 
Ta) J Tru) 


where I,(z)'1s Bessel's Function and L,(z) is Struve's function with imaginary arguments. 





Li()l,- (2) - Lyla} = 
«+0 


- RA 
n) = © [Se Hee tay = ef La) -Ci 2 Q0 
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Let us now evaluate 
f e™. T, (a+ a)dz, 
0 
which is equal to : 
2 ff sin ((z + a) tan 0 —n6jd6, 
Us me 
0 0 7 o. 


Changing the order of integration which is justifiable by absolute convergence, we have on 
integration, 

00, 
J Tnet ade = Taala) + Pa(a)}. 


0 
This can be written in the form 


f mex = $e (T4 (a) + Tala), (11) 


Again we notice that 


` Tale) + Thie) 


1 f cos (æ tan §@—n6) sin 620 
T 
0 


1l 


Z A {sin (z tan 0 —7 —16) — sin (z tan 6—n + 16)}d0 
wd, s 


Tai (2) - Ta, (2). i (12) 


Let us next consider the integral _ 


f d foostd cos (2 tan 6 —n6)1d6 
0 : 


—-—2 f cos 0 sin Ó cos (x tan 0 —n0) d0 — T cos?6 sin (x tan 0 —n6) (x sec?6 —n)d0 
` 0 o - 
on simplifying this we find after a bit of calculations the recurrence relation 


(n —2)T, (2) + (n T 2)Ts v (z) + (2n — 42) P(x). = —8/r. (18) 
Differentiating the above equation and making use of (12) we get the additional recurrence 


relation 


(n—2)T, (2) — (n--2)T,,.(z) = 427, (z). (14) 
From (18) and (14) we deduce tuat 
(9n — 4)... (2) + (2n —42)T«(z) = 4eT.(z) —8] v. (15) 


Differentiating and making slight calculations we find thar T,(x) satisfies the differential 
equation . 
: zT, (2) + (n —2)T«(z)--2/» = 0. (10) 
4. Let us next multiply (18) by Ks(z) and (8) by Ts(z) and subtract. We geb 
(n -2) (Ts. — EsST,) + (n+ 2)(KnTnea—Knealn) = — 8/nKp, 
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T a ee ET K 8 E. 
"ta nAne? = S alae En-aTn) + — n+2 
— (n—2)(n—4) S 2-2. n- 2 Kn ) 
(n+2)n Cice Toca 7 Esc Tat (n+2)n "" n+3 


| 


(KT, — K,T) [nK,+(n—2)Ky_,+ ++. -4K,], 


mah + a» a +2) 
when n is an even integer. Putting n = 2, we get 
K,T,— K,T, = 2/7K,. 


Therefore, when n is an even integer, 


EusaTn—KaTai, = air [nKy+(n—2)Ky_, + (n-A)Ky_ at +--+ +4K,42K,]. 11 


Let us next consider tho differential equations satisfied by T«(z) and K,(z), viz., 


T= (1- 2)n.-2, x, -(1- 2) K,. 


Multiplying the first equation by K,(z) and the second by T,(z) and subtracting, we get 
a ” d + , 
(CT, — TES) = -2 E, or qz UT T TUS) = — 2 Es. 
Integrating between the limits x and infinity, we get 
[ «8 dz = 5 (ET, Paks) 


aa = {(n + 2)(KnsaTn—KaT nia) + (n —-2)(KsT4., —TsES,) 


- = {nEn +2(n—2)Ky-g + 2(n—A) Kew -- £4K,} (18) 


when n is an even integer. 
Let us again consider the equations (2) and (18). Let n bes an even integer. 
Multiplying (18) by K,, and (2) by T, and adding, we get 
(n — 2) CTS, t+ Kn—aTn) — (n + 2) 0G T4, TES S) = 40(Ky Ta +T PK) 


XE M x 
KT, + TrKnsg = n+3 2 Qt, Ts CESTuA d = (Ant) 
_ (n—2)(n—4) 4z d _A(n—2)e d 
= itte GG Tua FEES TS2)— n+ dz (KnT. n) (n+2 n dz (Es ATA) 


= ay Ua TOL E - [PĒ ar) «6-9 È or. ura 


+45 Gu09] 
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Puting n = 2, we gel . d 
K,T, € K,T, = —27- (KT). 


Therefore 


i ^ dme d d : 
Kat aes + THE s a oram [^ (KaTa) T (n—2) dz (Kn—aT pa) 


- d- d 
ied (tT)«22 (K,7,)]- (19) 


8. We shall now find the Fourier series expansion of sin (v tan 6—n6) in the 
interval (0, 27). Let 
sin (æ tan 6—n6) = Y, Ayn(z) cos mo +$, Byz) sin m6. 
Then 2x z 2r 
zÁq(z) = f gin (z tan 06 —n6) cos m6d6 = f + n i 
0 0 x 


Let 0 = 27-9. Then 
2x z 
f -— J sin (x Lan $ —n$) cos med. 


z 0 
Hence A, (x) = 0. Also 


2x 25 
#B,,(z) =f sın (x tan 6 —n6) sin mode = f +f . 


0 0 x 


f- T: gin (x tan $ —n9) sin modo. 


x 0 


Hence ` : 
z Byz) aaf sin (z tan $ —n$) sin mede = af +2 f . 
0 0 p 
But x z 
f = (<a f. sin (z ban 0 —n6) sin médé. 
ir 0 
Therefore 


nBa(z) = {1+ cam f. {cos (x tan 6 —n + m6) — cos (ous 6—n—m6)} do 
0 


= is(l + (-1) LE a) Ky-n(2)], B 
By(z) = HL +(- petn [Knim(2) 2 Ky-n(2)] . (20) 
6. We shall now evaluate 


or 


œ 
f e^"? T, (z)dz 
i 0 
which is necessary for operational representation of Tal). Let 


Yon(a) = 40 I aT ()da, (a > 1). 
0 
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Then ^: . É i g "- A 
2 m : , , 
< [Yan-a(@) 7 Yen(a)] =f e OT satt) = Tanla) ]d« = fo [P24 Tala) dz, 
0 0 


Hence 2 2 
- [¥an—a(4) 7 Yan(4)] = — [T anaU) + T44(0)] + = a[Y anala) + Y s (a)]. 


But x 
Tam) ——2 | sn2n6d6 = ipn 
mJ, T 2n 


we therefore have 


l-a, 1 [(-17*7—1,(-D*—- 
Yola) = EE Yanal) t [E 2 x * “| 











= Qa Yla) | 1 (cpm. at). 1l-a 


(1 a)? lta 2n—2 2n (1a)? 
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Y,(a) = J o-de f sin (s tan oao} 
0 0 


changing the order of integration, we find that 
loga 
Y. (a) = eq 


In a similar manner we can prove that 











Yansa(a) (L+a)" Yo) f +a (a *ix ci) 
1-a ( 1 1\,..., (ants, 1 
(L+ S(t) P (1+a)" (1+5)} (22) 
where 
cd —an ee -1 -1(a? — 
Y (a) = lrfe T.(z)dz = ET 1 (8 tan" !(a De} 


0 


8/nce 1 f? 
Y,(a) = 3 «f e aT (z)de,, 


16 follows that 





"ue a (i)e f (2) n eomeraoa: 
0 


we easily seo that $zc-*T,($z?) is self-reciprocal in. Hankel Transform of order 1. 
Similarly s-t [32 T,(52?) + e- 37] is skew self-reciprocal in Hankel Transform of order 1 and 


B0 On. 
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In conclusion I wish to express my indebtedness to Dr. S. C. Mitra for his help and 
guidance in the preparation of this paper. 
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NOTE ON THE BENDING OF CERTAIN THIN ELASTIC PLATES 
BY CONCENTRATED LOADS 


By 
Sism Cuanpra Das, Chandernagore 


(Received April 1, 1950) 
A Introduction 


A simple method of finding the deflection of certain types of elastic plates due to 
concentrated loads was given by Sen (1934) In this note the same method is applied to 
solve the problems of thin elastic plates bounded by certain quartic curves in the form 
ofan inverse of an ellipse and an elliplic limacon wilh clamped edges and having 
concentrated loads at the origin of co-ordinates. "The chief interest of the solutions lies 
in the fact that they are obtained in a closed form. 


B. Method of Solution 


It Z be the constant load per unit area of a thin plate of uniform thickness having 
the flexural rigidity D, it 1s known that the normal displacement w satisfies the equation 


(Love, 1944) 


DViw =Z, 
where 4 4 4 
4 9 3 of 
Vi- aa! +2 aay tayi 
At points where there ıs no load, this equation becomes 
Viw = 0. (1) 


Suppose now that the boundary of the plate 1s given by one of the closed curves of the 

farnily y = constant (or = constant), where é and 7 are a new set of co-ordinates 
connected with z and y by the 1elation 

zy = f(E +i). (1) 

If the concentrated load P be situated at points within a certain closed curve 8 of 


the family, P is given by the relation 
f Nds 5 —P, (i) 


in which N, stands for the normal sheering force on an element ds due to the action 
of the part of the plate lymg outside thé curve. ‘The value of N, at any point on the 
boundary s where dv is the element of outward drawn normal, is equal to 


-DÈ (Viu), 
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vi standing for 9 og 
MET 


Hence the relation (i1) can be put as 
D [S-(yiw)ds = P, a) 
„3v 


the integration extending over the whole length of the closed curve which belongs to the 
family ņ = constant or £ = constant as the case may be. If the result of intergration 
in (II) be independent of the length of the curve, it is apparent that the load can be 
taken as cencentrated over the element of area bounded by the smallest closed curve 
of the family. Moreover, the boundary conditons for a clamped edge are 


at any point on the edge, dv being an element of normal at the pomt. The form of the 
curve bemg given by the transformation (1), the problem 18 to find the solution of the 
equation (I) which makes the relation (II) independent of the length of the enclosing 
curve, and satisfies the boundary conditions (III). In the following section this method 
has been used to determine the normal displacement due to concentrated loads at 
specified points, the plates being bounded by certain quartic curves. It may be noted 
in this connection that the problems of bending of uniformly loaded elastic plates 
bounded by quartic curves of the types discussed here were solved by Sen (1942) 


C. Solution of Problems 


4. A plate bounded by an inverse of an ellipse loaded at the centre, The 
transformation 





z+iy = o sec (E+ ig) (1.1) 
gives g = 2¢ cosh y cos £ de 2c sinh y sin f. (1.9) 
cosh 25 + cos 2€ cosh 25 t cos 2¢ 
and Ts e (E 1 «(8 2 ^ 2c*(cosh 25 — cos 2f) (1.8) 
zz "dz = = 2. Vt 
h? o£ o£ (cosh 25 + cos Z£) 


It is evident that :| = 8 (a constant) 1s a closed curve which is the inverse of an ellipse 
with respect to its centre. Here € may have any real value positive or negative, but 
as the values of x and y are periodic in é, it is only necessary to consider values of £ 
lying between Ö and 2s. At the orign ņ— oo. In the present case the equation (I) 
reduces lo i 





(cosh 2y + cos 20? / 0? | & Y, 
[ cosh 29 —cos 26. Vo£* *&)] Qr (1.4) 


NE Pon P, sinh 2n+ P, 
cosh 25 + cos 2€ 


On puttin 
E: ; (1.5) 
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where P,, P,, P, are constants, it is found that 


-2 sinh 2y e a) a} 
Viw [P (n7 cosh 25 — cos 2 nd (8) 


Operating on this expressien again by Vi it can be easily shown that the equation (1.4) 
is satisfied. 
Taking a particular curve of the family 7 = constant as the curve s, it is found that 


ə EE Fa, 
a, (Viw)ds =— | = (viwydg (1.7) 
3 » 0 on 
Bince in this case ' 
KOSER —, and ds = 48 
8v 


The expression for Vi obtained ia (1.6) being substituted into the result (1.7), the latter 


(1.8) 








becomes 2R, k- e( di Op ü-- Pan 
81 \cosh 27 — cos 2£ 


As this result is b of s, the load P assumed in (II).can be taken as concentrated 
over the small area bounded by the narrowest curve of the family at the centre. Hence 


from (II) 4P 
p(t) =P, 
which gives TN _ Pot 
* AnD 
Then from the boundary conditions (ILI) which in the present case can be stated as 
Ow * 


w= —=0 when «- f, 
On 


the values of the constants, P, and P, in (1.5) are obtained in the forms 


Pc? ; 
P,= &D gech 28, (1.10) 
and 
5 Ps - $5 * [28 - tanh 28]. (1.11) 


Thus the constants in the expression for w given in (1*8) are completely determined in 
terms of P. At the centre where 7 — co it can be easily shown that 


Pc* 
v Dp sech 28, (1.12) 


9. A plate bounded by an elliptic limacon loaded at the focus. By using the 


transformation 


` 


NEME ee saii 2.1 
E+in = 28ec [7s ; (2.1) 
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it is found that » = £ (a constant) represents an inverse of an ellipse with respect to the 
focus as the pole, thal is, an elliptic limacon. The above transformation gives 





dez _ B 4cy _ TA 4c 29 

a = 1+ cosh y cos €, -a Bii: ysing, 7 Godin 008 7 (2.2) 
and dut (=) (24) — 16c?(cosh q —cos £), (2.8) 
ž (cosh 7 + cos £)? ; 


In terms of £ and y the equation (I) becomes 


sesto " 


Assuming — Qui + Q, sinh 27+ Q, (2.5) 
(cosh y cos £e» i 








where Qa Qi, Q, are constants. It can be easily verified that the equation (2:4) is satisfied. 
Moreover, this expression for w gives 


viv = [o (a - bn). TEN «e, (2.0) 


cosh 4 — cos £/ cosh 9 — cos € 





Then for a particular curve 3 of the family 7 = constant, the integral 


P 
[s vio =- | ghost 


0 


=- f [e+ 00-008 (Geeta) ae SF o 


Hence the equation (II) reduces to 





»(- 98) =P 
giving 2c P. 
Q=- 
Since the result (2.7) is independent of y if can be inferred that the load. P is 
concentrated at the origin which is enclosed by the smallest curve of the family 
1| = constant. 
' The boundary conditions i 





(2.8) 


will be satisfied if 
P 2 
Q= D sech 28, 


and 


, Q, -L [28 — tanh 28). (2.9) 


€ 
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The valies of Q,, Q, and Q, being obtuined ın terms of the load P, the expression for w 
given in (2.5) is completely determined. At the origin where 7 — ce 


are sech 2B. (2.10) 


7 


w > 





In conclusion, l offer my grateful thanks to Dr. B. Sen for lus kind help in the 
preparation of this paper. 
CHANDERNAGORE COLLEGE, 


CHANDERNAGORS, 
INDIA 
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SOME PROPERTIES OF MACROBERT’S E-FUNCTION 


By 
N. N. Bose, Lucknow 


(Communicated by Dr. 8. C. Milra— Recewed April 4. 1950) 


The object of this paper is Lo deduce some properties of E-Functions of Macrobert 
and to evaluate some infinite integrals involving the function, with the help of 
operational calculus. 


1. The notation g(p) + f(z) means that ¢(p) and f(x) are operationally related if 
ow) =p fered, s () 
0 


provided the integral converges. 
The H-Function of Macrobert (1942) is defined as 


E(a, B :: 2) = Ta) n 871M9- (1+ y “da; R(B) 0 (2) 


which is equal to D(x)I(8)etezi*8-0 Wy juto, pp-a (2) when £- oo, E(a, B :: z) —> 
I'(x)I'(8) and when z >O, E(«, B :: 2) —0, provided R(«) > 0, R(8)>0. 
After shght transformations, (2) becomes 


xia Bes Bs p) + I(s)z8- (14 g)-* (A) 


Recurrence Relations: Woe have 





gh-1 «B \ q8—1 I'(x-1) az8-1 
eR. (L+a)etl (2) (14 2)e*1 a (lcracpti 
or 
1 P pode TEUER: NC 
yii Pe B: p- : m ede B+1:: p)= = pans Be +1, B :: p) 
which on simplification becomes 
azE(u,B :: z)—zE(x-1, B::m)-— H(a+1, B+1:: a). (8) 


Again we have 





Bi: p) e Te) 4 2 rf aa >) 


dz (1*2) (lta) — (12H 


- Oa ga s 3-3 








up) 
which on writing £+ 1 for B and < for p becomes 
sE(x, Bl: x) = BzE(z, Bi: e) E(a+1, B1: a). (4) 


z 
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Combining (8) and (4), we get 
—B)E(«, B :: e) = E(«-1, B :: c) - E(e, B1 :: 2) (5) 
2. We have seen thab 
1 qgB-1 
—— He, Bi: p) =r E 95" ——d 

l "m E(s, B :: p) = I'(s)p : Cree 

Writing 1/p for p, we have : ‘ 


: D) a Ela) fter, 
pE (s, 6: A pii : WT x 


l 3 ene + p -Da-k8-DJS f2(te)t} ; 


on interpretation, we have 


pE (a, Bu +) = Ta) a tHe Date? 7, (alte) Hide 
A i 





we know that 


(1-2) 
Writing z* for æ and integrating, we find that the right hand side is 266 *& -1 Ks... (203) ; 
(O<B<2¢+%). Hence 
pH(a, B :: 1/p) + 2t36*9-1K,. ,(Qtt) : (6) 
we have the transformation rule, viz., if 


fip) = A(z), 
(2) * if ceio 


Hence 
p. i E(2, B :: p) & 2 f eto folta)HE p- (atat 


0 
which reduces to L'(a)I'(8),F,(«, 8; 1; —a). Hence 


E(v, B :: p) + 1(2)D(6),F,(z, 8; 15 —2), 
the conditions of validity being (« >0, 8 > 0). 


3. A form of Parseval’s theorem given by Goldstein is that if ¢,{p) and $,(p) are 
operationally related to f,/z) and f,(a), then 


7 p(z) f(x) = p(x) f (£) 
J gr dd ors dz. 


0 
Let (Van der Pol, 1985) 
B2 ; 
e) =E (e BP); fle) = Plaete- eon 


Palp) = p7^e^!P ; f(z) = zi*J,(2z9). 
Applying the above theorem, we get 
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f sen (s. Bg yal, (n—-B+e>-1, B—-ánc 12 1) 
0 


= f remm etait = Dia) [ote (1+ Ey*a 
& 
3 0 


= E(v, n—B-a-1; 8)a7*. 
Writing $t? for t and 4s? for z, we have 


f ense, B :: gt?)dt  a7-1(3a)987 7 -1E(a, n — Bc 1; 3s*). 
0 
Let 28 =n+o+1. Then 


f CIS) (s, (nta 1): HME = e-0-1E(a, (n+ 1) 4a?) 
0 


(nta>-l1;¢+%>1) (8) 
0 © 
: f (ta)tt-9 40, (tz) E (o, &(n-- a1) :: dt3)dt = 2775 E(a, &(n--a +1) :: 32?) 


0 
showing that s7«-* E(«, $(n+a+1) :: $8") is self-reciprocal ın the Hankel Transform oí 
order n. . 
We have proved that 


pE(a, B :: 1/p) + 2t*8-1k,... (2H), 





A 
is Poo scu, 
pta 
Therefore w D 
za .. 1 " ii(«-8)-1 
f e-"tE (s B tat = af ag kp tht. 


Let t = 2°, The right hand side becomes 


a+8- 
4 f oer kp.(28)de 
0 


a? +g? 


Let 4 = $. Then 


k 1 1 g8-i 
—al i L = 
] «72(1.8:1 ies | a Kg-4(2a)ds 


0 
s?aB- 8/2 


ucl {H - c - 4 (22)Y -p-p(2a)(8 > 0) (9) 


4. We shall now evaluate certain infinile integrals involving E-Function. 
Let us consider Bateman's function K,,(z) (Bateman, 1981), whose operationai 
representation i8-given by ` n 
a Pl- uu cur 
Kalz) m “ape , (n= 1, 2, x es 


Applying Parseval's 'Theorem, we get : : E eec 
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"ope T wf -1(] — x)” 
J? BK (2) B(2, B :: e)dz = mef a ~ da, (2+2>8 >0) 


we get on expanding the right hand side and integrating term by term 
z - 2I'(a)E(8)T'(n -- a — B +1) 
8K s (z)E(e, B :: ade = DEINE ATITA TH) 
[* a (z)E(s, 8 ) I{n+a+ 1) 
Let us next take the operational representation 
EN INN UN Nc 
(prly*  D(mzc1i) 
we got 
D 
z"-1g-*E(u, Bi: ade = I fas ——__.dz 
J (a, B :: 2) Qf I 


= L(9I'(B)T'(m * a— B). g 
M Tope Son (B 2 0, m+a—B> 0). 


Taking the operational representation (Baternan, 1931, p. 828), 


eL (22) = (-1)mp LB. 


(14 p) 
we have 
oi —Bi-- c ze m wh-1(1 ) 
| = Lnr), 8 olde = C tT) f (Lr gerer d 


= (C D"T(2)T(8)'(m - a — B +1) E a colin acp 
5 I(m+a+1) Harm Be sees 


(B > 0, a— 7 —1). 


Let us next take the operational representation (Mitra, 1984) 


PPSD tor which the image 18 eU Dni (20t) 


(p+ peram 2" 1D(» +8) 
Therefore 
zB-1(]—2g) 
f Dan lBto, 8 ade = repre f^ 227a 
, 0 





229 T(na- )I'(a)P(8)I'(n 4 3 - «— 8) e "T ert 
à T(ntj-az) F-n, B; —(n*«—8-3); —1), 


(«8 2 82 0). 


x4F,[-(n—1) 8; -(n*«—8); —1]. 
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(10) 


(11) 


(12) 


In conclusion I wish to express my indebtedness to Dr. S. C. Mitra for his help and 


guidance in the preparation of this paper. 
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THE DIOPHANTINE EQUATION Ż#+y =z 


By 
D. H. Ports, Illinois, U. S, A. 
(Communtcated by the Secretary— Recesved April 17, 1950) 
1. du a footnote of a previous paper (Potts, 1946), I gave the complete solution 
in rational integers of the diophantine equation 
z*-y'—s, cys #0 (1) 
as 
y = (m? +n?) [2/mr + ne)pq — (ms —nz)(p* — g?)], 2) 
8 = (m*-En*)(y? +q’), 
where p?+q? = r° +8. 

The complete solution of (1) was given hy Rosenthall (1944), and, in fact, he 
solved the more general equation 2?+ay* = z?"+1, The methods used by Rosenthall 
were not elementary. The purpose of this paper is to give an elementary derivation 
of the solution (2). 

2. Suppose that (æ, y, 2) =t. We set z — ta, Y= tY, # = ta, Then (1) 
becomes 


x = (m° +n*)[(mr+ns)(p?—q*) +2(ms—nr)pq] | 


sity = tei, (a, y» £j) = 1. (8) 
8. The complete solution of 
a+ yi = uv (4) 
can be obtained by elementary methods (Dickson, 1920, pp. 46-48), and 1s given by 
z = k(ac--bd), u = k(a* - b?), 
y = k(ad-bc), v= ko? dà). | ' (5) 
By PIS. the condition (z,, yı) = 1 we have k = 1, (a, b) — 1, and (c, d) — 1. Setting 
v =8] = c! - d? we have (Dickson, 1920b, p. 109); 
8, — ph g*, c= p*-g*, d=2pq, (p, q) ^ 1. 
Setting u = tw, = a? +b? we get from (4), (5) 
t= m+n, a= mr+ns, 
w=r+e?, b=oms—nr, (m,n)=1, (7,8) =1. 
Hence the equation 
aityi = tw, 81, (2, y5 %)=1, (z, yo W,) = 1 
has the complete solution 
z, = (mr+ns)(p?— q) +2(ms—nr)pq, 
Yı = 2(mr + ns)pq — (ms —nr)(p*—q?), 
£,— ptg’, w, = r'v s), t = m! ni, 
(p,q) 2 1, (m, n)=1, (7, 8) — 1. 
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To get (3) we seb e, = wy, t.e. 
r+ = p+? 
which has the solution 
r = $(a\a,+0,4,), p = d(a,a, + a50,), 
8 = $(a,a,—a,4,), q = (a,a, — a,a,), 
where, of course, the a’s are to be chosen with proper parities. Combining these resuits 
we got the solution (2). 
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SPHEROIDAL- CONFIGURATION UNDER THE LAW 
OF DENSITY p=p,(I —ar—Bz) 


Bv 
N. L. Guosu, Calcutta 
(Received April 24, 1950) 


ÍNTRODUCTION 


The ellipsoids of revolution or those of unequal axes were shown io be possible 
forms of equilibrium of a rotating mass of liquid, under self-gravitation, by Maelaurin 
and Jacobi. With respect to non-homogeneous masses of fluids in equilibrium under 
rotation certam results are known, Dive (1930) has proved the posibility of the 
existence of spheroids of heterogeneous masses and variable densities in rotating 
equilibrium for different types of stratification of matter such as, for instance, when 
the equi-density surfaces are similar or confocal ellipsoids and not identical with isobars. 
It is further known that a heterogeneous mass cannot maintain itself in spheroidal or 
ellipsoidal stratifications either when it rotates with a uniform angular velocity or when 
the pressure is a function of the density alone [Hamy (1889), Veronnet (1912), Dive 
(1980), Ghash (1948, 1949A, 1949B)]. 

Though it has been shown that a rotating configuration of equilibrium may exist 
with similar or con-focal distribution of matter, no such actual case has, as yet, been 
worked out completely, The present paper contains a completely rigorous solution in 
closed form for a case of a simple law of density-strtifications in similar spheroids, 
The equi-pressure surfaces are a different family of spheroids and we-have assumed 
both the density and the pressure to vanish on the outer boundary. This model has 
been studied as a cosmological problem in which not only the density bul also the 
angular velocity vary within the mass. “Ihe pressure here is not a function of the 
density alone. 

The model obteined offers certain possibilities of the study of those properties of 
rotating configurations in equilibrium which are known for homogeneous models under 
uniform rotation. lt1s found that, speaking generally, almost all the features of the 
homogeneous model are retamed qualitatively, also in this cuse, though the deviations 
in certain features are significant. 

For the sake of comparison with the homogeneous model, the Maclaurin’s spheroid, 
we have calculated the changes in w3/2zp with the eccentricity, w° and p denoting their 
average values taken over the volume. We find that, in this case, though the 
qualitative behavior of »*/2zp is the same as in the case of the homogeneous model, 
the maximum is attained at about the same value of the eccentricity and that the 
maximum value attained is over 60% higher We have followed the changes in the 
dynamical features of the model when it contracts under the restriction of constant 
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angular momentum and mass. It is found that the angular velocity increases 
monotonically and reaches an upper limit as the eccentricity, e, tends to 1. The central 
density also mcreases monotonically, The equatorial radius has been supposed to start 
from a very large value and is found to tend to a limiting minimum value as 6 — 1. 
Besides as the model contracts it must also flatten. 

In the second part of the paper the constituent matter of the model has been 
supposed to be collected from a state of infinite diffusion with zero energy but with 
a definite total mass and a definite angular momentum. For the latter we have to 
assume the vanishing of the angular velocity in a suitable way ın the state of infinite 
diffusion. The whole change is supposed to take place slowly under adiabatic conditions, 
that is, without exchange of energy with any other system, At any contracted stage 
the kinetic, tho potential and the heat energies of the configuration have been 
caiculated on the assumption that the material obeys the perfect gas Jaw. The total 
energy, obtained by summing up the three types of energy is found to be negative. 
The corresponding loss has been attributed to the loss of energy suffered by the model 
due to radiation, The calculation of the total energy also shows that the model 
remains thermodynamically stable even when y, the ratio of the specific heats, is 
less-than $. Rotation thus appear also to influence thermodynamic stability, in general, 
increasing it. 


Part I. 
Sec. 1 A. 


Tug CONFIGURATION OF EQUILIBRIUM 


The equations of steady motion of a fluid, in cylindrical co- -ordinates, with the 
a-axis as the axis of symmetry, are 


ta. 99 189p 
wT Ər pr e 
Oz pos 


the angular velocity o and the density p being, in general, variable. The function 
qd representing the gravitational potential must satisfy at every point inside the fluid 
the equation 


Vb = —4mnp. (1.8) 
The above three equations give 
1 2 Op _ 
V (+ 8s rr tm 0- (1.4) 


This condition of integrability supplies at the same time the necessary type of connection 
between the pressure and density im order that the equilbrium configuration may 
be possible. We shall call 16 the condition of consistency of p and p. 
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In a previous paper (Ghosh, 1949A) we have shown that ‘when the density- 
stratifications are in similar ellipsoids and the pressure is a function of the density alone ’ 
the distribution of density should be given by : 


p = poll ~ar — Ba?) (1.5) 
a=1/a?; Be l/c? i (1.5a) 


and the pressure-density reiation, satisfying eqn. (1.4), must be of the form 


where 


= kp? + Kp’. 
But, as was shown, in this case equilibrium under self-gravıtation is impossible- 

We propose now to show that, for the density-dis&mbution given by (1.5), 
equilibrium under self-gravitation is possible if the distribution is baroclinic, the pressure 
being given by 

= kp + K'p?’(1— mr’). (1.6) 
When the density and the pressure are given by (1.5) and (1.6) respectively, the 
consistency condition (1.4) requires 


8kp,(2« + 8B) - Ak! m — 2s = 0, (1.7) 
It must be noted that the density and the pressure both vanish on the boundary 
of the fluid-body given by ] 
arpe = 0; - ' (1.8) 
the density is positive ınside the mass of the fluid and diminishes outwards, The 
pressure, also, is positive everywhere inside, if, 


m «a. (1.9). 
From (1.1) and (1.2) we obtain, 
dr Re- ope). l 1.10 
aa) 3r Oe Os Or ee) 
Hence, from (1.5) and (1.6) we have 
Bw? = 2mk'9P. 
: Os Oz 
which, on partial integration, leads to 
v? = Imk'p+ F(r), (1.11) 


F(r) being an arbitrary function of r. Equation (1.11) gives the distribution of the 
angular velocity within the fluid mass. 
Equations (1.1) and (1.2) give 


ie, 24 = f [a] 


which, by (1.6) and (1.11), leads to 
b = Bkp? + 2k'p(1 wees f F(r*).dr?, (1,12) 


This potential field is necessary for the equilibrium of the fluid. 5 


[4 
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“Seo. 1B. 


IHE POTENTIAL DUE TÓ SELF-GRAVITATION 


For the distribution (1.5) with the boundary (1.8), the Newtonian potential due to 
self-gravitation is given by (Hobson, 1896) 


o 


dé r? 8 





2? 2 2 
y = Poa Í (1 = s ) 1.18 
2 y (a? + 8)(c* + 8)* a^-0 c'r6 un 
Putting (1.18) in the form 
—2Y | [4,241 - 24,6 + 24,78? + Agr + Asst] (1.14) 
mPa? ; 


we have the values of Ay, A,, Aa, Áz, 44, A, given by eqns. (8.17) of the paper referred 
to before (Ghosh, 1949A). 


We shall now investigate the condition under which the potential ® is due entirely 
to the self-gravitation of the spheroidal configuration. From (1.14), we have - 


= = —2npater[A,— Ag? — Aye" 


cla —sp,a*cz [A,— Ayr? — A,2*] 


| 
1 (1.15) 
| 

Oz | 


and from (1.12) we have 


0 


If, for the moment, we put 


90 = gu OP + 2K OP — (re )- 2 
Shoe ale ai 2mk re P F(r*)r. 


: F(r*) = 2p, (B, + Bor?) (1.10) 
we get 
E = —2Qpor[{(Bkp, + 2!)a + 9mk! + B,] — ar (Skpou + 4mk' — Bt 
—Bs'(Bkp,a--2mk'A]; — (1.17) 
also, a® 
OP L _ 20,88 [(Bkp, + 2k!) — (Bkpya+ 2mk')r? —8kp,B2*]. (1.18) 


da 
The condition for self-gravitation is obtained by identifying V with ®. A comparison 
of (1.17) with the tirst equation of (1.15) justifies our assumption (1.10). The identifica- 
tion of the corresponding derivatives of V and ® gives 


8kp,a + 2k! (a +m) + B, = na?c.4, (1.194) 
8kp,a - 4mk! — B, = nate. Ay (1.195) 
8kp, - 2mk' = na*c^ A, i i (1.190) 

Bkp,a -- 2k! = ra’c’A, (1.19d) 
8kp,2+2mk! = na*c?. A, (1.1986) 


8kp; = rac. A, (1.191) 


M 
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We M now proceed to an analysis of these equations. Of the six equations (1.19) 
we find that the third and the fifth ara identical. So that there are only five 
independent equations. We have, in~ addition, équalian (1. 7). But, as may be 
expected, equation (1.7) is derivable from the above set and as such is not an equation 
independent of (1.19). Thus we have altogether five independent equations for a given 
set of values of a and c. There are, however, six parameters, po, k, k', m, B, and B,. 
But equations (1.19) show that k and p, appear in thom always as the combination 
kpo. Hence, from (1.19) we can exactly determine the quantities kp,, k/, m, B, and B, 

but not k and p, épais Solving (1.19) we find 


do | 
Bos = gato ef er CES l (1.20a) 
6.d0 
mk! = «neo ESTERNA (1.205) 
0 
P 6.d0° 
Qk! = nate i EN core (1.200) 
f e*do 
B,= rolat =en) f rrr ` (1.20d) 
odo 


B, = — nc(a* SE (1.20€) 


(a? + 8)*(c* + gj5? 
The above integrals can all be dani their values have been found and used 
in a subsequent section [Eqns. (2.7)]. Equations (1.20) show that B, is positive, 
B, is negative but B, +B, is positive. Also from (1.11) and (1.16) we have : , 

o! = 2mk!p + 2p, (B, + B,ar?) ; (1.21) 
hence, w° 18 positive everywhere inside and on the surface (where p vanishes) o* attains 
the largest value 2,B, at the pole and the smallest value 2p, (B, B;) at the equatorial 
belt. This is in agreement with Dive's result (Dive, 1980, p. 64) where he proves that 
the density-distribution being in similar spheroids, the angular velocity on any layer of 
equal density mereases from the equator towards the pole. It may be noted that the 
distribution of w? on the surface is parabolic and there is a maximum of w°. 

The above equations are also in agreement with (1.9) for, as _ 

6.40 JE —c? 
aila +0)( EL a a? +o 
as 2k' is essentially positive, tt can be shown from the above integral that as 6 —>0, 
m — Ü or a — co and ase > 1, m — a, 

Thus equations (1.5), (1.6), (1.21) represent the solution for equilibrium under 
self-gravitation of a mass of heterogeneous fluid rotating steadily in the form of an 
oblate spheroid about its axis of symmetry, the density being distributed in spheroids 
(1.5) similar to the outer boundary and the angular velocity being variable and distributed 

6—1739P— 9 


2k'(m —«) = zc? 





-i} <0, mesa 


A 
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ai). The density, the pressure and tlie angular velocity, 
„cds, the two former vanishing on the surface. P ree 


Sec. 2. Tux FUNCTION w?/2zp. 


she study of the uniformly rotating homogeneous model such as Maclaurm's 
.pheroid and Jacobis ellipsoid has shown that the ratio o^ [ap plays an important part 
in its theory, bemg connected with the stability of the configuration, It is known that 
for the Maclaurin’s spheroid this parameter w?/27p has a single maximum 225... 
occuring for the eccentricity e = ‘93 . . ., of the meridian elliptic section We propose, 
now, to undertake a similar study with respect to our present model. As the angular 
velocity and the density are both variable m this case, we shall consider, for the sake of 
comparison, only the volume averages of both w* and p. Thus we define i 


w =f om [ fa (2.1) 
and P =f pav [ fav (2.2) 


where the mtegrations are extended over the whole volume of the fluid. From (2.2), 
we have 


p = $ Po (2 8) 
and w? = 2mk!.$ pot 2p, B, d-p,.2B, (2.4) 
whence o?[p = umk! 4- 5B, * 2B,. (2.5) 


Now, a consideration of the equations (1.20) shows that 8kp,[a?. 2k'[a?, 2mk', B, 
and B, depend only on the ratio of a and c and not on ther absolute values. 


Herde (2.5) shows that w*/p also depends only on the eccentricty, c, of the boundary, 
exactly as in the case of the Maclaurm's spheroid. It 1s possible to obtain the five 
quantities mentioned above in terms of the eccentricity alone. Instead of the eccentricity 


it ig more convenient and at the same time neater to obtain the same in terms of c, 
where we put 


e? =1/(1+2), (2.6) 
so that, as € —0, 2 — c and as € 1, x — 0. (2.62). 


We have the following results 


4 


8kp,[a* = 5 za? [(1—823) c 8e? (s cot^l«)] (2.7) 
Qk’ Ja? = $ra [(2 + 327) —8(1 + &")(z cot712)] (2.70) 
2mk! = az? [(5z? + $) — (5z* + 8)(z cot" 12)] (2.70) 
B, = az[(1-- 5z1)(1 2?) (cot 1o) — z(5z? + 9] f (2.7d) 

B, = fao[ (8) +8522)e—(8 +8007 +352)(cota)] — (2. Te; 


It will be useful to note that (:) when o — 1, i.e., 2 — 0. 
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3kp, 92m. 2k! NL 2mk! — Stet | 
a 3 dà 8 B 
ii | 

B, B, - g 7 | 


(ii) when e — 0, i.e., z— o 


I 
Shy y 2r, 29 uin; amy > n. 
a* 5 a? 15 5 





ai 


lór 1 f B, om 167 
105 a^ 315 


— 


ale 
~ 


B, 


With values substituted from (2.7), eqn. (2.5) takes the form 
v [9zp = d [8(Dz* --24z* + 7) (reot 71 x) — (15* + 0727)]. 
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(2.8) 


(2.9). 


(2.10). 


From this it is clear that when 220, «oí/2zp —0; when «> o, w?/2rp — 0. 


TABLE 1 TABLE 2 
(Present model) (Maclaurm’s Spheroid) 

z e v^ [2zp 
cc U 0 

. 10 0:09 0 0043 

- & 0 196 0 0162 

2 0:447 071227 

1 07707 0:2852 

0:8 0'78 0 288U 

01 0 81 0:3178 

0*0 0°85 0°38 452 

0°5 0 89 0°3682 

04 0°92 0 8800 

03 0 957 0'3700 

0'2 0 98 0 8296 

O1 0:09 072017 

0'01 0 008 0:0275 
0 1 0 
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Thus o3 [np vanishes at both the limits e — 1 and e —O0. The second result can be 


demonstrated by expanding the right-hand-side of (2.10) in powers of L which gives 





P sipeer w D Larr] ns 
o,"  l2L85 z^ 8572 la Ho 
forz 71. The general behaviour of v? |2xp can, however, be studied from the numerical 
values shown in Table 1. i 


The values in Table 2 show the variation of e*/2zp with eccentricity for the 
Maclaurin’s spheroid and are given here for comparison. 

From a study of the two tables it becomes clear that in the case of both the 
models v? [2np vanishes at both ends viz., e — 0 and 6 — 1, and possesses a maximum for 
a value of the eccentricity which is pretty large. The eccentricities corresponding to 
the maximum value are very newly ihe same. But, whereas the maximum value 
attained for the homogeneous model is 0.225 that for the present model is 0.37, which 
is over 60% higher. 


Sec. 8. 
CONFIGURATIONS OF EQUILIBRIUM FOR VARIATIONS IN Po, w AND G 


Tho model under consideration has, in a way, three degrees of freedom. For, 
given any set of values of a and c (considered as parameters) the values of (kpo), k’, m, 
B, and B, can be determined but k or p, aro not individually ascertained. Hence we 
are at liberty to choose either k or p, so that the olher may adjust itself according 
to (1.202), Let us suppose that the rotating fluid-mass under consideration, for some 
reason or other, undergoes a change of form represented by a continuous variation in 
eccentricity. The mass and the angular momentum of the fluid must be conserved 
and hence the number of degrees of freedom will be reduced to one only. We take 
the eccentricity to be this changing parameter and represent it through 2. 

Now, the mass, M is given by 


M = $ mp,a°c. (3.1) 


The angular momentum, A, is given by 
A = f ortpd. 
To avoid very difficult integrations - approximate this by 
| af rode. | (8.3) 
where w, again, replaces (o). We have thus.the approximate relation 


A — v2. Ma’, ' (8.8) 
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These approximations will not vitiate the general arguments which jollow: Further, in 
(2.10) we put : i 
w'[9rp = E(z). (8.4) 


so that, Eix) = 4 [3(bz* + 240" + 7) (e cot) x) — (1524 + 672?)]. (8.4) 
From (8.4) and (8. 3 together with (2.8) we have 
w as (o)? = $ sp, H(z). ‘ (8.6) 


Also, (8.1) can be written as 


8 x 
; 3.7 
= gg "Po auus 90 
(i) Study of p Eliminating w and a from (8.8), (8.6) and (8.7) we have 
4 s 
po = LAG (1L) (8.8) 
; 15 M” 
9.8a 
where L= AE ae (8.82) 


For all variations in z, under the circumstances considered, M and A remain constant 
and hence L behaves as a constant. From (8.8) it 1s easy to se that 


jag BEN Te (8.9) 
240 x 8 | 

and from (2.11), that lim E(s) =0. (8.10) 
d . 

Hence, from (8 8) we find that 

. lim (p,/L) = 0. (8.11) 
1 zo $ 
and lim (p9/L) — œ. (812) 
` zo 


In other words, at the spherical end of the series of configurations represented 


by varying e, po/ L, i.c., also p/L attains an infinitesimally small value, but it increases 
without limit with increasing eccentricity i.e., for increasing flattening. It 18 to be noted 
that by reason of (2.8) p,, the central density, can be taken to represent the mean 
density of the configuration. 

It may be noted further that we can not show from (8.4), (8.8) and (8.84) that 


a 3.6 3 15, Mie ( 4) 
Pa Cre x I 2 et ee) 
where I represents the moment of intertia of the body and so, am 
A= Io. (9.18a) 
15 — Mu 
I = Porr * 
Hence m z(8.49) TR (8.14) 


when I,, the limiting value of the moment of inertia in the phai, case does not 
vanish. 
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The general nature of the variation in p/L with e, i.e., of the increase of the mean 
density of the configuration with eccentricity is shown in Table 3. 


TABLE 8 


z |pL-8sL| wv 


m 0 | o 

l 0-04 |o 00004 

05 | .195 | 0 4809 
i 04 289 1 0982 
l 03 15108 | 1398 

02 21200 . 80058 

orl 81608  ' 1682 

001 ~ 800 22 00 

0 eo ' ACH 


(ij Study of » — Elminating p, trom (3 6) and (3.8) we have, 


ot _ i 1\ l 
y = Eo (1+ A) (8.15) 
where ; 
- dico go (8.10) 
Ə 


As æ — œ, (e — 0), v jL’ > 0. Also, as e => Ole — 1), o*/L/ — u finite linut, given by 


-3 4 
ia = lim [Fe = (ey. iG) 


«30 L/ wolar 
Thus, whereas at the spherical end of the series 9*/ L/ vanishes, it attains an upper limit 
when the model has very nearly turned into a flat dise. The nature of the variations of 
v! | L! midway between these two extremes 1s shown in Table 3. 

A joint study of the values ot p/ L und w?/L’ clourly shows the mechanism which 
controls the behaviour ot v*/2zp deseribed in Section 2 in the present case. Starting 
from the spherical shape, as the flattening proceeds w* ut first mereuses at a rate lugher 
than that of Pi then, later, p overtakes und ultimately fur surpasses the rate of inerease 
of w. 

(ut) Study of a. Since w attains a muximum ase — 1, it 1s cleur from (3.8) that 
a, thon, tends to the minimum value given by 


som = (Gi) te (te) eus 
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which follows from (8.17). From Table8 we can also study -the changes in. a for 
variations of e in the present oase. : j : 

. The limiting case e -> 0 (z > oo) can be given two different interpretations. The 
above discussion shows that in that case o — 0. Eqn. (3.8) may be satisfied either hy 
taking A = 0 (non rotating configuration) when a may have a finite limit corresponding 
to the limit of (A/w)sag or by assuming, A to have a finite value while à — co, 
. corresponding to an infinite configuration (with finite angular momentum), and it may be 
easily seen that the density p in this latter limiting case vanishes. "The first case 
corresponds to a non-rotating spherical configuration in equilibrium [eqns. (1.20) and 
(1.21)] and the second to the limiting configuration of infinite diffusion of a given mass 
of matter with the contemplated density law and a definite amount of angular momentum, 
as its dimension increases without limit but w 30. 


Part II 
= Seo. 4. ENERGY- 


So far:Xe have considered our material to be only a fluid with- baroclinic 
distribution—the préssure not being entirely determined bythe density. We have seen 
that the level surfaces of density are a family of ellipsoids while the equi-pressure 
surfaces are ellipsoids of a different family. © We now ‘assume that our fluid obeys-the 
equation of state of perfect gases given by (4.6). The pressure and the density 
distributions inside the mass being known, this law determines the distribution of 
temperature within the mass uniquely. 

In the manner of Section 2 we shall trace the changes in the energy of the 
configuration in a given mass with a given angular momentum both of which remain 
constant in course of the changes. We shall assume that the gas particles start from 
a state of infinite diffusion and are slowly gathered into the form which we have 
studied in our pievious sections. This process of collection .may be assumed to take 
place infinitely slowly under adiabatic condition, that is, without any exchange of energy 
with a different system. Originally, in the state of infinite diffusion we may consider 
the energy of the system to be zero though a finite angular momentum may be 
attributed to the mass. This is possible as the kinetic energy is proportional to the 
square of the angular velocity while the angular momentum 1s proportional to its first 
power and the angular velocity in the case vanishes. As the gas i8 collected into a 
finite volume adiabatically it will acquire gravitational energy, kinetic energy of rotation 
and heat energy. The sum of these three types of energies cannot exceed the original 
zero value A negative sum will mean that the mass has lost this amount by radiation. 
We shall next investigate how the average temperature of the configuration changes 
with the flattening (increasing e) of the boundary and “also the loss of energy by 
radiation. As no subatomie energy generation is taken into. account this investigation 
cannot, indeed, give an account of the change in the luminosity of a stellar body in 
course of its evolution. PN rs i 
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If at any stage Wr be the kinetic, Wp the gravitational and W; the heat energy of 
the configuration, we put 


W- Wrt+W,+ Wi (4.1) 
where 
Wee f jorpdy =4a5l - LY 
T being defined by 
I = 3Ma? (4.8) 
and represents the moment of inertia of the model ; 
W, = -t f vois (4.4) 
and W; = c, | T.pdv (4.5) 


in which T stands for the absolute temperature, c, denotes the specific heat at constant 
volume of the material and V, the Newtonion potential given by (1,18). 

We shall calculate the total heat-content represented by (4.5) by assuming, as 
stated before, that the rotating material is a gas for which the equation of state is 


p = Ap? (4.6) 


pand p being, of course, given by (1.6) and (1.5) respectively. Now, from (4.2), (4.8), 


(2.8), (8.4) we have 
Wo = oy np, Ma? E(z). (4.7) 


From (4.4), (1.18), (2.7) and the following integrals, 


is dó 


2 
A, = L— jour -1 
d s (a? + 6c? + 6) c ii 


[rede = = Me; [fo = Mo; [repdv = gy Matet; 


[rode = a Mat; IE = gp Mots [ord = $ pe Mi (4.8) 
^? = 4 p, Mch; [eva aS, po. Ma? 
68 03 
and (1.19), we have after some calculations, 
Wp = -Arapa Ma. (£ cotta). (4.9) 


Again, from (4.5) and (4.6), we have, 
W: = X [ikot T p*dv — (kpa + mk’) J ptrtd — ko, B f s'do]. 


Hence, substituting the values from (4.8) we have 


ACA [3( 5) ki 2 ] 
W, 7 x Porta S at tg yo 
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Substituting from (2.7) and simplifying, we have 
W, = e. Snp Mata cot7la) (4.10) 
Equations (4.7), (4.9), (4.10) can be written in the forms 


= Eae lBe(1+4 y 
Wr = uM P E(z) Dt (4.11a) 
W,=- 2 Mie cot"tay(1 +i) (4.11b} 
and W,= & 5 Y OR ae cotta (a L} (4.11c) 
ME WE. a 2 


Let us first consider the limiting case of the spherical configuration when e — 0. 


This ean be divided into two sub-cases according as we consider a to be finite 
or infinite. If a be infinite, we have each of Wr, Wy, Wi vanishing, which represents 
the state of infinite diffusion. Hence, agreeing with our original assumption the total 
energy in this case just vanishes. Ifa is taken to have a finite value (as argued in 
Bec. 8) we have the following values (z —> co). e 


lim Wp=0 (4.12a) 
zo 
lim W, = —4.y l (4.12b) 
z->a 7 a 
im W; = 22.5. yi. 1 4. 
D Rc S D Mes (4.120) 
Therefore lim W =- 2 ar (1- Le) (4.18) 
z+% 7 8 À 


A, of course, being Cp—Cs. We know that for a monatomic gas c,/A = 8 and for a 
diatomic gas cyp/A = §. Hence, for both cases W remains negative. In fact, in this 
case, W is negative for all values of y(cp/c,) greater than $. 

Let us consider the other extreme, e — 1. As in this case æ- > 0, a tends to its 
minimum value given by (8 18). Hence, 





2 3 1 Tr 
Wr = E.M. (7) 4.14 
ET TE AB ic 
5 1 T 
lim Tl =-3M | (3) 4.14b 
i 5 7 amn \ 2 i l 
a Im W,—0 (4.14c) 
z>0 
Thus 
lim W 2—M*. l „18r (4.15) 
20 amin 112 N 
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and hence negative. Thus the attainment of any of the above two configurations implies 
loss of energy by radiation. 
The expression for the total energy in the general case 1s given by 
W = —$npyMa*[8(e cota) — z^ (1 —2 cotta) -3 E(2)] (4.16) 
where we have put 


(4.17) 


It W gives a negative value for p = § ıt will do so for z= 1. 
We shall now show that W remains negative for all values of z. For this we put 
W = —$rp,.Ma*-W (2) (4.18 
where 
W,(a) = (x cot71z)— uz* (1 —2 cot 12) — &E(z) (1.19) 
The values of W,(z) for u = 8, are shown in Table 4. This shows clearly that W 
remains negative throughout, for both monatomic and diatomic gases. 

From the general expressions for W(z) and W,(z), given by (4. 18) and (4.19) we 
can deduce an interesting conclusion regarding the dependence of stability of the 
configurations under consideration gon the value of y, the ratio of the specific heats 
of the constituent gas. It is well-known that a non-rotating (spherical) mass of gas in 
equilibrium, such as a polytrope for instance, has no thermodynamic stability unless y 
exceeds $. Since W represents the total energy of the configuration, stability requires 
that it should not be positive As a matter of fact we see in Table 4 that W is negative 
for p = &(y = 3). The formula (4.19) offers the possibility of finding the minimum 

value of y for E. W remains negative for a given eccentricity. For this, we note that 


Cy Cp =A — (4 192) 
from (4.6), Also from (4.17), we have l 


paita (4.19b) 
, 9p c X 
where yz» $ when » <2. Now, in (4.19), the term ın » being negative for all values 
of the eccentricity, if W,(z) vanishes for a certain value of x it will be negative for all 
higher values of u and for the same eccentricity. Hence the largest possible value of p 
consistent with stability is given by 
. 2(z cot"!z) - LE(z) 
z¥(1—a cot? z) 





= 


or, from (4.19b) 


z'(l—-zcot^!z) _ 


x cot^!z — 0'3 E(x) eae) 


yaks 


From this, we find that, when z — œ, y — $ and when, 2 — 0, y — 1. Further, for 
eS. 4, 1, 07, 04, 08, 023, O1 


(4.19d) 
y= 181, 130, 127, 125, 1°22, 115, 1'09 
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respectively, giving the lowest values of y admissible, for they make W(x) vanish. 
This result shows that stability of this type 18 increased by rotation and consequent 
flattening of the body. i 
Now, we can show that 


4 15 oup NE 
qoe = tans z) rn 


; 1 (4.20) 
an 1_ /(9MM ,, iW 
t= Qf ose (1s) 
hence, (4.18) can be written as 
W = -D.&( (1 £m (4.91) 


` where D is a positive constant, given by 
D = 1&-M*(2M ['1Ay*-(L^*. (4.212) 
Table 4 shows the variation of W with æ and for p = 8. 


TABLE 4 


15W (2) |- 15W[D) 








2 0447 | 1713 0:2607 

1 0707 | 1°77 0:882 

08 | 078 L77-| 1:808 

06 | 085 | 1°70 2 21 

03 | 0957 | 1°06 6:028 

01. 099 064 19:8 
>0 | >1 l — finite 

a T TS 





This table shows clearly that the lotal energy diminishes monotonically from the 
spherical state of finite or infinite radius to the limit of extreme flattening. We therefore 
notice that as the model contracts and becomes flatter at the same time it loses energy. 
This loss may be interpreted as loss due to radiation. ; 


Sec 5. THE INTERNAL ENERGY AND THE AVERAGE TEMPERATURE 


For & model starting from a state of infinite diffusion the internal energy or the 
heat energy given by (4.11c) is zero at the start. It vanishes again when e —- 1 (4.14c), 
and ib is positive throughout. Hence it must attain a maximum for a certain yalue of 
the eccentricity in between. Now, from (4.11c) and (4.20) we have, 


uf = E(x)(1—2 cot™2)(1 + z?) | (n 


N 
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where H is a positive constant, given by 
T M 7 2 
H= 2.2. "(25 Yai. 1 
x;M 4)" (5.12) 


As (L—z cot7'z)(1+ 7) increases with increasing z, from $ at z —- co to 1 at z—-0, 
monotonically, one expects the maximum of W;/ H to depend practically on that of E(z) 
and so the internal energy will attain its maximum near about the same point where 


w'/2xp does so. This conjecture is borne out.by the calculations for the average 
temperature. 


We define the average temperature T by 


E [tao | f ae. | (5.2) 


Substituting from (4.6) and (1.0) we get on simplification 


p= 2M 4 (o, I(E) ass] T 
x Dros lt a yt ala pm i , 09 


Hence, from (2.7), (8.8) and (8.15) we » obtain, 





T= La E 5 rj E(a). (1 2?). f^. (5.4) 
where : 
fx) = - QUT + = (x° —6)(z ect^!z) 
or putting, = 
T = T,.6(z) (5.5) 
we have 
O(a) = E(z).(1-- e3)/(z) E (5.0) 
and 
e 2MM 
m= LAE GT X) (5.6) 


For z—- 0, 6(z) — 0 and hence T—> 0. For z — oc, T -> }}.(1/A).(M/a) or zero, accord- 
ing as a is finite or infinite [(5.4) and (2.9)]. 

The following table gives--the values of f(z) and 6(z) and shows how the average 
temperature of the configuration measured in units of T, varies with the flattening of. the 
external boundary section. 


It may be noted that the temperature attains a maximum at e = 0'96 or itako 


practically for the same value of the eccentricity for which ot/Qnp attains its maximum 
value., The last part in the variation of the temperature and its ultimate vanishing 
may, be looked upon as the’ inevitable consequence of the assumptions made regarding 
the boundary condition and the equation of state inside. With pressure always 
vanishing on the boundary the assumption of, the ordinary gas law would imply a 
temperature vanishing in the limiting case uon the eccentricity tends to unity leading 
to complete flattening. 
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TABLE 5 





0°0522 
0°2826 
0:6618 
0 8774 


1 0183 
1:1680 
1:8807- 
1:4960 
2:0322 
1:5897 
1:098 
—0 








In conclusion, I take this opportunity to offer my grateful thanks to Prof: N; R. Sen 
for his kind guidance and unfailing encouragement in the preparation of-this paper. 
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A PROBLEM IN RECTILINEAR CONGRUENCES USING TENSOR 
CALCULUS 


= By 
R. 8. Misura, Lucknow 


(Communicated by the Secretaiy— Recetved on January 31, 1950— Revised on May 24, 1950) 


The object of this paper is to study the curves on the surface of reference of a 
rectilinear congruence, which have the property that their rectifying planes at all their 
points contam the lies of the congruence through those points. The curves relating 
to the congruence of normals to the surface of reference are asymptotic limes on the 
surface of reference. It is to be noted m this connection that Springer (1945, 1947) has 
studied the curves for which the osculating planes at all their points contain the lines 
of the congruence. f 

1. Let the coordinates of a point P on the surface of reference S be given by 
at = g'(u}, u’), (i = 1, 2, 8) and the direction cosines of the ray of the congruence through 
at by At = A(u!, wu’), (i = 1, 2, 8), then 

MM m 1 (1.1) 
and f : . 
AS = pest, + qX* (1.2) 
where p* are the contravariant components of a vector in the surface at P ; a, 
(a = 1, 2)* are the direction numbers and denote covariant differentiation of z* with 
regard to u* based on the first fundamental tensor 


Gap = D,a 2g (1:8) 
of the surface S; and q is a positive scalar function. 
From the equation (1.2), we gel using (1.8) 
AT a = pea, gz", = PPI pa = Pa. (1. 4) 
If 0 ıs the angle between the normal to the d at P and the line A of the 
congruence at P, it follows [rom (1.2) that 
cos 6 = A*X* = q. (1.5) 
The direction cosines of the principal normal to the curve C: a! = z'(s) on S at P 
are proportional to æ“, where dashes denote differentialions with regard io s, the arc 


length of the curve. Therefore the differential equation of the rectifying plane to the 
curve at P is given by 


DE- T)" = 0. 
* 
Now z” = qw and 


gia* 
Qu* Guf 





aU c zw + weu’, (1.7) 


* In what follows Latin indices take the values (1, 2, 8) aud Greek indices the values ü, 2). 


A PROBLEM IN RECTILINEAR CONGRUENCES USING TENSOR CALCULUS 119 


But by Gauss's equations of S 
Os _ fy \ i e i 
uou d 2 + dg X 7 : (1.8) 


where I are the Christoffel symbols of the second kind and d.g is the second funda- 


mental tensor of the surface 8. z 
By virtue of (1°7) and (1:8), the equation (1.6) assumes the form 


DE-2')(prat,, +knX') = 0 : (1*9) 


where p* are the components of the curvature vector of the curve C at P (Eisenhart, 1940, 
p. 187) and kp is the normal curvature of the surface m the direction w'e (a — 1, 2). 

Rectifying plane of the curve C at P, on the surface of reference is given by (1.9). 
If it contains the lme A of the congruence, the coordinates 


& = atti’ 

must satisfy the equation (1.9). 2 ] . 

Henoe, by use of (1.4) and (1.5), we have t 

Pp, + dkn = 0. | (1.10) 

This is an equation of the second order, of the curves on S, ihrough P, which are such 
that their rectifying planes at all the points contain the lines of the congruence through 
those points. There are, therefore, oo? such curves on the surface, ` 

If the congruence 18 formed by tangents to the curves of any one parameter family 
on the surface of reference 


4 q — 0, (1.11) 
an 
p, = Meat, = i, m gU P = gag P, s (1.12) 


In consequence of (1.11) and (1.12), the equation (1.10) assumes the form 
p*g.gu'? = 0 
which i8 true for any curve on the surface. 

Hence if the congruence is formed by tangents to a one-parameter family of curves 
on the surface of reference S, then the curves C such that the rectifying plane al any 
point cantains the ray of the congruence through that point are the same as given 
one-parameter family of curves. 

For a congruence formed by normals to the surface, 

p.— O0 


and the equation (1.10) becomes, kn = 0, smce q #-0, that is, if the congruence is formed 
by normals to the surface of reference, these curves become asymptotic lines. 


Conversely, if these curves are asymptotic lines, i.e. kn = 0, then from (1.10) we 
see that for these curves p’p, = 0 which is satisfied if the congruence is formed by 
normals to the surface of reference. The other possibility vie., that p* = O is to be 
rejected as thon the asymptotic lines become geodesics, in which case the curves 
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become straight lines and the surface of reference becomes a ruled surface. ‘The third 
possibility may occur, when neither p, nor p” is zero, bub the curves. satisfy the 
differential equation p!p, t p?p, = 0 
2. Let us now consider the curvature of these curves. Suppose the direction 
cosines of the tangent, principal normal and binormal to C at P are of, B5, y. The 
binormal to C lies in the plane of the lines with directions A? and «ë (—da*/d8), hence 
dai 


y= aie TA (2.1) 


where the functions a and b are to be determined. 
Multiplying (2.1) by dz*/ds aud summing for 1 we get 
UND = uM a — —ocolg. 
Similarly taking the scalar product of both sides with À* we get 
b = cosec g. 


where p, the angle belween the tangerit to the curve C through P on the surface and the 
line of the congruence through P with direction A, is given by 


COS p = x = Ataf ule = pau. . (2.2) 
Hence the-equation (2 1) assumes the form 
= . * = cogab gp. (x — eos ma . (2.8) 
By Frenet's formula 
v ; dos 
ba (2.4) 
where k is the curvature of the curve C at z*. As: . - : 
Bi = yxe (2°5) 
and s 
de d e f ] 
de ap Ctr HENE (2.6) 
the equation (2:4) assumes the form, 
dat dat 


k = cosce g. (er, +h,X* A*—cosp = coset g. (pra, TEQX M =) (2.7) 


da da 
Use of (1.2) in (277) yields, 


' k= cosec g.(pra',, tkn peat, --qX!  a*,g)u'P 
or 
k = cosec 9. (knp* —qp*)e.gu'8 (2 8) 
where n eag = (X? at, mg) 


Dio 


If ky, is the, unjon curvature, of the curve, then (Springer, 1945) . 2 
kyu = 6.9 (nls — p»)u'8 (2.9) 
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where le = p*/q. Use of (2.9) in (2.8) yields, 


= cosec p. cos ky. (2°10) 
Another expression for the curvature can be found as follows: 
dat 
wc Ww 
By virtue of (2:8), (2.5) and (9.6), this equation becomes, - 
= dz* , de dai 
+ ick E —— = k d ' 
PID, y -- ka X cosec g. (a cos p —— ds rr cogee g.Af x PP (2.11) 


Multiplying (2 11) by X? and summing for ‘i’ we get, 


kn = k coseo v(x At a) = k cosec g.(X* ‘peat, +qX* z',g)u!8 = k cosec 7.6.gp"p/8, 
whence, : 
pa aine. < : (2.12) 
6,5 p*u/8 PE 


From the two expressions (2.8) and (2.19) for k, we T" the curvature of the normal 
section of the surface for the-direction of the curva. 
hye.g p^ wu!8 
kn = Appu — 2.1 
” [epp u b) — sinp ; R 
where kg, the geodesic curvature of the curve is given by 
- ky d 6,5 p*u'P. 7 
Some other expressions for the curvature of these curves can be obtained from the 
equation (211). ! 
Multiplying the equation (2.11) by Af and summing for ‘i’ we get, 
PP, +kng = 0 (2.14) 
which is the equation of the curve (cf. 1.10). 
8. We shall now find the torsion of these curves, By Frenet’s formula, the 
torsion of a curve is given by, 


df ; 
Lg. 
DER da (8.1) 
Use of (2.8) and (2.5) in (8.1) bos i 
N a (d5 4 get . dp | dp; 
r = cosectp.(* COB 9 T T ung 00 A 
dg dæ ,,_ di e) 
CORY cot p a ds À cosp y 


On dropping vanishing determinants we get, 


T = cosec ro (2 a A oe) -cosp QE- qe 28 )] (8.2) 


ds 


8—1789P— 9 
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By virtue of (1.2), (2.2) and the fact that (Ram Behari and Mishra, 1949) 
“= iss, +v, X? ` 


we got, 

T = cosec?g.e,,[(p' vg — qug) + PglEnp —qp")jweu’é. (8:8) 
Use of (2.9) in (8.8) yields, 

T = cosec*g. [cos 0 cos p.kut e (pr vg — qug)u'* uf]. .(8.4) 


For a congruence formed by normals to the surface of reference, 
T = e,,ugulsulB = e, dg,gr'u'^u'B = rg. 


Thus the torsion of an asymptotic ite is its geodesic torsion (a known result). 
Also 
i = IÉ. | (8.5) 
Using (2'8) and (2.5) in (8.5) we get, 


do (A. dzN drt. dgdz at + 2 dx 6 
- cot E (A COB P Tg +g UB, da C99 Te = r(x cos P -Tz x 3 (8.0) 





Multiplying both sides by A‘ and summing for ‘i’ we get 
pvp, ghn = 0 
which is the equation of tho curve (cf. 1.10). 
Other expressions for the torsion of the curve may be obtamed from the equation 
(3.6) by multiplying it by dA*/ds, d*z*[ds* etc. and summing for ‘i’. 
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HOMOLOGY GROUPS OF A RING—I 
By 
SzE-TSEN Hc* 
(Communicaled by the Seoretary— Received February 8, 1960) 
1. IN1RODUCTION 


Let S be a compact Hausdorff space and C(S) denote the ring of all continuous 
real functions defined on S. According to a result of I. Gelfand and G. E. Shilov 
(1941), the algebraic structure of the ving C(S) determines the space S up -to a homeo- 
morphism. ‘This exciting result raised a natural problem to characterize all the 
topological properties of the space S in terms of the purely algebraic structure of 
the ring C(8), 

The present paper, which 1s the first of a projected series, is concerned with the 
characterization of the homology invariants of the space S by means of those of the 
ring C(8). 

For a given abstract ring R, homology and cohomology theories can be obviously 
defined in various ways. A cohomology theory of rmgs was introduced by G. P. 
Hochschild (1045) and others; however, this was not designed to fulfil our purpose. 
In the present paper, homology groups of a ring R are defined upon the pattern of 
the Alexander-Kolmogoroff-Lefschetz homology groups of a topological space. It is 
proved thai, if the rmg R ıs the rmg C(S) of all continuous real functions defined on 
a compactum S, then the homology groups of E over any topological coefficient. group 
G are isomorphic and homeomorphie with thé corresponding topologized Alexander- 
Kolmogoroff-Lefschetz homology groups of the compactum S. 7 


2. PRELIMINARY ALGEBRAIC CONCEPTS 


Throughout the paper, let E denote n given ring. By a proper right ideal of R, 
we shall understand a right ideal of R which is not the whole ring E. A proper right 
ideal M of E is said to be mazimal if, for every proper right ideal 1 of R,I12M 
implies I c M. The intersection of all max.mal right ideals of R will be called the 
radical of R, denoted by p(R). If the ring R has a left unity element, then the above 
definition is equivalent with that of N. Jacobson (1945). 

A finite set (z,,..., c4) of eloments of R 18 said to be large if it is contained in 
no maximal right ideal of R. 

A pair (u, v) of elements of R is said to be segregated if, for each element 





1 "This work was done under Contract N7-onr-481, Task Order III. Navy Dapartment, The Office of 
Naval Research, U.B.A. The author acknowledges bis gratiude to Professor A. D. Wallace for his 
suggestions and criticisms. 
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z € RN(R), there ıs a maximal right ideal M of R not containing 2 and containing 
at most one of the elements u and v. 


8. ‘THE GROUP OF n-OHAINS 


ROHY will denote the (n 1)-fold cartesian product of E with itself; that is, 
RD = {(a, ..., Zn) l€ R, i=0,..., n]. 
Let G denote a given topological abelian group, called the coefficiont group. 

The group C,(R, G) of n-chains of R over G is defined to be the set cf all functions 
¢:R@+) —> G (with functional addition as the group operation), satisfying the following 
conditions : 

! (8.1). 9 is alternate; i.6., if (ia... tm) 18 a permutation of the n+1 integers 
(0, TET n) then i 
aay e(z,. em) = sn (o Te ug £g) 
pui "T TM te . Mo, se eo ln 
where sgn(P) 1s 1 or —1 according as the permutation P ig even or odd. feds 
. (8.2). $-is largely sero; ie., if (Zo... z,) is a large seb .of R, then 
O(a; . "EM Ln) = 0. Ses . - = x t z 

(8.8). 9 is quasi-additive; i.e., if for a certam fixed index i, the element z;- uv, 

where (u, v) is a-segregated pair, then 

' é(2; oom Ln) = $(2o, eso Fu U, Ties n Ln) + (2o; 0o So Vy Tips ser En). 

. The verification that the set C,(E, G) form ‘an abelian group with funtional addition 
as the group operation is immediate. Po 

A topology can be introduced’ into the group C,(R, G) ag follows. Let U bea 
neighborhood of the zero element in G and A be a finite set of eleinents of R. Let 
us denote by V(A, U) the set of all $ € C,(E, G) such that 9(z, .. 4254) €U whenever 
«;€AÀ for each i —0,...,n. The family {V(A, U)} of all such sets 18 used as a system 
of neighborhoods of the zero element of C,(R, G). i 


4. SOME ELEMENTARY PROPERTIES OF CHAINS 

An element z€R is said io be large if it is contained in no maximal right ideal 

of R. "The following statement 1s an obvious special case of (8.2). 
^D7(K1). Jf sóme element a«,€ R is large, then for each chain p € C,(R, G) we have 

Eltos. -s Layee En) = Q. Pim v 

The above assertion implies the following consequences. 

(4.2), If the ring R has aleft unity element o, then $(z,, -a Ln) = O if some 
‘element x; = 8. à 2 

(4.8). If the ring R has a unity element e, then $(25, . ++ ,2n) = O if some element 
z; has a right inverse. 

B. ‘THE BOUNDARY OPERATION 

To each n-cham ¢ € C4(R, G), (n > 0), let us define the boundary 8$ of ¢ to be the 

function 09 :R™— G as follows: 
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Og(z,, + +) Eni) = 9(0, Zor... 20.) 
for an arbitrary (z,,.. , z4.,) € R9, where 6 denotes the zero element of R. ‘The 
conditions (8.1)—(8.3) are obviously satisfied by 9$; hence 0$ € C4, ,(R, G). Further, 
one can easily varify the following assertion. 
(5.1). The correspondence p — Oe is a continuous homomorphism (into) . 


9 : C,(R, G) > Cn, (R, G). 
The condition (8.1) for ¢ implies immediately the following statement. 


(5.2). 90 — 0; ie., for each chain 9 € C,(R, G), (n == 2), 089 is the zero element 
of Cy_.(R, G). 
6 ‘Tue mowoLoav GnouPs or R 


If n>0, an n-cham $€ C,(R, G) is called an n-cycle of R over G whenever 
õp — O. ‘The set of n-cycles of R over G will be denoted by Z,(R, G). Being the 
kernel of the continuous homomorphism 9, Z,(R, G) 1s a closed subgroup of C,(R, G). 
We define Z,(R, G) = C,(R, G). 

An n-chain ¢€C,(R, G) is called un n-boundary of R over G, if there exists 
an (n+1)-chain y € Cyii(R, G) such that $ = dy. Tho set ot n-boundaries of R over 
G will be denoted by B,(R, G). Being the image of the homomorphism 0, B,(R, G) 
is a subgroup of C,(R, G), but not necessarily closed, 

The following inclusion 1s an immediate consequence of (5.2) and the definition 
of Z,(R, G). 

(0.1) B,(R, G) c Z,(R, G). 


Let B,(R, G) denote the closure of B,(R, G) in C,(R, G) Then B,(R, G) is a 
closed subgroup of C,(R, G) contamed in Z,(R, G) because of the closedness of the 
latter, i.e., 

(6.2). B,(R, G) c Z,(R, G). 

The quotient topological group 

Ha (R, G) = Z,(R, G)/B,(R, G) 
18 defined to be the n-dimensional homology group of R over G. 


7. HOMOLOGY GROUPS OF A TOPOLOGICAL SPAOE 


[n the present paragraph. we shall recall briefly the definition of the Alexander- 
Kolmogoroff homology groups as formulated by S. Lefschetz (1942, p. 282). 

Let S be a topological space. Separation axioms are not assumed. Let L denote 
the set of all closed sets of S.  L*? will denote the (x + 1)-fold cartesian product of L 
with itself; that is, 

Let) = (Ry... Pe) FL, +=0,. ., nh 

Let G denote a given topological Abelian group called the coefficient group. 

The group C,(8, G) of n-chains of S over G ıs defined to be the set of functions 
€:L'+) —> G (with functional addition as the group operation), salisfymg the following 
conditions : 
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(7.13). £is alternate, ; 
(09). E(F,..., Fu) = 0 if the inlersection FN... O Fa ig vacuous, 
(7.8). £is quasi-additive ; i.e., if for a certain fixed index i, the closed set 
F, = PuQ, where P, Q are closed sets of S having no common interior point, then 
é (Fo. Fn) = € (Po, «+ +) Pina, P, Fun. FOSC su Eur Fois o o Fn) 
The topology of C&(S, G) is defined as follows. Let U be a neighborhood of the 
zero element in G and abe a finite set of L. Let W (a, U) denote the set of all 
£€C,(S, G) such that €(Fo... Fy) EU whenever F,€a for each i — 0,...n. The 
family {W(a, U)} of all such sets is used as a system of neighborhoods of the zero 
element of C4(8, G). ` 
For each n>0, the boundary d€ of an n-chain C,(S, G)ıs defined to be the 
function $ : LW — G as follows: 
OE(Fo, «+ +1 Fu) = ECS, Fo... Ful) 
for an arbitrary (Fo, ..-, Fa.) € L(9. Iiiseasi verified that df € Cr,(S, G) and that 
the correspondence € —> O€ 18 a continuous homomorphism : 
9: O4(8, G) —> C,..(8, G). 
The condition (7.1) for f£ imphes that 00 = 0, i.e., for each n-chain € C4(S, G), 
(n œ 2), 80£ is the zero element of C5.,(8, G). f 
For each n>0, let Z4(8, G) denote the kernel of the homomorphism ð in 
C,(8, G). We also define 2,(8, G) = C,(S, G). For each n=O, let B&(S, G) 
= 8Cnii(8, G). Bince 39 = 0, we have 
; BAS, G) c B«(8, G) c Z4(8, G), 
where B4(S, G) denotes the closure of B4(8, G) in C,(8, G). The quotient topological 
group 
H4(8, G) = Z(8. G) | Ba(S, G) 
is called the n-dimensional Alezander-Kolmogoroff-Lefachetz homology group of S over 
G, or simply the n-dimensional AKL homology group of § over G. 
The following theorem was proved by S. Lefschetz (1042, p. 285). 
(7.4. The AKL homology groups o] a normal Hausdorff space S over a coefficient 
group G which 18 compact ora field ae tsomorphic and lromeomorphic with the corres- 
ponding Cech homology groups based on the finite open coverings. 


8. THE MAIN THEOREM j a 


Throughout the remaining of the paper, S will denote a compactum, i.e., a 
eompact metric space. Let R = C(S) be the ring of all continuous real functions defined 
on B. In the sequel, we shall be concerned with the proof of the following theorem, 

(8.1). Theorem. For any topological Abelian group G, the n-dimensional AKL 
homology group H4(B, G) ie isomoiphic and homeomorphic with the n-dimensional 
homology group H,p(R, G) of the ring R = C(S). 

As a consequence of (7.4) and (8.1), we state the following 
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(8.2). Corollary. If the coefficient group G is compact or a field, then the 
homology groups H,(R, G) of the ring R = C(S) are isomorphic and homeomorphic 
with the carresponding Cech hamology groups based on the finite open coverings. 


i : : 9. A FEW AUXILIARY ASSERTIONS 


For each element z of the ring R = O(S), let us denote by Zs the aero set of x, 
i.e., the closed set of S defined by 


Zn = ip€8[z(p) = 0}. 
(9.1). The collection (Z,|z € R} of all zero seis contains all closed sete of S. 


Proofs. Let F be an arbitrarily given.closed set. Define a real valued function 
£ on B by taking : 


z(p) = d(p, F), (p € S), 
where d(p, F) denotes the distance from ptoF. Clearly z€C(8) and F = Z,. Q.E.D. 
For each point a € 8, let us denote by M, the set of elements of C(8) defined by 
M, = {x € C(S) | z(a) = 0j. 
According to Gelfand snd Shilov (1941), M, is a maximal ideal of C(S) and the 
family {Ma |a €85} contams all maximal ideals of C(8), 
(9.2). A finite set (zo, ..., zs) of C(B) is large if and only if the intersection 
N ios, is vacuous. : 


Proof. By definition, (£e, ..., an) is large if and only if there exists no maximal 
ideal of C(8) which contains the finite set (a, ..., zn). Since the family {M,]a ES} 
contains all maximal ideals of C(S), we conclude that (£o ..., Zn) is large if and only 
if there exists no point a € S such that z;(a) = O for each 1—0,...,n. The latter 
condition is equivalent with the condition that f”? zı 18 empty. 

(9.3). A pair (u, v) of elements of C(S) is segregated if and only if Z, and Zy 
have no common interior point. | 

Proof. Necessity. Assume that (u, v) be segregated. Let W be an arbitrary 
non-vacuous open set of S and P = S\W. According to (9.1), there exists an element 
z of C(S) such that Zs =F, Since W is non-vacuous and a € W implies z not € Ma, c 
is not in the radical p(C(S)) of C(S) Hence, by the definition of segregated pairs, 
there exists a maximal ideal M of C(S) which does not contain z and which contains 
at most one of the elements u and v. Since tho family {Me |a € 8] contains all 
maximal ideals of C(S), there isa point p€ S such that M,-— M, znotC€ M, implios 
p not € Zs = F. Hence p € W. -Since My contains at most one of the elements u and 
v, p is contained in at most one of the sets Z, and Z,. Since W is an arbitrary 
non-vacuous open set, Z, and'Z, can have no common interior point. 

Sufficiency. Suppose that Z, and Z, have no common interior point. Let z 
be an arbitrary element of C(S) not in the radical p(C(S) of C(S). The open set 
W = S\Z, is non-vacuous. Since Z, and Z, have no common interior point, there. 
exists a point p € W which belongs to at most one of the sets Zu and Ze. Then the 
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maximal ideal M, of C(S) does not contain z and contains at most one of the elements 
u and v. This prove that (u, v) is segregated and completes the proof. 


| 40. THE HOMEOMORPHIC ISOMORPHISM K 


For an arbitrary n-chain £€ O4(S, G) of the compactum S over G, let us define 
a function $ = x(é): K+) — G by taking f 


$a En) = E (Zan I7 
By means of (0.2) and (9.8), the conditions (8.1)— (8.8) are easy consequences of the 
corresponding conditions (7.1) — (7.8). Hence $ € C4(C(S), G), i.e., 9 is an n-chain of the 
ring C(S) over G. Further, it is also clear that the correspondence £ > «(£) is a group- 
theoretic homomorphism of C,(S, G) into C4(C(S), G). We shall prove the following 
theorem. ' 


(10,1)... The homomorphism x maps C,(S, G) isomorphically and homeomorphically 
onto Ca(C(8), G) and commutes with the boundary homomorphism 0, i.e., Ox = «8 
in the following diagram : 


Ca(S, G) aN C«(C(S), G) 


PM. 
Cr_1(8, G) ——> Cn(C(8), G). 


Proof. First, let us prove that x is onto. Let $ € C4(C(S), G) be an arbitrary 
n-chain of the ring C(S) over G. We shall define an n-chain £ € C4(S, G) as follows: 
Let Fo... Fn be arbitrary n+1 closed sets of S. Since the family (Z;]z € C(S)] 
contains all closed sets of S, there exist elements To, ..., Ln of C(S) such that f 


voe - Fi = Zz, (i= 0,..., ”). 
We define the desired n-chain £ € C«(S, G) by taking 
. E (Po, ..., Fn) = 9 (Zos ..., Zn). 
To justify this definition, let us show that £(F,..., Fn) does not depend on the 
choice of the elements 2$,..., Zn. Suppose, fora fixed index i, we choose an element 
y; € C(B) instead of z, such that F, = Zy,. Let 
: E; = Cl(S\F;). 
Since E, is closed set of S, there exists. an element z;€ C(S) such that E; Z,, 
Since F, and E; have no common interior point, ib follows from (9.3) that both the 
pairs (£, 2;) and (yi, #4) are segregated. Further, as a consequence of S = F, U E; we 
obtain the relation l 
Zii = 0 — Aue 
where 0 denotes the zero element of C(S). By means of the condition (3.8), we deduce 
, that both $ (zy -+ >» Ti ++ Zn) and $ (£o > -e Ys, «+ ., Zn) are equal to i 


2 “¢ (Tos -. . 470, 75083 Ln) = 9 (2, IMPLIED Ln). 


` 


HOMOLOGY ‘GROUPS OF A RING—I 1:29 


Hence we have” l ` 4. : $m 
$ (2, wey Ley wees Zn) ms ¢ (£o, PET Zn). 

This proves that £(F,, ..., Fa) depends only on the n-chain $ and the closed sets 
| RE Fa. By the aid of (9.2) and (9.8), the conditions’ (7.1)—(7.8) for the functions 
€ are easy consequences: of the conditions (8.1)—{3.3) for the n-chain’¢: Hence fis an 
"m-chain of S over G, uniquely determined by $. By the above construction of f and 
the uniqueness argument, it can be easily seen that $ = «(£), Hence the homomorphism 
is onto, 

Next, let us prove that x is an isomorphism. Assume that £€Cna(S, G) be such 
that k(£) = 0. For any n+1 closed sets F,,..., Fn of S, let us choose n+1 elements 
2,,...,€&& of C(S) such that F;=Z,,(i=0,..., n). Then, by definition of the 
homomorphism x, we have 

£(F,, e...) F4) = k (£) (£o, t$) Ln) = 0, 
Hence f£- 0 and « is an isomorphism. 

Now let us prove that « is topological. Let U be an arbitrary neighborhood of 

the zero element in G. Let A be any finite set of elements of C(S), and let 

a={Z,|c€AlcL.. A S 

Let V = V(A, U) and W = W(a, U) be the neighborhoods defined ‘respectively in 
$8 and $7. According to the definition of x, we have x(V)=W. Hence x is 
continuous. On the other hand, let a* be any finite set of closed sets of S. 
For each closed set F €a*. choose an element xp € C(S) such that Zep =F, Let 
a* = {zr|F€a*}. Then A* is a finite set of C(S) Let V* = V(A*, U) and 
W* = W(a*, U). By the sid of the argument used in the proof that x is onto, one 
can easily see that «(W*) = V*. Hence x^ is also continuous. This completes the 
proof that x is a homeomorphic isomorphism of C4(S, G) onto (C4(C(S), G). 

To prove the commutativity of x and @, let us observe for a given mn-chain 

£€C«(8, G), (n > 0): 
Ok £ (T, ett Tn) = « £(0, Zo, M ote 26.4) =. E(S, Ze, ye Za.) 5 
KOE (Tor ..., 29) = DE (Ze,, ..., Za.) = (S, Za, .. Ln). 
Hence Ox = xd. ‘This completes the proof of (10.1). 
(10.2). The homeomorphic isomorphism 
K : C,(8, G) —> C,(C(S), G) l 
maps Z,(8, G) onto Z,(C(S), G) and B,(8, G) onto B,(C(S), G). Therefore, x induccs 
a homeomorphic isomorphism (onto) : 
**; H,(8, G) —> H,(C(8), G). 

Proof. Let £€Z4(8, G), then Oxf= Kð — 0. Hence xf €Z,(C(S), G). Con- 
versely, suppose €€C,(S, G) be such that x€€Z,(C(S), G). Then, «$ = Oxf = 0. 
Since x is an ismorphism, we have 9£ = 0, Hence £ € Z,(S, G). This proves that 

K(Z,{S, G)) = Z4(O(S), G). 
9—1789P—2 
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Next, let € B4(S, G) ‘Then there exists an (n+1)-chain 9€ C,,,(S, G) such 

that £ = 6n. Hence 
KE = Ky = Oxy € B,{C(S), G). 
On the other hand, let £€ C4(8, G) be such that k€€B,(C(S), G) There exists an 
(n+1)-chain 4$€OC4,,(0(8S, G), with kg = Oy. Since x is an isomorphism onto, 
@x «O0 imphes x8 0x7. ‘Shon €= 0j —9Ok y. Hence £€ B,(S, G). This 
proves that 
k«( B4(S, G)) = B,(C'S), G) 


The second part of (10.2) m a trivial consequence of the first part and (10 1). 
It also contains our main theorem (8 1) as a corollary. 


Gisso\ HALL, 
Turaxr UNIVERSITY, 
New Onrrsss 16, LA., U.8.A. 
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TORSION AND FLEXURE OF A BEAM WHOSE CROSS-SECTION 
IS A SECTOR OF A CIRCLE 


By 
D. N. Mitra, Calcutta 


(Recetved April 17, 1950) 


1. In this paper a new function-theoretic method has been used to solve the 
torsion-flexure problem of a beam whose cross-section is a sector of a circle. The 
method 1s an extension of the one developed by Ghosh (1947, 1948) and applied by him 
to the solution of the torsion-flexure problem of beams bounded partly by a straight line. 
Using the conformal representation s = {™, the sector of a circle is transformed into a 
semi-circle and the problem is reduced to the determination of a function, analytic within 
the semi-circle, whose imaginary part vanishes on the bounding diameter and takes up 
given values on the circumference of the semi-circle. This function is continued 
analytically by the principle of reflection, to the lower half of the circle of which the 
semi-circle forms a part. The function is then determined with the help of Schwarz’s 
formula. The results of this paper are in agreement with those given by Stevenson 
(1988). 


TORSION PROBLEM 


2. Let the sector be bounded by r= 1, 6 = 0 and 6 = 28, 28 being the angle of 
the sector. Then, 

l & = off) =O", m= 2ü[n (2.1) 
is the transformation formula which represents conformally the given sector on the upper 
half of the unit circle, with its bounding diameter on the real axis. Let «a, B denote the 
upper and lower semi-circumferences of the unit circle and y, its circumference. The 


imaginary part of the complex torsion function F,(¢) has the values $(t{j™ on the 
boundary. If we choose the function 


G,U) = Faal + tan 28)0™ (2.2) 


(25 Æ 2/2, 81/2), it is singlevalued and analytic within the semicircle and its imaginary 
part takes the value zero on the real axis and the value 


$ 47 C77) + Fi tan 28(U — t7 = X (say) (2 3) 


on the semi-circular boundary «. By Schwarz’s principle of reflection, G,(i) cau be 
continued analytieally to the lower semi-circle so that xf t be the pot on £ corresponding 
to a point & on «, the value of the imagmary part of G,(¢) at the pomt Gis —X. 
Remembering that on B, t = L/t and applying Schwarz’s formula we get, 


> 
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-Sf aE [fe qm) & - f] + ‘ton 28 [aim ie) dt, (2.4) 
QM T Anl). . t-i J, 4nd, tt 7 


FQ) = Mitton 290m È tg z- [0i tan 28) [e i! 


Therefore 


+(1+i tan 28) [i animo firm FC +i ton 28) for Sl (2.5) 
a z - 
a B B 


This result holds for all admissible values of 8 except r/4 and 37/4. The paths of the 
integrals appearing in (2.5) do not pass through any singularity of the integrands. This 
form of the complex torsion function is more general than that given by Love in integral 
form which converges only when 7/28>2. The integrals appearing in (2.5) can be 
evaluated in the form of infinite series leading to known expressions (Stevenson, 1988) 
of the torsion function. The torsional rigidity is given by pN, where (Ghosh 


1947b, p. 108) | 
y ©) aa 2.6 
N, zi (7 Ty'- s% Vay zdy, p ) 
the integration being taken over the area of the sector. Dividing N, into two parta 
E f (a? + y’)dzdy = 48 e) 
R 
and N,,, we can transform N,4 into 
7 1 
No c -iR | [POr f rea erm] (2.8) 
a -1 
Now we have, 1 f 
1 
i |£ prd. gi" = à(1— e^!) (2.9) 
* 1+ 1 
f log tS alerm =a f Gru eo )d ig 
[2] 
JM 0 





"n - qos Fae deca | E afy(s 4-4 (1- (2.10) 


Using (Bromwluch, 1926, p. 522) 


D 


y(x) - 4y) = »(. Ly ace) (2,11) 


Hae 2 cares), eno 


Y, being the Euler's constant. 
Also remembering that on z, the amplitude of t changes from 0 to r and on B, from 
—7 to 0, we get 


where 


TORSION AND FLEXURE OF A BEAM WHOSE CROSS-SECTION ETC. 138 


f Je psc ga £p» = f erai [f wea ter] 
= p eai] uu (EE et: -- J erag] 


1 To, 1 1 
" : dose 
~48 vids Sn- di 9r + 48 ] 





= Brè(1 + et) [ 
T 





» T luce teas] 
PARE (s m4 \3n—48 üscdM 


16e e 9) m 


Proceeding as before, 


7 Md (1 435)-, (1-2) (2.14) 
-1 8 
25 








f Í pm tU 28 Pa sey $ ) (2.15) 
f f E dE e -2 soy (1 +2) (2.16) 
where . 
Va) = 2 i (2.17) 
18 the trigamma function. Hence i 
S Tg HG eB) sl vet (2.18) 


"NM, is continuous when 8 — xr/4 and 3r/4 and can be used for finding the torsional 
rigidity for these values of 8. Taking 9 different from 7/4 and using the expression for 
-N, we can make 9 tend to 7/4 in this expression. A similar procedure can be applied 
- to-the case ô = 87/4. 
8.- The complex torsion finotion where 8 = 7/4 can be obtained in the following 
way. The transformation formula (2.1) now becomes 


z= şt (8.1) 


Gob) = Fo(Q) — 445 + (5/2) log $. (3.2) 
the imaginary part of this function takes the value zero on the real axis in the ¢-plane 


and the value 


Choosing 


4-H(C+ 1/6) —(i/2n){E log C+ (1/6) log) = Y (say) — (3.8) 


on the boundary «. Continuing as before the funetion G,(b) to the lower somi-cirele B 


and using Sehwarz's formula we got 
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Pal ga testo [f | sr t] 
= 54 af (: log t+ Log t) in (8.4) 
[te [oi 
e 


peia 
Therefore 





Now 


RY = lg«i[- {log t+ log t+ ib its g og -)], (3.8) 


This agrees with the result givan by Ghosh (1948b, p. 118). 


FLEXURE PROBLEM 


A. The solution of the flexure problem lies in determining two analytic functions 
whose imaginary parts V, and y, satisfy the following boundary conditions, and in 


determining the co-ordinates of- the centre of flexure. Thus as given by Ghosh 
(19488, p. 77) 


y; = [1 +0) —c6*]y — (1- o)azy c cy? —$(1 + 2c)y? + (L+o)I ji (z—a)sds, (4.1) 
A 
= [ra — (1 o)b?]z —oaz? + (1+o)bay + 3o2* 
“ee uf testen f" (s—zyds (43) 


on the boundary, where a = sin 28/(88) and b = 2 sin*5/ (83) denote tho co-ordinates of 
the C.G. of the area of the cross-section of the beam. Let F,(¢) and F,(t) be complex 
flexure functions whose imaginary parts satisfy boundary conditions © 1) and (4.2) and 
we choose 


a, = BD ia Relate AU a sr euin 


_ (1+ 2c) (gin 68 — 8 sin 28) QU (14-0) sin 28 
12 sin 68 8 sin 68 


GX) = F,() — idea! — (1+ 0)5?] 5^ + gtoa(2—7 tan 28) — (1 +0) bt? 





em (43) 





1 _ {8(cos 28— cos 65) i} 3m 4, (1+0) sin? 23 cos 28 
zu SE + mn an, 
8^l dain 68 | U^ t7 ai 68 yc (d 
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The above functions are analytic within the pounder and their imaginary parts are, 
by (4.1) and (4, 2), easily seen to take up the value zero on the real axis of the ¢-plane. 
The above functions can therefore be analytically continued to the lower semi-circle by 
the principle of reflection. Also we find from (4.1) and (4.3) that the imaginary part of 
G,(Q takes up on the boundary «, the modified boundary value 


— Bob Gem Fam) p SE (mio) C197] qo pm apego» 


, + 2o)(sin 08 —3 sin 28) (qm — prm) uc (1 +o) (F(O-Fü/) 


24 sin 68 
.ü tc) sin 28 3m... (am = 5 
pte) sin 2 (t ) = X, (say) (4.5) 
where (f 
FQ = f ("amalg = t^—am log 71 cae 


and the imaginary part of G,(t) will by (4.2) and (4.4), take up on en boundary a, 
the value 


-— ica(t2 + [m Be 2) eM iib(l +o (gam — tom). + (c /24)(™ + [rm 4, 8c" xat) 
*ii(Lro)biG(0 - Ga JO AO eo) {A+ A(1/0}+ doo (t4 C 
1 


2 ndi: " e 1 _ f8(cos 28— cos 68) ,,, - 
Imom 413 2149415 2m am} a — m. m 
* Ur oos d$ o ans a $* TET 371 8rsemn 68 G oe) 
g "T +M} (1+ zm eo 28 (gm —[73m) = X. (say) (4.7) 
8m 


where 


" l : 
aH) = f zds — mlogt, H(t) = T (a—2fds = ppr- im- mng. (4.8) 
1 1 


Therefore for the point & = 1/¢, on £ the imaginary parts of G, and G, will be respectively 
equal to —X, and —X,. Hence applying Schwarz's formula and using (8.5) we geb 


G$) = 2 log ltt grha(1 +0) log P [forms i-am) =f] 
B 


À 
— ob sin 46 ft pm. im P 4. Qo— 1) sin 28 (tim — 179m) di 
4ni(1-F cos 48) 24ni sin 68 s t-t 


t 


_i(20+8) fom 4m \dt 
S t P (4.9) 


GQ = (cn) nt og LE ambe) log (14-2) p 
m i 


$e [firven este mms f 
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| —i tan 28 fem - i) zu «d i (1+0) -ea] Je" pim) cae 
Y 8 


+ Qo) sin? 28 cos 28 je em) Pt 
Gai sin 68 





p 10) 


The integrals appearing in G,(¢) and G;()) can, 1f necessary, Bs evaluated in ide 
series. The expression for F,(t), F,(¢) are valid for all values of 8 except 7/6, m/4, 


(5.1) 


1/8, 80/4. 
8. We now find the flexural moments in the form given by Ghosh (1948a, p. 79). 
We write 
N,= NiuitNistNis N,= NatNat Nas 
_ where, 


Ny, = fi +o)(z-a}{y—b)-o(y-b)}dzdy 
E 


= f [tcov - ae - ay -b)'}dzdy. 
R 


Ns =- [eme We) dady e 


= -gR [POA 5 [ 7 )d [w(£)o(£)]. 


Ns =f Í (ako W) dzdy = 4 Ra +ib) | J F dtoll} f Fagot} 


We get at once 


2 — cos’ 28) — > pin _¢ " 28-- 2a*b5] 
(14 e) [43 (1 — cos? 28) b( + 16 zm 8 + 2a*b5j 





— c [4!5(8 sin? 8— $ sin? 88) — 3b E -5n 8) +2b°ò], 





sin? 26 c 1 sin 2] 
= A ta = 
Na +e) - -5 + 2 b sin? 28—2ab?8 (i: 16 


+o [en 68 +9 sin 28 -ga( 188 sin 4è) e aae]. 


60 
Bubstituing for F,(¢), F (Å) we find 


Npa -f fe | -1i +oa-ob tan 28} y + ( +o) sin 48 cos 28 2e T zy dzdy 
R 





sin 68 sin 





(5.2) 


(5 3) 


(5.4) 


(5.5) 


(5.6) 


" [fu [a+ o)a*—ob4} {+ o)a~ ob tan jz [EHD sm 4ô cos 28 — , 
R 


2sin68 » 


Los 28 es yn] ite i nf Gta | er. (58) 


NE 3 - sin 68 
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= - f folioa- (1+o)b?}~ca(2x+y tan 28) 
R 


9 sin 48 sin 28 2(1 + c) sin? 28 cos 28 
+(1+o)by+ {eae sam 2 a) = See ay Pigra? 
adr aed sin 68 “ut y sm 66 zy ]dedy 


- f fut- eats nm 
P gt i TN 


_ (1+¢) sin? 28 cos 3 28 (n A " ee 
sin 88 y)|dedy — SR f: Ged] Elm. (9 





Nau = f [at-ta +o)a—cb tan 28]y 
. R 





(1+0) sin 48 cos 28 2c sin? 25 ded Jf: 2 gb? 
+{ sin 68 sin 08 zy ]dedy + [{(1. + o)a?-—ob*} [dod 


—{(1+o)a—ob tan 28] 4It +o) sin 48 cos 28 c sin? ant (x? — y?) ]dady 





2 sin 68 sin 68 
1 —— 
+ Raib) | f G Aa) + / Kouao (5.10) 


Nas = f folioa - (1 cjb?] - ca(2z +y tan 28) + (1+o)by 
R 


w tof? sin 48 sın 28 zy tat y - 20 +o) gin? 28 cos 28. dzdy 5 


sin 68 sin 68 


un "3 
: 2 gin 68 


gin * 28 cos 28 e 


x ~ (1+ 0) EE 2300928 (gi — j5] dady  4R(G + ib) | f a (QA) 


i (Qt «e (51) 


The first two integrals of each of (5.8), (5.9), (5.10), (5.11) ean be rey very 
easily and we proceed to evaluate the line integrals in the two following sections. 


6. Let us denote 1 T 
dt i Í dt i : 

m frm = im ; 

p.) J t-t q«() E 


i t 
w= fm e «(gu f emit r= 1,2,8. (6) 
! DE" * os x B B 
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Proceeding exactly as in §2, we get, 


f (pa [gm = 1e?) +m) V 2/2) (0.2) 

falea gpm = 20 79 +m) -y 318 6.) 
E 

f stoai£ Pm e -41o tui em) $12) (6.4) 
f i 

i Dati" o at +68) YG +m) YG 43/0} (6.5) 
Li 

J stand gpm = ateta em) - 4 om] = de e) tan 28 6.8) 
-1 

f ocd |£ f = mL etu (4 +m) (6.7) 
-1 

f aoa jem = gn (1 +674) tan 28 (6.8) 

lA. 

f Oiler = — metuo m) (6.9) 
-1 

f »paietn = demi em 88/0) (810) 
-1 

[asd £ Pm = 20-46-94 ii|) cu em (6,11) 
-1 - 

f os [eem a(-y ae m) - 4 93/8 (6.12 
-1 

J said jg = —2(1 +68) ethic id em (6.18) 
-1 

whence, 


fU emitir f ionem 

ca: = fi sin [44 +m) - 5/5) 4 5/2]. (614 
ft [fes ÉD >j] ajg m f ipia- (toja lgl 

= (1+ 00828) [44+ m) - d 5] -A +8/n)] (6-18) 


3 : [1 | fer- BET) zu d | £p = f {piat u4)— (q; +v,)}d|&|?™ 
f = Bi sin d[m Y+ m) 3 lan 28]. (6.16) 
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f [fermi pu Na [pa + qa) — (ta + vajd | £ p» 


= Lon * cos 46) | mj! (3 + m) -- à« tan 28] (6.17) 


f [/ (mim E argen = i {(ps + ua) — (da +vs)}d £P 
= 2i sin 68 [244 + 88/7) — -$Y +m) —34(3—88/2)] (6.18) 
f [fere i-p f]ute- f testa- (uy 4 v,)d | £ [7 


= 2(1-- cos 68)[ 2 (3 + 88/2) — —$(4+m) )— 3y (4—88/7)]. (6.19) 
Also 


1 
f 0g 1+ 694) g™ = ya+m) ya). (6.20) 
-1 
Using these results, we get 


3 2a? sin? §_ sin? 38__ sin? § 
N,, = (1t o)[1a sin? 28 — geo? ee Sp 
£823 (JG + 8/n) HRU +38/n) - 8 +m) —24(9)}] o [35 sin 48 


+ Bit Su D sin 99. Binta D imp im) - oy +m) 29] 


+ 502 (- MG e93/5) 3G 3/5) + V+ ml]. (6.21) 





= (L+ c) [35? sin 28— 3b sin? 35-5500 ain 28 


EE gy +88 /n) 8G em) «2599? ug e m) - BULA 317) 9401] 





te[ — 3o! sin 28+ ja sin 48 B 87:29. CÈ VG Em) (a/a) +m) -4()) 


+2908"? BYA 95/5) SJ m) 54 +3/n)}]. (6.22) 


7. We proceed to evaluate the last integral in each of (5.10) and (5.11) and 
thence find out N,, and N,,. We find the following : 





JOa = ae [ Se smi uq-uosSriva-u2] ra) 
1 

[52819 = z sm a [823 +2 oos s] e =- f condi (7.2) 

a à =] 
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[u0 =- [eo papaj pa ajay] am (18) 
[Raan = eS = -J pÐ) A) 
feos Ddi = 2 255| -Si pine QUE eo ug + 8/2) ame ya-3]s) |e 6-28 i 55 
[ 02:8 = ~208 [2072 ost Past vos] (7.8) 


-1 


[Qoae = ron [38 98 , 2005300829 4 3/5) 4 — m 

+ Bain Bein 28 ga-ap-gü-my]| (7.7) 
Jadol = eo [Bein 88 _ 200850082? 4/4 3/5) ylh +m) 

—2sin Bein 2 ga.m)-4ü-3/9)] (7.8) 
[s Qae10 = co [635m 28.2 008 3 008 2954 — 5/5) 4 — mj 


JA 
+2sin Bin 3 iy a yq wy] (r9 





[sao = fre? k sin L 28 _ 2 cos S oce Bug +m) — (a —8[n)] 


 2sin iue 28 51 +m) -4a-3/)] (7.10) 





1 Bnd, . ; 
f pdo = gen [= oe sin 28 , 20s ecos Besa + 3/5) (4 —m)) 
X44 : 4 T 


42s Sein Shy + 8/m)—-y(1 -m)}] (111) 





EP | TAA FOE l 
f asl€)do(G) = ato [=R sin 28 2 c08 eon 39a 4m) gg aj 
-1 


menm fj m) - y+ roi] ' (7.12) 
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fo u (Edo) = bre- a [= “Sin sn 20 Zeon? eos 23 8/7) ym) : 


295 9n? Wy +3/n)—y(1—m)j] (718) 


1 P 
f lode "— [emcee 2 cos è LENTO T V -3/2)) 
-1 





+ Zein Sein ® ur g m)ga] (7.14) 


Jrs@au(s/y = prore [Lim sim 82,2 cosè cos 88 a 5/5) ua —88/)} 
+ Zein’ sin 9 uaa —yd—88/n)}] (rs) 


fait = dew [Sin CUN B oos 88g conj) Wa 


Homi sind fY(1+38/n) —y(1— a/n)}| (7.16) 


f us(Qdw(1/1) = gre- pea — 2.008 con 8è (V 8/2) —¥(4 — 88/2] 


4282 1523 ua a/a) - y -88/5] (7.17) 





i [asa - js ei [f sin a 85 _2 cos ô cos 38 i (7488/2) Y} 8 jn) 


T (7.18) 





[ noii = ise [= Sin Sem 8, 2008 è 008 88 uq iai) Và —83/2)] 


+ Bein isin 88 YG a) yas] (7.19) 


1 , . 
| ade) = natn | 588703 eon oos 99 qas] — uq + 8/0} 
} 





Aen Sein Pi + 85/x) «(1 + 5/2) | (7.20) 
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Jan = roste [ Sin Ssin 98 2053 008 99g o1) —y(4—B8/a 
-1 


Zein sim BS ua ary ya esppj] (7-21) 


1 E 
[| (8596) = -pros [Fim ninae L2 eoe 008 28 Uu + 88/5) - uq + 8/0} 
-1 


+ Zein 6 sin 3? ya 35) — e] ey] (7.22) 


estf [femen fis ia 


= drr gin ô cos ô[sin 8+8 sec] (7.23) 


nerinl f eee Ey [jeans ft as] 


= 47r cos? ô[sin 8+ êsec 8] (7.24) 


REE fl fer pm) d geo. fi Ws] 


= 4nr cos ô sin 28 cos 28 [4 tan 28-3 tan 8]  [7.25) 


, 1 — 
R (a+ ib) | A / (pim 4. gom) fu J aot f i ax] 


= 4nr cos § cos? 26[$ tan 25—3 tan 8] (7.20) 


a f f (pm 2m) mt de j0* i í ya] 


= sr cos ô sin 85 cos 88[8 tan 38—tan 5] (7.27) 


R (a+ itv] f f (mim) dE y Esas is í ida] 


= nr cos 6 cos? 38[8 tan 88—tan 8] (7.28) 





and also 
R(a +ib) J log 1H a(t) = — 9r cos 8 [V -819 -4Q)] (7.29) 
2 1-6 
1 x 
R(a +ib) ie logy S dolé) = 2r cos 8[ ¥(4 +8/n) —W(4)] (7.80) 
R(a + ib) i log (1+ Dd((-™) = r cos 3[4(4) -¥G—3/n)] (7.81) 


Raib) f log (1+ £)do(£) = r cos 8[¥($ + 8/7) —(3)], where r = |a+ib | (7.82) 
-1 
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We then get 
Nis = (1 +0)[ $a in*8(8 cos*S — 8) —a°b3 + 3 sin*] +0[ 9b? sin?8 + Pam 4è —] sin*à], (7.38) 


Ns = (1 +0) [ab*8— à sin 95, Lein 28sin 49 , a sin 68 , 9b cos? °] 








16 32 16 
+o[ -4a sin 28-4 sin 25 +2810 £] (7.84) 
Hence, 
T 
N, = (1. o)[ 9273. .5 sin 28 , sin 284 (515) S4( +m) 











15 4 T : 
* 14 + 85/7) —29(4)}] + o [3 sin? 5 + (b/2s)|m/(8 + m) -29(8 +m) + 29(8)] 


+ m 2 {- Wa + 88/2) -i( + 8/1) +Y m m)t], (7.85) 


N, = (1 +o) [ER tha sm 25909 3 (yd + 85/n) - S9 + m) 





199 +a) -99()]] + of — 9229 — (aj) Gj A m) 483 m) + D] 





10 
+2088 Y+ 88/0) — PVG em) $4 8/0] (7.86) 
These values of the flexural couples are valid for the exceptional values m/0, 7/4, 


7/8, 34. 

8. It remains to find the co-ordinates of the centre of flexure. zy, the z-coordinate 
of the centre of flexure referred to parallel axes through the C.G. is given by Ghosh 
(1947a, p. 7) 





I4N;—nsN, . 
+o] E) (9.1) 


and since the cross-section is symmetrical about the bisector of the angle 28 between the 
bounding radii, the centre of flexure is on the bisector at a distance ry from the centre 


Tr = 





given by 
7; = (a + zy) sec 8 (0.2) 
where, referred to parallel axes through the C.G., 
bz f f Paie pni gaa (9.3) 
la- | [veo = } sin? 26 — ôab (9.4) 


1, = f [ ydedy = 18-22 - e (9.5) 


144 D. N. MITRÀ 


integrals being taken over the area o the cross-section. From (7.85), (7.86) and (9.1) 
we gel. | : s : 


1(1--0)(23— sin 28)zy = (1--c)[ (3a - gg) sin 25-2208 WA 3/s) 


- BG + 28/1) + py 88/2) - B9QJ] + of -psm 8 cos 3 2999 Ff pu + 83/n) 


+W + 28/2) — $98 + 8/m)} — (aj )(9/2)V/(3 + 28/2) — (à 29/2) - 9(3))] (9.8) 


In conclusion I express my gratefulness to Dr. 8. Ghosh for his helpful suggestions 
all throughout the work. 
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LINEARIZED TRANS-SONIC CONICAL FLOWS 


By 
M. Ray, Agra 


(Received June 2, 1950) 


Summary. The problem of flow of a compressible liquid past a cone with axis 
in the direction of the undisturbed stream has been solved by direct integration of the 
linearized equation both for super-sonic and for sub-sonic flows. This has been possible 
by means of substitutions suitable for conical boundaries. The pressure-coefficient in 
both the cases has been tabulated for different values of the angle of the cone and 
of the Mach number. 


1. Formulation. The problem of the flow of a compressible liquid -around a body 
of revolution has been solved on the assumption of the existence of a potential function 
which satisfies a linearized differential equation. For a cone with axis parallel to the 
undisturbed flow, take the z-axis along the axis of the cone and the y-axis normal to the 
z-axis m the meridian plane in the direction of the radius of every circular cross-section 
of the cone. If V be the velocity of the undisturbed stream in the direction of z-axis, 
the velocity potential function ¢ satisfies the differential equation, 


o xm Op 
M? $4208, . 
DUC E: (1) 
where M = v/a is the Mach number of the undisturbed stream and a the local speed 
of sound. 
The components of velocity are 


Ox 
and (2) 
0$ 9e. 
Oy oy J 
when ¢, is the potential function which defines the variation of the flow generated by the 
presence of the body. 
Evidently p, also satisfies the equation 


2) ($1,199, 185. 
(1M?) 8 Meg ope (8) 
The problem has been solved (Antonio Ferri, 1949) from the potential of a source 
(or smk) distribution along the axis of the body, the distribution depending on the shape 
of the body. In this paper, the problem has been solved by direct intégration of the 
equation (8), by means of substitutions suitable to a conical body. 
Take the origin at the vertex of the cone go that at-any point on the surface of the 
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cone y/z = constant = tan «, where « is the semi-vertical angle of the cone. Since 
the flow must graze the surface of the cone, the boundary-condition is 


~'v 


V+u 





= constant, when Z = constant. 


Thus we will have to find a solution of (8) such that (St) /(7 +32) must be 


constant when y/z = constant Since V is constant, this is possible only when both 
66, /€z and 09,/0y are functions of y/z. 
This is satisfied if we take 
$i = 2f(n), Nc 
- where 
q = A(z/y), (5) 
A being a constant. 


9. Super-sonic flow. For super-sonic flow, M>1, so putting B? = M*—1, the 
equation (3) becomes 





B'e, =F 1.3, (6) 


With the substitutions (4) and (5), the equation (6) becomes 

APB nf" +2f) = vf e mf, 
where dashes denote differentiations with -respect to 7. Taking A=1/B so that 
9 = «/By, we get ` 


nf" + 2f = of" tmv. (7) 

This equation can be at once integrated and the solution 18 

—1)t 
flan [cosh-ty— 87 1) | (8) 
M 7" 
where K is a constant, go that 

--x[ a= (e Boy]. i 9 
$ =—K [cosh z = et Bh) (9) 


This is exactly the solution as obtained by the method of source-distribution 
(Antonio Ferri, 1949). : i 


The boundary-condition then gives 
E vine (10) 


V — (eot? x— B?) + tan « cosh"!(cot alB) 





In order that K may bə real, cot « must be greater than B. 
8. Sub-sonic flow: For, sub-sonie flow, M< 1 so putting B* — 1—M', the 
equation (8) becomes 


a, ? 1 
peti 0$, 1906.9 11 
on ^ y By: (11) 
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With the substitutions (4) and (5), the equation (11) becomes 
Z af * 9f +f" +f’ = 0, 
where y = «/ By. us 


'The solution of this equation 1s 


fo-K [sinnn au] 


so that 
¢, = — K[z sinh? (z/ By) - (£? + B*y’)*]. 


The boundary-condition gives 


K ^ tan« 


V (cot? a+ B?) :-tan & sinh ^ (col a] B) 
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(12) 


(18) 


(14) 


(15) 


The case M = 0 or B = 1 corresponds to the incompressible potential flow. ‘Then 


$, = —K[z sinh^*(z/ y) — (z* + y*)*], 


which satisfies the Laplace's equation. 


(16) 


4. Pressure-ooefflolent. With the hypothesis of small disturbance for which the 


linearized equation is true, the pressure-coefficient 1s given by 























8—1789P—8 


(17) 
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For super-sonic flow, 





= E cosh^! g =p (18) 


where K/V is given by (10), and for sub-sonie flow, 
= 2K sinh"! cot æ (19) 





where K/V is given by (15). 
The values of cy for different values of M and of «, given in Table 1. 


For super-sonie flows, the pressure-coefficient increases as the angle of the cone 


increases but decreases as M increases. For sub-sonic flows, the pressure coefficient 


inereases when either the angle or M increases. 


Agni COoLLEGR, AGRA 
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A TEST FOR THE CONVERGENCE OF A FOURIER SERIES 


By 
B. ManaParna, Cuttack, India 


(Communicated by the Secretary —Receied April 24, 1950) 


1. The object of the present note is to prove a criterion for the convergence of 
a Fourier series. With the usual simplifications, which do not take away the 
generality of the problem, we- assume f(t) to be even, periodic and inlegrable-L in 
(~x, 7) and f(0) = 0 and we also assume that A, = 0, and 


* d $4. T (1.1) 


where 9 f B ] 
dy = 2 f f(t) cos nt dt (1.2) 
T 
0 . 


It is sufficient to study the convergence of (1.1) 
abt = 0, 1.6. of S ay, 
T 


Hardy & Littlewood (Hardy and Littlewood, 1982; Zygmund, 1985) proved the 
following ; 
Theorem A. If 


(i) f(t) =0 [os 2 and (ii) an = O(n-?) 


for some positive 8, then* > a, = 0. 
Our object is to prove the following : 


Theorem 1. If : 
(9 f(t) 2o {fios log Iy? and (ii) a, = O flog’ 


for some positive A however large, then > an = 0. 

In Theorem A, the emphasis 1s on small 8, where as in Theorem 1, the emphasis 
is on large A. 

2. Definition:—Let A(w) be a continuous function steadily increasing to co. 
Then È a, is said to be summable (R, A(w), k), where k > 0 to sum 5, if 


> {A(w) -A(n)¥ an — S as v — co. pa (Q1) 


Pm US 
RP zs 





* X stands for E 
1 
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In order to prove Theorem 1, we first prove the following: 


Theorem 1.1. If hiss (ie ity y" 


then >, a, is summable (R, exp (log »)^, 1) to sum o, where A 18 any positive number. 
By (2.1) € a, 18 summable (E, exp (log e)^, 1) to sum O, if 


FENP E: d " 
exp (log »)^ fe (log e)^ —exp (log n)4} a4 > 0 as w > € (2 2) 


This is equivalent to proving 


JID go, at 0080-0 (2-8) 
0 
where 1 
glo, t) = aura (log wj — exp (log n)4} cos nt d 


3. We now obtain the following in equal:lies for g(w t) which will be used in 
course of the proof of Theorem 1.1. 


glw, t) = O (w) (8.1) 
g(w, t) = 0 (t) (8.2) 
glo, t) = o (fe e ) (8.8) 


Proof of (8.1). 


1 
Ig | Sm (bee) {exp (log u)^ 2 1 2 exp (log n)^] 


1 
von ee OG. 


Proof of (8 2). 


Iglo, t) | fexp (log v)^ — exp (log 1)4}| > cos nt|, where m = [w]. 


exp (log w)4 


a (exp (log j^ — Ua — = (t). 


- NT 


EU 
exp (log w) 
Proof of (8.8). 
By partial summation, we have 


S {exp (log «)^ — exp (log n) ^] cos nt 
1 


=> [fexp (log w)4 — exp (log n) 4} — fexp (log w) — exp (log n+1)4}] 5 eog nt 


+f > cos nt} {exp (log w)4—exp (log m) 4} 
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-iô T T 
2sm4t < 4 (og n+ 6) .exp (log n+ 6)^l sin (n+ t 


m—1 = m = 
+4 2 {exp (log n + 1)^ — exp (log n)4}+{> cos nt} {exp (log m+1)+ 
L 


—exp (log m)44, (m «o xz m41,0 «0 « 1) 
2 o(^ (log u)3-! £9 exp (log w)s)+ O (exp (log o) >) + of (log «)577 451 oxp (log 44) 
to 


Hence 


gw, ij o(5 (log w)>7! ri) 
w 
$ d 
4. Proof of Theorem 1.1. We are to prove that 


im fit )g(w, t) dt = o(1) as w > œ. 


=f f 
A "E 


where A, and y wi n be dohncd presently. 
Given £, there 18 an 7, such that 


Write "(log ^ 


+f =J,+d,+d,+d,, 


j(t) |<< (log log 1) toro ctn 








Also choose 7 > (log w)*/w. 
By (3.1)* 
|J, j «& k.e. ji o dt = ke (4:1) 
0 
By (8.2) 
"(log a) 3i 
QU de. 
MISERAT. log log 1/t 
«7! (log o^ 
M nel f — d(log iu] < ke. A, log log w 
Dus log log (1/t) log (log o — A, log log w) 
Hence [Ja] X keA, (4.2) 
By (8.8) 
|J, [< ke f (log 9^7! dt 
3 2 
w(loge)A, — : 
_ (log | w -1] keit A A-1 
VU o' Logs)? q TRUE: m 





* k stands for a constant independent of œ and t and 1s not necessaiily the same at each occurence 
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Using (8.8) again, we have t 
|J. <k Cog f. LOL a, y lon a 4 
[m es 


Thus J, = o(1) as w — œ (4.4) 
Finally by (4.1), (4.2), (4.8) and (4.4) J = (1), which completes the proof of 
Theorem 1.1. 
8. Combining Theorem 1.1 with the case A(w) = exp (log w)4 , 
k = 1, of Theorem B (Hardy and Riesz, 1914), below, Theorem 1 follows. 
Theorem B. If 


(i) © an is eummable (R, A, k), k>0, and (ii) a, = 0 [a] 


then È an i8 convergent. 
6. Concluding Remarks. If the hypothesis of Theorem 1.1 be replaced by 
f(t) = Oflog log 1/t)-*} 
we can stil prove that J = o(l), provided that we choose A < 1+A,, where A, is 
arbitrarily small. 


We thus have the following : 
Theorem 2. If 


() f(t} = O Izam and (u) a, = 0 [Cst] 
for every positive 8, then Da, = 0. 

I must thank Dr. R. Mohanty, for his valuable help and guidance in the preparation 
of this note, 
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X A in the following steps stands for the value of the integral l Li dt which certainly exists for a 
3 


fixed y. 


ON THE LIMITING LINES IN INVISCID ROTATIONAL AND 
VISCOUS FLOWS 


BY 
M. Z. KnzvwosnLocxi, Illinois, U. S. A. 


(Communicated by Prof. B. R Seth —Recewed March 17, 1960) 


Introduction 


The problem of limiting lines in plane, axially symmetric and even three- 
dimensional inviscid flow was attacked and solved by several authors (some of them are 
cited at the end of the paper, 2, 12, 14, 15, 16 17) In the present paper an attempt 18 
Presented to solve the problem of the existence or non-existence of a limiting line in a 
viscous fluid. The attack is based on the extended Tollmien's theory, The considera- 
tions, given below, refer parallelly to an inviscid rotational and io a viscous flow. It 
will be shown that under certain conditions less restrictive for an inviscid fluid and 
more restrictive for a viscous fluid, both types of flow may be treated simultaneously. 
The author did not attempt to present the way of construction of the solution and 
of the intermediary items (like characteristics, Mach lines, limiting lines, etc.). Only 
the proof concerning the existence theorem will be presented. ‘This approach in the 
case of a viscous fluid enables one to use the characteristics of the reduced order equation 
(second order) instead of the singularities of the original equation (third order), Thus, 
although one is not able to find the singularities ın a viscous fluid vector field of flow, 
one may extend the considerations referring to a hmiting line to this type of flow. A 
brief representation of the hypothesis of a shock in viscous gases closes the paper. 


I. General Laws and Basic Equations 


L1. The Equation of Motion. For a viscous fluid the equation of motion is: 


a = V, + grad QY*) - V x o = v^ (F — grad p +P), (1) 
where F denotes the external forces, c the eurlV, o the density, P the forces due to 
viscosity. ‘Ihe effect of the gravitation on the compressibility phenomena may be 
included into the value for the external forces — Itis possible to transform equation (1) 
into other forms. The specific enthalpy “h” is defined by 


h = U+o7p = Jep, (2) 
where U = Je,T denotes the specific internal energy. The specific entropy “8” is 
defined by the relation 


JTdS = dU « pd(g^') = dh=g"dp, (8) 


or he = - d 
JTdS = grad h—g™ grad p. (Ba) 
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By means of equation (8a) equation (1) may be put into the form: 


j > = DEP) gradh +J? grad S. (4) 
Applying the notion of ‘‘stagnation enthalpy”, that is h, = h+4¥?, one obtains from (4): 
V; ox Y = o7W(F +P)+JT grad S—grad h, = A. (5) 


- For a steady flow (V; = 0) equation (5) is the ''vortex equation”. Differentiating the 
equation of ‘‘stagnation enthalpy’’ with respect to time, keepmg in mind that 


dpjdt = pet V- grad p, and using equation (8) one obtains: 


dh, i (2) 6 
ens )ee p.t V- [z^ grad p+ T) (6) 


Replacing the expression inside the bracket of the last term by a value obtained from 
equation (1) one obtains (in accordance with Ref. 18 for p = 0): 


n = JT (48 Jdt) - ^ p, + Y- [£*(F + P]. (6a) 


I.2. Equations of Continuity and State 


&,-div(eV) = 0, or divY = (—e7) (2). . (7) 
p = Re’. (8) 
1.8. Equation of Energy. Equation of energy may be written in the form: 
JceDT +p div Y — J div (k grad T) + b, (9) 
DT = dTjdt = T, V. grad T, (Ga) 


where ‘‘k’’ denotes the coefficient of heat conductivity and © is the dissipation function. 
, Using the second of equations (7) and substituting x = —p(d;dt)(o?), one may 
* transform equation (9) into the form: 
e[Jc,DT + p(d[dt)(g)] = J div (k grad T) +. (9b) 
Setting dU — Jc,dT into equation (8), one gets from equation (9b): l 


Jo? ($) = J div (k grad T)4+®, (10) 


The scalar product of equation (5) by Z in the caso of a steady flow gives 
VY-A=0, (11) 

which means that the vector A is perpendicular to W (or to a stream-line). 
In case of a compressible, inviscid, isentropic, rotational flow, one has to ee 


in the equations derived above P= k.=-@=0, Various vortex theorems are cited in 
[6, 18, 18]. : E» 


I.4. Density. As is Boe fom the theory of iind. the effect of viscosity and 
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heat conductivity on the velocity of sound in a real gas may be neglected up to the 
first order of a quantity which includes the wave length (8, 9). Hence the local velocity 
of sound is the same as if the adiabatic flow conditions were "preserved. One may write 

Vi = dpjdg = ype = yRT, (12) 
where V, denotes the sound velocily, and y the ratio of specific heats. Dividing 
equation (8) by T, setting U = Jc,dT, and then using the concept of stagnation enthalpy 


jointly with equation (2) one obtains the formula for the density (it differs from that in 
Ref. 18): 


e = e f (T/T = of jV i) = e f^ Eh -3V*]o-9(Je,T,)0-2, — (13) 
f = f(S) = exp J(S- 8) R7], 
the constant of integration being determined from the conventional initial conditions 
of reat (Po, o, Tos So, Vso) and being equal to JS, — R(y — 1)! log [p(Rg,)"]. 

In order to operate with dimensionless quantities, introduce the notion of a limiting 
velocity V; which will be defined as the velocity of expansion into a vacuum in isentropio 
conditions : 

477 = yy - 1)" p. fe.) x JoyT,. (14) 
The following dimensionless quantities are introduced : . 
V/V; =q, el 0 = 9, h/V; = ha, T) T, = T, V, Vi = C, 
l PIPo=P, (JopT)/Vi= i, T = o/o. 
The coordinates also are assumed to be dimensionless The temperature T, may vary in 
the domain of the flow (non-iso-energetic gas). 
L8. Vortex Theorem. ‘The dimensionless density is of the form: 


e = f (BUS. pg] = f (oo lon, (15) 


e= FTU- (15a) 


or 


with h[(Vi) = 4T. 

Equation (5) for a steady flow may be written in a dimensionless form: 

xq = ge`!(F +P -grad p) —grad (àq?), ` . (16) 

where F and P are dimensionless. 

Assume that the functions f and T are certain functions of a stream function y and 
position, 1.6., f = f(y, æ, y) and T = T(J, æ, y). Hence grad p = grad (RoT), or 
grad p = Bj - f? Tio (f, grad y + grad j) + [y/ (y 1 ]f-'TH0-Y (Ty grad Vt grad T), (17) 
and 
pou E pe Rif Ts grad Y+ grad f) + [y/(y- U] (Ty grad ¥+grad T). — (17a) 

ence 


o xq =o (F+P)+ RÍf^ Tlf, grad Y + grad f) 
nii Y - 17 (y grad V + grad T)} — grad (347). (18) - 
4—1789P—8 


156 s M. Z. KRZYWOBLOCKI 


This equation appears to be now. One may assume that it contains the most generalized 
form of Bjerknes’ vortex theorem for the viscous flows, and represents an- extension of 
Tollmien’s theorem (46, Brown, p. 8). : 


IJ. Two-Dimensional Steady Flow without the External Forces 


II.4. Stream-Function Equation, In this case q = q(u, v). u = q cos 0, v = qsin 6, 
and the continuity equation is 


(uo)s + (vo), = 0. (19) 
Introducing the notion of a stream function Y one obtains from equation (19): 
yes [grad y = ang. (20) 
Similarly : 
vju = tang =—Yo/py, ub. tv), = 0. (20a) 


Differentiate v = —0"' partially with respect to æ, u = gy, partially with respect to y 
and subtract the latter from the first, which gives: 
O(Vz— Uy) = (ugy— voz) — (Jas + Pyy): (21) 
Take gradients on both (extreme) sides of equation (20), represent gradients as the sum 
of two vectors (i.e., grad q = 1g, ]qgy, multiply the result vectorially by q = lujo - 
and take the scalar of the final vector (which is in k direction). This gives: 
q* (ug, — ves) + qe(ugy — vq) = u*jy, — 2uv lay + v Jas. (22) 
In equation (8) replace all the quantities by dimensionless ones, the faotor dp by 
(dp/de)de and the ratio dpjde by c*. Calculate from that relation the differential de, 
which may be used to find the values of o; and ey. After a few transformations obtain: 
0qds = ehoia— HOT Cp Sz — C7 ey x: 4, — c' es, f (23) 
eggy = hory — deTes By — coy = A, — coy. 
Denote by s the running coordinate along a streamline, by n the normal to a streamline. 
.. Since along 8 streamline Y) = const., grad V is directed perpendicularly to a streamline, 
and one has from equation (20) : 
dy/[dn = qe. © QM) 
By taking absolute values on both sides of equation (5) and keeping m mind that the: 
vector A has no component along a-streamline one gets the following result after 
division by equation (24) (with dimensionless quantities) : 
w = 95—u, = e[ Tc, (48/dy — (dho, /dy)] + län] dy), (25) 
where the symbol £ represents the sum of all the terms due to viscosity. 
Insert equation (23) into equation (22). Put the resultant equation into equation 
(21) multiplied by (g*—c?). Using equation (25) one obtains in the final result the 
stream-function equation : : 
(c? — u*) je, — 2uvie, + (c! —v*)), = $C (26) 
C, = (7 -oko C, Ai, C, =—Ayv, (26a) 
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IL2. ‘Generalized’ Potentia] Equation. ‘The concept of a function analogous 
to the velocity potential in a potential flow will be introduced. Namely, the equation 
V_a—Uy =w, where w denotes vorticity, is fulfilled if one puts u = +g, v = B+; 
where the funolion g is defined by the partial differential equation of the form g,— Jy = v, 
with the condition that for an irrotational flow (o = 0) the trivial solution of the 
remaining homogeneous equation, i.e., g = 0 must be assumed Inserting the values 
for u and v, and the values for o; and ey, calculated in II.1., into the continuity equation 
div (eq) — 0 with dimensionless quantities one obtains the "generalized" potential 
equation : " 

(c* —U?) Dan — 2uvd,, + (c* — 0°) Dy = gabe + (Je + gy) Pay + gos +APa+B®,—C. (27) 
The used symbols denote : 

A = (89. gy)g 4,0, B = (gs +Bgy)g— 4,07, 


C = (0—29?) ga + gy) + a7 g(4, + 43). (278) 


III. Hodograph Transformations 


IILI. : Inviscid, Isentropic, Rotational Flow. In this case one has from equations 
(6a) and (10) along a streamline with S = S(s, t) and h, = h,(s, t): 
his = 8,20. 
Hence both the entropy and the stagnation enthalpy are constant along each streamline. 
The velocity of sound 1s given by the formula P? = 4-17- V?) and ho, is equal to 
iin the entire domain. Following Crocco, in this case one may easily derive the 
so-called ‘‘modified’’ continuity equation in the form: 


div [q(1—g?)"@-D] = 0, (28) 

which is equivalent to the original one. Similarly the ‘‘modified’’ density has the form: 
0, = (1— 9*)/670, (28a) 

Equation (28a) leads to the expression @,49s = —c^e,s, which must be used instead of 


equation (23) ın the derivation of the stream-function equation. Transforming the term 
iTe," into the expression J (y-1)(1—4*)9yR)? and using equation (28a) one obtains 
on the right hand side of (26) the term (q* —c*)(1 — q*)rtu/G-)f, f= fy) = J (y—1)(2yR)-* 
x (48|dy). This is exactly Crocco’s equation [8] which although derived by Crocco primarily 
for a rotational flow of uniform stagnation enthalpy is valid for a rotational flow having 
non-uniform stagnation enthalpy if dimensionless quantities with respect to V; are used 
as shown by Prim [11]. Hence the quantities h, and S may vary from streamline to 
streamline (non-iso-energetic or non-homentopie flow). The quantity h,, is equal to 
$ because h, = 4V? and hy Y} = i. The ''generalized"' potential equation will be also 
simplilled. The application of the ''modi&ed"' density leads to a modification of the 
coefficients A, B, and C in equation (27). The second term in each of these 
three coefficients is.equal to zero. This may be easily verified by means of equation (28a). 
For an irrotatiqnal flow equation (27) transforms into the well-known potential equation. 
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To solve the equation gz—gy = w, lel it remember that the quantity w 1s equal tc 
(see Crocco, Tollmien and others) : 


w = (y). — g*ylo-n(8/ dy) [log f(9)] = w[a(z, y), f(x, ¥))]. 
M i i 
\ A solution of this equation by means of elementary methods is: 


f(c,, 0) 90, ety =c, 


g- L[ fotos mdz- folen vey] = os 


g=atyt ife. z)dz — I yay]. 


or 


Thus it is obvious that in the case of an inviscid, isentropic, rotational flow the right- 
hand sides of equations (26) and (27) are functions of Be, Dy, q(x, y), f(J), only (the 
derivatives gs and gy are functions of o). 


IIL.9. Viscous Flow. A vector field of flow of a viscous fluid may be considered 
to be composed of a velocity potential vector field and a superimposed perturbation 
velocity vector field. The latter field is due to viscous stresses, external forces, energy 
exchange by means of viscosity, heat conductivity, ete It should fulfill certain 
conditions such as the viscous stresses be proportional to second derivatives of the 
velocity components, etc, Above, the concept of a generalized velocity potential was 
introduced involving the vorticity w through the function g. In the most general case 
of a viscous fluid the vorticity is a complicated function of few parameters like entropy, 
total enthalpy, viscous stresses, etc. But below it will be shown that in order to prove a 
theorem referring to a limiting line, one may introduce a few simplifications. Assume 4 
quasi-linear third order partial differential equation of the form 

G Dues bo Dany t +++ +0, Dae + bi Dey + 6, Py + a,r + byta; = 0, 
where a, = a,(&,, By, È, z, y), b, and c, similarly, a, = a,(®, z, y), b, similarly and 
a, = a,(®, z, y). Assume that & = dz, y) is a solution of the given equation, satisfying 
the prescribed boundary conditions Consequently, the terms involving third partial 
derivatives of © may be assumed to be a certain function of ®, x and y, equal to 
F, (®©, x, y), say. So obtained equation of the reduced order 
a Da, + b Day + Cy + a, b, +a, +F, = 0, 

is another representation of the original equation. This is a quasilinear second order 
differential equation and im case it posseses characteristics, they lie on the integral 
surface D = P(x, y) of the original equation. Those characteristics will be uniquely 
determined by means of the coefficients 4,, b, and c, which are functions of & (solution 
of the original equation). Of course, the integral surface of the original equation, b, 
' possesses another characteristic curve, if any, corresponding to the original third order 
differential equation. Let ıb omit the discussion on the mutual relationship between 
those two families of characteristics, of the original and of the reduced order equations. 
Below, it will be shown, that there is possible to prove certain theorems on the limiting 


LIMITING LINES IN INVISCID ROTATIONAL- AND VISCOUS FLOWS 159 


line taking into account the equation of: the reduced order only and neglecting the 
characteristic curves corresponding to the equation of higher order., Although, taking 
into account the equation of a reduced order, one is not able to outline the way of 
construction the characteristics, Mach lines, limiting lines, etc., one is able to extend 
certain proofs to the range of viscous fluid. From the structure of the procedure it is 
obvious that this extension is valid for any type of flow, even if the corresponding 
equation contains derivatives of m-th order, m > 3, provided the equation of the reduced 
order possesses the characteristic curves whose equation can be put down. 


Following the procedure, outlined above, assume that all the function B(x, y), 
T = T(z, y), e = e(z, y), S = S(a, y), etc., are real solutions of the given equation 
satisfying the prescribed boundary conditions. Consequently, such quantities like 
w, @, Ay, Ay, g, otc., are assumed to be functions of Q, xand y only. This means that 
the right-hand sides of equations (26) and (27) are functions of ®, d, ®,, £, y only and 
the same procedure may be apphed to both types of flow: rotational, inviscid, and 
viscous, in the laiter-case being a solution of third order equation. 

IIL83. '"'Generalised"' Molenbroek-Chaplygin Equation. Following the Molenbroek- 
Chaplygin idea of the hodograph method, the variables ® and Y will be represented as 
functions of g and 6. The relations between the previous (s, y) and new coordinates 
(q, 6) is easily found, namely 


db = ade + Dydy = (u—g)dz (v — g)dy, (29a) 


dy = Yale + Yydy = o(udy — vda). (205) 
Solving these equations for dz and dy gives: 
dz = a{cos 6 d  — e"! [sin 6—gq-]dy}, ` (80a) 
- dy = afsin 6.d B +e [cos 8—gq-' dy}, E (80b) 
a = a(q, 6, 9).=,[q—g (sin 0 + cos 6)]~?, ! (80c) 


where the relations u = q cos 0, v = q sin @ were used. Let 
B= Og, 6), V — J(, 0), 9 = 9(G, 0), ID = Bdg Gs dé, ote, 


Inserting those values into equations (80) one obtains: 


dz = af[cos -By—D,¥]dq + [cos 6B — D, ys ]d6], (81a) 
dy = of{[sin 6-0, + D,y,]dq + [sin 6-B, + Dypo ]d6], (81b) 
ae D, = e~'[sm 0—9q9 7], D, ~ e"! [eos 6—gq^1]. (81c) 


It does not make any difference in subsequent considerations whether one uses the 
dimensionless density e or dimensionless quantity o,. Since z and y are determined 'by 
equations (81), one must have the following relations from the integralibility conditions 
for a line integral: ` 
{=[cos 8: Pa — Dij, ]]o = {a[cos 0D, — D Yo] he, (82a) 
ix [sin 0b; - DWolhe = fa[sin 0-0, + Die]. | (32b) 
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After performing the indicated differentiation, the terms containing the higher . partial 
derivatives cancel and the remaining expressions represent a set of two equations linear 
in By, Be, Ya Yo. Calculate 9, and By: 


Dy = ajo — tha, (88s) 
f do, = bajo — bapa, . (88b) 
where 
a, = {(ae71)q% — D,Dsyu24)7, (84a) 
a, = {(@e)g +297? —D, D5} (02), (B4b) 
b= (207), — D,D a7, (840) 
1 = f(e -D Dio, (B44) 
D, = Lalea) gjo D, = [e(oq)g]o, 


D, = [a(sin 6+cos@)]s, D, = sin 0+ cos 8. 
Equations (88) transform into Tollmien's equations for an irrotational flow and in general 


they correspond to the Cauchy-Riemann equations for an incompressible flow. 
Insert equations (88) into (81) to eliminate the function ®: 


dæ = a{[(c,—b, cos 6) 4 b, cos jo ldg + [(— a, cos 8-4) + (C1 +a, cos 6)j,]d0), (852) 


ait = da bain i Ph [Ca im Ao c in 00, (85b) 
where 
C= 0,(q, 6, g) = gq ^ —sin 6, 
d, = 4,(q, 0, 9) = —gq^ + cos 6. 


Differentiate (B8a) with respect to g, and (83b) with respect to 6. Comparing the partial 
derivatives 4s = Psg, gives the result in the form: 
Gg%hqq— (4, + ba)bgo + Oi hoo + [429 — bop ] Js — [014 — bio]e = Ù. (86) 

This hodograph equation corresponds to the well-known ''Molenbroek-Chaplygin'* 
equation in i°-flow [16]. The coefficients 4,, 4, b,, b, may be assumed to be functions of 
q and 8 only (see VIII). ` 

IILA&. Characteristic Curves. The characteristic curves of both the equations 
(26) and (27) satisfy in the (z, y) plane the relation 
(c3 —u3)dy? + 2uvdady + (c?—v?)da* = 0, (87) 

c*(da* + dy’) = (udy—vdz)?. (87a) 
In a viscous fluid u and v correspond to a solution of the third order equation. 

These characteristic curves are real in the supersonic region, i.e., for q > Ca It 
6, denotes the angle of the inclination of a stream-hne to the x-axis at a point in the 
(x, y) plane, and 6; the angle of the inclination of a characteristic curve to the z-axis 
at the same point, then sin 6; = v/q and 6, 16 given by equation (37). From these 
relations there follows, as can easily be verified, that sin (0,—6,) = sm £ = £c[q = rM, 
where M = g/c denotes the “Mach Number." In other words € = are sin (M7!) and 
the characteristic ourves comcide with the Mach waves. There is no difference in this 


or 


respect between viscous, rotational and irrotational flows. 
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The ‘‘characteristic hodograph' of equation (86) (i.e, the characteristic curve in’ 

the hodograph plane) fulfills the relation: 
a5d6* + (a, +b,)d6dq + b,dg* = O. (88) 
The characteristic hodographs correspond to Mach waves in the physical plane. The 
point. g=c should be excluded (similarly, as in ‘an irrotational flow). For q-—c 
equation (87) gives a degenerated result dy /da -— —ujv. It was not possible to derive 
from (38) the conclusions concerning the range of velocities for which d6/dq takes real 
values. It will be shown below that eq (88) may be obtamed directly from eq. (87). 
Since the real: values of dy/dz are obtainable from (87) for q 2» c, one is justified m 
assuming that the real values of d6/dq from (88) are also only for q 2» c. ; 
‘Fo obtain the real values of the expression d6/dq the discriminant must be less than 
or equal to zero, that is l 


4asb,— (a, +b,)* <0. "ode (39) 
Solving equation (88) for d6/dq and integrating one obtains : 
0 =B, 4E; (40) 
where E 
E, =~} J (a, + b,)az“dq, (408) 
E, = $ faz Lob) — 42,0] dg. (40b) 
The two families, of the characteristic hodographs are given by the relations : 
l £ = 0- E, +E, = const., (41a) 
y = 06— E,— E, = const. i (41b) 


Let: §€ = €(q, 6) = const, 7 = niq, 0) = const , or 
fodq+ £6d8 = 0, do = —(£,/£,)dq — —A,dq, dé =—(ng/nojdg = ~A,dq, (42a) 
which changes equation (38) into the form: 
GA; — (a, b) b, = 0, 1— 1, 2. (42b) 
The-canonical forms of the hodograph equation (88) will now be derived. Set: 


y — WE, 9, v, = veEqtv,ng, elo. 


and derive the characteristic quadratic forms z, y and the characteristic polar form f 
azsociated with the given differential equation: 


a= a,£ — (a, + b ges +b, 6. 
y = agp — (a, + banano + Vani, (48) 
B= 2ang — (a, + ba) (Egne + £s 1a) + 2b Eon. 


In the case of a hyperbolic equation, i.e., a,b, —(4)(a, +63)? «20, one has & = y= 0, and 
the canonical form is: 


Vect (6/Byje (eB, = 0, c | (ay 


162 ; : M. Z. KRZYWOBLOCKI 


where mr . 
ti = (a8, — (a4 + 04) A199 + D1 8168 + (gq — b29)#igq — (tig — B35) 40k, 


i=l, 2, 2,=8 8473. 
In the parabolic case a,b, — 1(a, +b)? = 9, a= B = 0, y 3:0, and the canonical form is 


Wan + Cr e + (eal Y) = 0. (442) 
The elliptic case 13 excluded. In an irrotational flow only the hyperbolic type may be 
taken ito account 
IIL3. The Jacobian A(®, ¥)/A(z. y). Consider equations (29) as a seb of two 
equations in dz and dy. The Jacobian A is equal to [g* —g(u-- v)] and cannot vanish 
identically in the entire flow domains in both the physical and hodograph planes, since 
the identical vanishing of this determinant in certain domains would mean that ® and y 
are junctionally related, that is,  — dy), which is not the case. In an irrotational 
flow the condition A = 0 would mean g? = 0 which is meaningless. 


. IX. The Flow Solutions Lost in the Molenbroek-Chaplygin Transformation 


. The procedure applied by Tollmien (1941) will be adjusted in the present case to 
two types of flow. The vanishing determinant O(q, 0)/O(z, y) is & criterion for the lost 
solutions. ! 

In order to evaluate these ‘‘lost solutions’’ ín a viscous flow the continuity equation 
and the vorticity equation (v&— uy = w) are used. The partial differential co-efficients, 
os and e, are calculated from equation (28) with the use of the equality: $Tcpy* 
= (yR)'c. From the identical vanishing of the functional determinant, 0 will be a 
function of q alone (both functions are “functionally” related) ; that is, 0 = 6(q). Using 
the relations: i : 

D Ug = qz cog 0—q sin oldo j d3)gs, dh,,/dq = hoig + hore(d6/4q), eto., 
leads to the following two equations : 
qe{{ (c? — q*) + Ha] cos g — c*q sin 6(06;dq)] 
+ gy{[(c? — q?) + Hq] sin 6 + c?q cos 6(40/dq)) = gal, + dyl, = O, (45a), 
qalsin 6 + q cos 6(d0[dq)] —qy[cos 6— 4 sin 6(d6/dq)] = w, (45b) 
H = dh,,[dq — c° (yR) (aS[dq). 
Consider equations (45) as a linear non-homogeneous set in qe and qy. The determinant, 
is equal to A, = (q?-c¢’) —o%q?(d9,dq)?—H. The application of Cramer's rule gives: 


ds = —(w/A,)I,, qy = (w/O,)I,. (46) 
Take lines of constant velocity: = const, or dq = g,dz *q,dy — 0. Hence one 
obtains : J 
dy/dz = — (92/4y) = Il, IUE 


Equation (47) together with the value of do/dq calculated from equation (88) defines the . 
lines of constant velocity. Since 6 depends only on q the lines of constant velocity are 
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straight lines. Along these lines V is variable, whereas-q and @ are constant, hence Y 
cannot be considered as a function of g and 0, which is a condition for the Molenbroek- 
Chaplygm transformation. ` These lines, obtained as ‘‘lost’’ solutions, .Beneraily .do not 
correspond to Mach lines which may easily be proved. Equation (40) represents the 
trivial solution of the set (45). In order to obtain the indeterminate values of qz.and qy 
(qe = qy = ojo) corresponding to non-trivial solutions of (45) one must have 
“A, = 1, =1, = 0. “The Mach lines may be defined by the relation 


dy/dx =-tan(6+8), (48) 


but the conditions I, = I, =.0 give the result: tan 0 =—cot@ = tan (90? +8), which 
cannot be fulfilled by any real angle including zero. Hence there does not exist any 
line of q = const., which coincides with a Mach lime fore 4-0. In one and only one 
case the lines of constant velocity correspond to Mach lines, namely, if and only if 
o — H —0. In this case the set (45) has as the trivial solution qz = qy = O (i e., 
‘q is identically constant) and the non-trivial solutions may be obtained from the condition 
.4, = 0 which inserted into equation (47) gives équation (48) as the result without 
any restrictions superimposed upon the value of the angle 0. In the case of an inviscid, 
rotational ‘flow the use of the ‘‘modified ’-continuity equation ‘leads to equations similar 
to those derived above with H — 0. The condition A, = 0 inserted into (47) leads 
(directly to equation (48). The conditions Z,-— I; = 0 again lead to the:conclusion derived 
above (see VIII). 


V.^Limiting Lines 


Y.1. "The Condition for a Limiting Dine. The single-valued functional relationship 
"of the transformation is not assured when the functional determinant Ox, y)/O(q, 8) 
vanishes. Calculate this determinant from equation (85) : 


A, = a'(d, cos 6—c, sin 6) [a4J; — (a, + b.) go + bi]. (49) 


The second factor on the right hand side of -equation (49) ıs equal to, q-*A and 
consequently, cannot be equal to zero (see IIX.3). The only possibility is that the third 
factor on the right-hand side is equal to zero. Introducing as the independent variables 
€ and 7 ‘transforms this factor, denoted by Z, into: 


$ 7 . Z= api Bed. yh = 0. (80) 
. Equation Z = 0 is satisfied when: i zn 
-(a) Yeo, — 0, or y= ys — 0. In this case: the total differential dy = id 

+ Ja d6.is.identically equal to zero. On the other hand, ‘this tolal differential:is grven.by 

equation (20b). “Since the ratio of dy to dz is arbitrary.one-must-have u = v —O, in 

order;that di ='0. This may happen m a singular point, ‘that:-is, uv a sUagnabion:pómt, 

: consequently an. the subsonic region. : 
(b) Equation Z = 0 is fulfilled for a, = (a, + b,). 


{lh 


b, 2 0. This case leads to the 
~ condition: «= f = y 0, which is case (0). 
5—1789P—3 
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(c) "The case æ = f =y = 0 must be excluded since it is a contradiction to 
canonical forms, both hyperbolic and parabolic. Consequently ıt has been shown that the 
factor Z cannot vanish idontically m a certain region with the surface area different from 
zero [46]. Í 

(d) ‘he factor Z may vanish along a certain curve, the "limiting hodograph”’ 
“(the corresponding curve m the physical plane is ""lumitingline.)" 1n the neighborhood 
of a limiting line to a pair of 2-y-values there correspond varous q-6-values and also 
various values of y. The integral surface y(x, y) possesses on the limiting line a branch 
hne Thus the vanishing functional determinant (z, y)/O(q, 8) leads to the equation 
of the ‘limiting hodograph” Z = 0, which will be called the ‘limiting equation ° To 
obtain the real values of Z=0, the discrimmant must be non-positive. The remark 
in the section III.2 has shown that this restricts the existence of the limiting lines to the 
supersonic region only. 

W.2. Rate of Pressure on the Limiting Line Along a streamline V = const; hence 
ydq Jsd6 = 0, or dé = — (Yaf Ye)dg. Substituting the last value into equations (85) 
gives the components dz und dy of a lime element of a stream-line. Taking the value ''q'' 


as a parameter along a streamline, one obtains from the relation de? = da? + dy? the formula 
for the line element of a streamline: 


dx = ap; !Zcosódq, dy es Z sin ðdq, ds = wj; Zdq. . (51) 


From equation (8a) using equation (5) one obtains the relation 
grad p = P —e[A + grad (3V?)]. 


Applying dimensionless quantities and keeping in mind that the vector A has no 
component along a streamline, one arrives at the formula for the drop in pressure along a 
streamline ; ; M 

Ps = 1-094, or De = &i—eque(aZ)", (52) 


where £, denotes the sum ot all the components of the stress tensor taken along a 
streamline. Let it discuss equation (52). 


The quantities c and q are not equal to zero and are positive. But, of course, 

q may become very large on the limiting line. The value of « is finite, even if q 18 equal 
io zero, and tends to zero when q approaches jnfinity. Hence, assuming that y» is 
different from zero, it 18 obvious thet the second term in equation (52) approaches — oe 
when q,2- 0 and when the limiting equation Z=0 is satisfied. In the case of an 
-inviscid rotational flow the term €,.equals zero and one obtains p,—> — co on the limiting 
line (an analogy to a potential flow). In the case of a viscous flow the coefficient of 
viscosity is & function of temperature (the variation with pressure heing neglected) and 
18 finite. The components of the stress tensor, due to its structure, are functions of 


des) Ie, Inns In 8nd Jn and F1, Ja, if a line element dl is given by the relation: dà = gi da? 


+ gidn*(g, and g, are positive), and if the velocity components are expressed in the general 
orthogonal curyilinear coordinate system a-n. Apart from the assumption made ‘in 
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Section IIL.2. (that the second derivatives of the velocity components are functions of 
®, z, y), there is another relationship between qs4- and q,— quantities. Namely, 
represent the quantities qa by the expression r~{1+%)®, where r denotes the radius of 
curvature. The quantity: r is a function of the position (z, y) and without loss of 
generality one may assume that the value |7{ is a bounded quantity in a closed interval 
with zero as the minimum and a certain value, even very large, as the maximum. It is 
not probable that r may approach infinity in a neighborhood of the limiting line. 
Combining all the terms on tho right side of equation (52) one obtains a general expression 
of the form' (with q; > 0): 

xb. (1-- qi) + baga + bagan + bad, - (89) 


where’ the variable coefficients b;s are functions of g,, ga p, T, r, etc., but not of q, 
In case the first and second terms have the same sign, the result for Z = 0 or q, > co is 
8 trivial one: pi tco. In case the signs are opposite, an indeterminate form too F co 
results, provided the remaining terms are finite or zero. In order to find ils value when 
Z=0, consider the above expression (53) as a function'of q, (or Z) alone, multiply .and 
divide it by Tb,1-q)9!*b,q, in order to obtam (ice Tce/Tootco), and apply 
l'Hospital rule. After several repetitions of this elementary procedure one gels the 
result that the limit is definitely equal to +oo with the sign equal to the sign of the 
first term in (58) (the first term in that expression tends to oo at a higher order than the 
second one). Hence the value p,-» co when the limiting equation is satisfied (for 
further discussion see Section VII). 


'  The'considerations given below follow those in [16, 1941]. Discuss the 1mpossibility 
‘of the ‘vanishing of ys that is, the existence of a singular point (p,*so/0). As the 
condition for the existence of a singular point (dy/dz = o/o) on a streamline one agam 
obtains the limiting equation, It Ya assumes the value zero then with Ya £0, a, musl 
equal zero in order to satisfy the limiting equation. But this case must be excluded. 
With the assumption that V, = a, = 0, eq. (88a) gives 4»; = 0 which would mean thal 
b = (q) only. But if y= ¥(q, 0) then equation (83b) gives the result ® = hq. 6), 
which is a contradiction. The type of singular point where the streamline meets the 
limiting line can be determined when it is recalled that the direction of a streamline is 
given without any ambiguity by the independent variable 6 in the hodograph plane. A 
streamline can either cross the limiting lme as a smooth curve without any discontinuities 
in its first derivatives or may return in the same direction (the same tangent) after 
creating a cusp (saber point): In general this last case occurs, [46], because the 
equation Z=() has an ordinary zero (root) on the lhmiting line whereas Yọ is not equal 
to zero at this point. That means that the equation Z= 0 changes its sign when 
passing through the limiting Ime (zero) and consequently dz and dy also change signs, 
ie., the streamlines turn back from the’ limiting} line. In order to show that the 
mentioned expression usually has an ordinary zero at the point under discussion, keep in 
mind that in general the expression on the left hand side of the equation Z = 0 is equal 
to zero onthe limiting line, and take the derivative-of this expression along a streamline 
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with respect to q, say, using the relation d8 =—(pq/¥o)dq. A more’ rigorous -proof wili 
be given at the end of Section V.3. Here the discussion will be restricted to a few 


remarks. 
Neither the imsertion of the hodograph equation nor that of the limiting. equation 


will make the derivative vanish. This means that the equation Z = 0 changes 1/8 sign 
on the limiting line and the incoming flow turns back from the limiting line after creating 
a cusp. Thus the limiting line 18 the locus of the cusps ofithe streamlines. 

V-8. Transformation of Mach Lines in the Hodograph Plane. ‘lransform equation 
(87) onto the hodograph plane by substituting equations (85) into it, After all the 
necessary transformations one obtains. 

ei (b, — e.) — Pado dq — [la + €,) Yo —3);]d6]* + (c* — a*)fi(Juda + Yod6)* = 0, (54a) 
or i 

c^4[(b, —6,)dq + a,d6] 7 [bda + (a,  e,)d6 Ya}? + (c? - q*)filpedq + ¥od8)? = 0, (54b) 

e, =c, cost d, si 0, f,-——q7A. 

Consider equations (54a) and (54b) as the quadratic equations in dq/d@ or d6jdq and 
y4.or ye respectively. The discriminants of both those equations are: 


—Ac'ds(d Js + dy) and —4c'ds(e,d6 + 6,4q)?, 
d, = (b, —6)y4 — biyo, e, = (b,—e,)dq * a,d6, 
d, = (a, + &;)Vo — a3, 6, = (a, e,)d6 t b,dq, 


d, = (°= q*fi = — ds. 

Hence in the supersonic region both discriminants are negative. Calculate from equation 
(54a) the values dq/d@ and d6,dq. Comparing the values 1/(dg/d6) and d6/dq' one 
obtains-the equation : 

(cds, + de"K,)K, = 0, (540) 

K, = d, + djs, K,= c*d 4d, + dolo. 

If K,=0, then Z — 0. If the expression inside the bracket (54c) vanishes, then 
K, = K, = 0, as a result of the double sign. Exclude the case c° = q? or d, — 0 for the 
reason explained above. Also exclude the case c? = O since ıb corresponds to a vacuum. 
The factor f, cannot vanish. After the necessary transformations the condition K, = 0 
takes the form: 

8,44 + See + 8Y = O, 

8 = [(bs—6,)(a, +6) € ab, + da], (54d) 
8, = —b,(a,+e,), 8, = —(b,—e,)a,. 


Since equation Z — 0 must be satisfied, equation (54d) cannot hold. Hence K, #0 
and the only result is K, = 0. The same technique applied to (54b) gives equation (88) 
as the result. Idenlically the same result 18 obtained, if one assumes that in order that 
each of equations (54a) and (54b) be satisfied, both terms in each equation should equal 
zero. Ifd, #0, this results in a set of two linear homogeneous equations in Y4 and y. 
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or dq and d6. In order that each of these two sels has a non-trivial solution: i.e , in 
order that V, and Yẹ or dq and dó are not identically equal to zero, the determinants 
must be zero; namely, 


(b, — e,)dq -- a,d6 — b,dq — (a, -- e,)d0 | = 0, ete. 
dq d6 


The final results are again equations Z = V and (88). Thus the transformation of the 
equation of the characteristic curves from the physical plane mto the hodograph plane 
gave two possible cases: 

(a) the characteristic hodograph (38), 

(b) the lumiting equation Z = 0 and limiting lines. 

Hence one 18 confronted with the existence of two types of Mach lines (a) and (b). 

In order to investigate the behavior of a family of Mach waves on the limitmg line, 
study the behavior of a line element of a Mach wave. Fora family of Mach waves in the 
hodograph plane one may calculate the value of the derivative d6/dq from equation (B8) : 


d6 = A,dq, A, = [—- (a, ba) [ay +6,) —4a.b,]1] (2a,)1. 


There are two signs before the root depending on which family is used Inserting that 
value and equations (88) into equations (85) gives 
dz = o [e (+ Aso) + e cos (D + 4,,)]dq. (55) 

In order to obtain dy, substitute into equation (55) d, and sin 6 instead of c, 8nd cos 6, 
respectively. 

Calculating the values d, and ©, from equations (88) and inserting them into 
equation Z — 0 one gets the result (similar result may be obtained forno = P = 0) 
(exclude the case c,/d, = cot 0): 


a — (a, 4 b.) o, -- bib? = 0. (56) 


For a singular point on the Mach line (dyjdz = ojo) dy and dz must vanish 
simultaneously. Consequently there results: 


Yat Ase = o, +A, Do = 0. (57) 


As may easily be verified, condition (57) is fullilled for the limiting equation and for 
equation (56). Hence the Mach lines have singular points on the limiting line. The 
same reasoning as that used above for the streamlines, shows readily that the Mach 
lines possess cusps (saber points) on the limiting ine. Similarly as in the case of an 
irrotational flow in order to prove that a limit/ng line 1s an envelope for another family of 
Mach waves, it is sufficient to show that the limiting hodograph Z — 0 is not a 
characteristic hodograph (88). If this were the case then the two equations (88) and 
Z=0 would have to be simultaneously satisfied, which condition would imply that 
YejVe = —d6,dq. But this is the relation for a directional tangent of streamline, since 
the coincidence and the accordance of directions are transferable from the hodograph 
plane into the physical plane, whereas an opposite transformation in the neighborhood 
of a limiting line is not valid. ‘his would mean that the limiting line coincides with a 
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streamline, but a limiting line as a Mach lme can coincide with a streamline only in a 
vacuum (see Section VI), 

The proof that a flow cannot proceed beyond the limiting line is almost identical 
with that given by Tollmien for an irrotational flow. ‘(See Section VI). 


YI. Extension of Tollmien’s proofs 


Tollmien (1941) proved rigorously that the derivative of Z 1s not equal to zero. 
Consider F(q, 6) = Z 2 0. From the relation F(q, 6) = ù, it follows that 


d6[dg = — F4jF,. ^ (a) 
Compute the partial derivatives F4 and Fe from the expression F(q, 0) = Z. Combine (a) 
with the-expression Y/Y = —d6/dq, and obtain an inequality 


Fas — Fop E 0. (b) 
The left hand side of (b) is exactly equal to the derivative of Z. The note of Tollmien 
(1941) is also of a significance. Equations (86) and (18) in Tollmien’s paper are exactly 
_ satisfied in the case discussed in the present paper. Instead of the value of the 
determinant below equation (88) in his paper one obtains the value 


(oy sin 94, oon 0) [25(2) e eto) | 


in the present case. This 1s again the expression for the characteristic hodograph (38). 


VII. Hypothesis of Shock in Viscous Gases 


Write equation (52) in the form 
(eg) p, = Ro f.—-4s: (58) 


where R, denotes Reynolds number requ * and €, = r$. and consider an accelerated 
motion, ie,, p, «0, q,7» 0. From equation (58) one concludes that m an inviscid flow 
p, (—eo) on the limiting hne, whereas in a viscous flow p, — + ce due to the fact 
that the term Rtf, is predominant on the limiting line. This behavior suggests the 
following hypothesis of shock in viscous gases: Start with a uniform flow at which 
q2= 0. Due to the superimposed boundary conditions (for example, & convergent- 
divergent nozzle), the value of q, increases and is positive and that of p, is negative. For 
"relatively small’’ values of q, the term R,~'é, which is proportional to higher powers of 
qo 18 a small one. Thus one has conditions rather similar to an inviscid flow ( — oo-on 
the limiting line). With an increase in q,, however, the significance of the term RoE, 
increases, the value of p, passes through a minimum value and the curve p, = pqs) 
turns upward. ‘I'hat region corresponds to a viscous flow (with +o on the limiting line). 
The point p,-— 0 is reached but due to the great mass inertia of the incommg flow 
and the compressibility effects (which do not occur m an incompressible flow) there 
appears a ram phenomenon, i.¢., p, takes positive values. density increases, qs decreases, 
and may be negative, until p, = P:(q:) reaches maximum value. From that point qe 
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mereases and is positive, P, decreases, reaches the value p, = 0 and drops below the 
q,-axis, and the procedure repeats. The significance of R, and qa may also be investigated. 
The latter quantity is a very significant one in the boundary layer and if its value is a 
predominant one, a shock may appear close to or in the boundary layer as tests show 
[4,40]. ‘The change in sign of q: (which occurs at p, > 0), or of e, may be taken as the 
beginning of the shock, the end of it being dictated by the thermodynamic phenomena 
inside the shock, here not outlined (an analogy to a hysteresis loop). 


VIII. Final Remarks 


It is obvious that the procelure and proof presented above may be applied to any 
generalized velocity potential, even if the superimposed’ vector field is proportional to 
m-th order partial derivatives of the velocity components provided the considered 
functions (velocity, temperature, dens;by, etc.) satisfy the original partial differential 
equations together with the boundary conditions. 


In each case, instead of the considerations, presented in Sectionr HI.2, one may 
briefly assume that the right-hand sides of equations (2d) and (27) are certain (unknown) 
regular functions of g, z, and y, which 1s certainly true. The knowledge of the form of 
those functions is not necessary to extend Tollmien’s approach, which was done up to the 
very end of his considerations; but considerations in Section VII show clearly that-a 
limiting line cannot occur in a viscous flow due to the change o* sign of pa That change 
of sign does not occur in an inviscid flow, Thus, only in a viscous flow, one is able to 
show why a limiting line does not appear, and, namely, that the non-occurrence of a 
limiting line is due to, and only to, the terms containing viscous stresses (aq. 59). 
Strictly speaking, equation (52) is a Navier-Stokes equation taken along a streamline, 
This justifies the use of symbols in the entire procedure. ‘The terms expressing the 
shearing stresses may be expanded at the very end. In an inviscid fluid we are able to 
show that n limiting line does not occur, but we are unable to prove why it does not 
appear. In a viscous flow, the superposed perturbation vector field in the neighborhood 
of the sonic speed is a predominant one and changes basically the flow pattern of a 
potential flow, i.e., a limiting hne does not occur. 


Another interesting problem may be to investigate the influence of the condition 
of the vanishing Jacobian upon the singularities of the original third-or-higher order 
partial differential equation. Finally, the continuation of Wasow’s idea [19], 7.6, the 
investigation of the relation between the asymptotic solutions of the original and of the 
reduced order partial differential equations offers a vast field for mathematicians. 


An integral surface of the differential equation of a potential supersonic How 
possesses branchlines (characteristics). As shown above, the corresponding surface in 
case of a viscous supersonic flow possesses analogous branchlines due to second-order 
terms, and moreover, has singularities due to third-order berms. A sludy of the mutual 
relationship of those second and third order smgularities may be interesting. Finally, 
practically an important problem 1s to find an approximate solution of the equations of 
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‘viscous flow'and to define'the finite "'froni-line" of:the shock (where-tho' word, {shock’’, 
-denotes a steep transition in p, T, etc.) as the locus'of the pomts in which p, = 0 (eq. 52). 
‘The influence ofthe accelaration paltern around a body, say, is: obvious. ‘The'! itype."of 
‘the shock (detached or attached) will come out by itself. 

Note added in proof correction (8. 9. 50). The meaning ofthe limiting lines depehds 
«upon the existence of intrinsic hodograph equations for r and y as functions of, &nd.0. 
These equations are given by (85). Since the coefficients in (85).may be complicated 
functions of y. q, 0, o, ete., equations (85) may be very complicated and of higher 
order. But if a solution exists then those coefficients are certain functions (unknown 
at thé beginning if the solution is unknown) of q and 6 only. Similarly (86) if 
fundamentally a non-linear equation with coefficients being functions of third partial 
derivative of ~ (viscous flow). But again, if a solution exists they may be assumed 
“to be functions of q and @ only (reduced order equation). Although we are nol able to 
solve (86) we may discuss the characteristics of' the reduced order equation. ‘Finally, 
let us explain briefly (47) and (48) with A, = H — 0. In this case (q0,)! = (q*—6?)o 
tot Cotte. be 

Inserting this quantity into the formule 
dy {dx = —qs[ay = [(c' ~q*) sin 9+ c*q6, cos 6] [(c* —q?) cos 0 —c*q86, sin 8]7, 
swe.easily obtain the result: f ] 
(cote sin 8 + cos 6)(cot e cos 9 F ein 6) - = (eot e tan 6  1)(oo6 e F tan 6)7!, 
xs (tan 0 - tan e)(1 F tan 0 tun e)7! = tan (9 +e). 


t LUT TRANSPORTATION BUILDING, Fuorp DrNAMICS PANEL, 
UNIVERSITY oF ILLINOIS, 
"URBANA, ILLINOIB, AND Naval Onp Las. Warre Oak, Mp., U. B. A. 
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Introduction 


This short paper, as its name indicates, deals with a series of relations existing 
among the set of Laguerre polynomials {L,(z)}. For convenience, the paper has been 
divided into two sections; im Section I, we have shown that starting from some 
well-known relations between the  Whittacker's Confluont Hypergeometric function 
Wira(#), it 18 possible to derive some intoresting relations existing amongst the set of 
Laguerre polynomials {La(z)}, one amongst them being that it is possible to express 
L,(u +v) in the form of an infinite series mvolumg Ly(u) or L,(v). 


In Section II, an attempt has been made to express Laguerre polynomial in terms 
of Sonine’s polynomial in the form discussed by Basu (1948) and vice versa. It may be 
noted that the definition as adopted by Busu, is shghtly different from that made in 
Whittacker and Watson’s Course of Modern Analysis (1940) and represented aa Tale). 

Finally, a form of Addition Theorem for the function L,(#) has been obtained. 


It is believed that a considerable portion of the results incorporated in this paper 
are original although in some cuses, particularly im Section II some influence of the 
methods adopted by Basu (1048) may be noticed. 


Section I 


4. Itis well-known (Hobson 1931, p. 88) that, for | h | « 1 
g-s3Mü-M h* 
1-h Gn! 

where La(s) is the Laguerre polynomial defined by 


La(2) (1) 





L,(a) = jit [e^] 
s dz“ ' 
Further, with |h] «1, we have also the expansion 


gla -h) > (—hy* 
B LL l= go tet L——— n 2 
i-h g-ie 2, E W n+ 4,0(4) (2) 
[Goldsten, 1982, p. 112], where Wim is Whittaker’s Confluent Hypergeometric 
function. 


A comparison of the coefficients of h* in (1) and (2) leads immediately to 
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$c os : Wii go(z) = (—1)"2te- #1, (2)*. (8) 
Starting next with the relation [ Goldstein, 1982, p. 112], viz., 
~ oe eiecit. (ag) = D (1-1) Warmte) (4) 
r0 


where «æ is non-negative, we pul k — n-i and m — 0, Then making use of the 
relation (8), we obtain from (4) after some easy steps, the relation : 


= -— r r 
ani L (ap) = eu-n N CD ( 1 = 1) Dey (5) 
r 
Te0 
Replacing z by v and a by 1+ujv, where u and v are so chosen that @ may remain 
positive, we immediately derive, after simplification, the resuit: 
guynt ut Ly av) (6) 


: : $ L,(u+v) = ——. . 
SEE nl ) utv e ruv) 
Eum 


Interchanging u and v, we can alse write the result (6) as 


L = g?un*i $ vLn+r(u) - 
n(u +0) uty T l(u 4 v)n*T (7) 





1=0 

(6) or (7) thus expresses L,,(u * v) in the form of an infinite series involving L,(v) or L,,(u). 

Having thus obtamed a formula for expressing L,(u-- v) as an infinite series, we 
proceed in the following arlicle, to deduce some of the simple relations mvolving L,(z). 

2. Case (i). In the relation for TV, function [Whittacker & Watson, 1940 


p. 852 Ex 3 (ii1)], viz. 
&Wi (2) = (k-48)Wr mle) - (m? — k - 4? Wa ml2), (8) 
put k = n+4 and m = 0 so as to derive 


g FLW ele)] = (n+ f- 42) Wntgol) + n*W, (2). (9) 


The relation (9) taken m conjunction with (8) leads after simplification, to the known 


‘vesultt f 
^ gls(z) = nLa(a) = n*L,. (2). (10) 


Case (i). Agam combining together the recurrent relation [Whittacker & 
Watson, 1940, p. 852, Ex. 8(1)], viz. i 
Wrrm(2) = #8 Wy-4m—s(2) + (hk +m)W,-1,m(8) (11) 
in which k is replaced by n+% and m by O, and the relation (8) of Art. 4, we easily 
obtain the following result: 
Ly(2) 7 nLa., (2) ES (— 2)^e$* W,,..., (a) (12) 





* This iesult becomes known if we simply tako into consideration the fact that the function palz) 
defined by Lagrange and Abel is simply pu(2) = L.()/m1 (Whittacker and Watson, 1940 p.953 Ex. 9). 

t The relation (10) although worked ont in Courant and Hilbert (1981) i» added here simply to illuetrate 
the fact that the same may be obtained as a corollary to the general W, „function. 
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Since Wh mlz) = We—-m(s) [Whittacker and Watson, 1940, p. 870], the relation (12) 


can also be written as 
L,(2) —nLy(4) = (—1)*e**W, (a). (18) 


On substitution of the value of W,,,(z) given in terms of Bateman's k-function, vis. 
T -n)k, (4s) = Ws) 
(N. A. Shastri, 1988-39) in the relation (18) we immediately derive 
L,(2) -—nLy-i(2) = (Pe EQ n) e) 


a result connecting Laguerre polynomials with Bateman's k-function. 


In the following section we propose to devote ourselves to finding out a method for 
expressing the Laguerre polynomial in terms of Sonine’s polynomial [Sonine, 1880] and 
vice versa and also an Addition Theorem for the function L,,(2). 


Section II 
8. Sonie's polynomial 8}(#) being defined (Bose, 1948, p. 21) as 


iM m. -.Q) (3) .(G 3 A zA n(n) n 
Sx(z) = 1 Ra e io + +(-1) xt 





where 
(? 2 neat) (arth), he = MAL) ++ (A+ P=) 
and A is a rational positive quantity. We know (Bose, 1943, p. 21) that 
g-sila-ü $ i TA n) on 
NUN. s*a), (|tl« 1). 14 
Gish Sant IQ) ne OLS n d^ 
A glance at the results (1) and (14) at once reveals that 
T(L+n)8i(2) = L4(2), (15) 


which clearly shows that relations involving Laguerre polynomials may be obtained as 
particular cases from those involving Sonine’s polynomials. 

In what follows, the Laguerre polynomial will be expressed as a series involving 
Sonine's polynomial and vice versa. 


4. Since 
g-shü-h) g~sh/(1-k) 1 
1-h Qü-h» (-hy' 


Therefore, on the strength of the relations (1) and (14), we obtain 


h^ | O BT 4m) gm hr I(1-A- 7) 
> rnc miT) Pm Tia) ’ 


„al 
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where A is assumed to be less than unity. .Whence, on equating tha coefficients of h^ 
from both the sides, we readily obtain 
Ls). ST A+n—-v0—a ty) pss 
^l & TAUA n] ^ 
which is the relation expressing & Laguerre-polynomial in terms of Sonine's polynomials. 
Again, to express Bonine's polynomial as a series of Laguerre polynomials we 
observe that : 








(s) (16) 


8-3 h) e—*#h/(1-h) 1 
———— E *————M———— 


Qh)" I-h -h 
80 that, assuming u> 1 and appealing to the relations (1) and (14) we readily derive 


h^ Dut) ey Np m ÇH w-ir) 
Ln! Tia) , Tn er I'(u-—1) 


On equating the coefficients of h* from both sides, we have, clearly, 


SAS O TW- 
2s È L, (2) (17) 





Lga(2) 





— DI (s 4 n)r (n — r)1 
which expresses S;(2) in terms of L,(s) in the form of a finite series. 


We shall now conclude this paper by adding the following article on the ''Addition 
Theorem for the Laguerre polynomial” which 18 derived from a very simple consideration 
vis. the generating function of the Laguerre polynomials. 


5. From the relations: 


—ukh/(1—h) h™ 
8 = $ = Leu). . (18) 
me0 m, 
and vh/(1—h) > hn 
6 
es — L. 
1 ee h Z n ! (v) (19) 


we have, by multiplication, 


e - t9) - 1) hm > h^ 
Cü-M* 7 E99 2s; Pale) (20) 


which is the same thing as 


, 


hr hn = hn 
SEL u+) = a- $ Ew > E Lao). (21) 


r—0 men nec 
Equating the coefficients of h” from both sides of (21) the desired addition theorem for 
the Laguerre polynomial 18 seen to be 
T r-1 
Luv) | NP L9)L, (0) NS Li), s(2), 
Tl ~ vi(r—v)! = vl(r-v—1)! 


KRISHNAGAR COLLEGA, 
WEST BENGAL 
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ON AN ALGEBRAIC SYSTEM GENERATED BY A SINGLE ELEMENT 
AND ITS APPLICATION IN RIEMANNIAN GEOMETRY—Ii 


By 
R. N, Sen, Caloutta 


(Recerved May 1, 1950) 


1. This is a continuation of a previous paper (Ben, 1950) in which an attempt was 
made to construct an algebraic system and to study its properties. It was shown 
that the application in Riemannian geometry of some of the properties of the above 
system yielded some interesting results including the identification of the Christoffel 
symbol. The present paper aims at further information on the use and application 
of the system. It is shown that the system may be used to construct newer elements 
possessing, broadly speaking, two kinds of properties which may be applied to identify 
curvature tensors in Riemannian geometry. It seems desirable to begin this paper 
with a brief summary of these main features of the system, obtained in the paper 
referred to, which are considered necessary for the purpose of development of the 
present paper. 


I. General nature of the system. 


Let t be an abstract element and S be a system of elements generated by i in the 
following manner and having the following properties: 

(1) Corresponding to every element a of $, there exists in S two elements called 
the associate and the conjugate of a and denoted by a* anda’ respectively. The 
associate and the conjugate shal! be governed by the property that the associate of the 
associate a8 well as the conjugate of the conjugate of a is a: 

a** — a" =a, (11) 

(2) A commutative composition 1s defined in S whereby every pair of elements 
a, b of S is composed to form an element a»b of S, and the composition is such that 
for every element a(1) 


aea=a (1.2) 
(8) The associate and the conjugate of a o b shall satisfy 
(nob)* =a*ob*, (acby = a’ ob’, (1.5) 


An element of S which is equal to its associate is called a self-associate element. 
Similarly for a self-conjugate element. Evidently, the elements 


aoa* and aea (1.4) 


are pelf-assosiate and self-conjugate respectively. 





+ This idempotent condition is introduced here for the sake of simplicity and uorfication. 
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Let a, = 4, a, =a*, a, =a*, a, = a *,,... 

(ly If the following sequence generated by the element a of 8 
Qir Ag, Qs, Gaye (1.5) 

18 Supposed to be finite, it is a cyclic sequence with an even number, say p, of terms. 

Assume that the sequence (1.5) is finite with p>4 and suppose that the terms 
of the sequence are distinct. 

(2) The number of distinct terms of the following sequence of the type (1.5) 
generated by an element azo aj of 8 

Moas, (G,oqs)*, (a,oay)¥, (ayo a,)**, , 

cannot exceed p and the nature of the sequence depends, among other things, on whales 
p/2 is even or odd. 

(8) Assume that the system S contains just one element which has the € 
of being both self-associate and self-conjugate. Then, under certain circumstances, 


this unique element is 
Qi? ga; t= 1,2,..., (1.6) 


provided that p/2 is even. 

3. Let us suppose that all ihe conditions, assumptions and properties regarding 
the system S as stated in the last article are satisfied. Also we may state, as is generally 
the case with any composition, that ifa ob = aec, then b = c. 

Now suppose that corresponding to every element a of S, there exists a new kind 
of element f(a), defined as a function of a. The function is a 1—1 correspondence, 
a++f(a), Moreover, suppose that f(a) represents a permutation, say the identity, of a 
group of permutations of three ‘objects’, 8, i,j. Let this representation be expressed 
in writing by 

f(a) = fsla). (2.1) 
Then the element f(a) gives rise to other elements corresponding to different permutations 
of the group. It is supposed that none of the new elements thus introduced belongs to S, 
but that the composition which 1s defined 1p S 1s applicable to these new elements also. 
These elements are assumed to have the following two properties: , 

If pgg is a given permutation of sij, chosen arbitrarily, then, when a runs over 
the elements of S, 


foala) o fapg(a*) = Ppgg (2.2) 
remains invariant for the given permutation, and O f 
foala) = fogla’). 220 ,,88) 


Obviously the invariant gps, 18 symmetric in the indices p, q. Various formulae 
ean be deduced from (2.2) and (2.3). For example, 
 Ppgq = foga( 0) © fopgla™*) = fgg (a © f pus = fpag(a’) » f sono") oe foap(a*!) « daga -— 


ES ý ín 1 


Writing a for a’ we obtdin 
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" fooga) © foap(a’*!) = fpog(a/ *!) o fogp(@) = Papa» (2.4) 
Similarly, since 
Poop = fogla) © fagp(@*) = tgap(a*) © fagp(a), 
we have 
foap(2) © fopg(a*") = fgqo(a/*) © fopg(4) = Papp- (2.5) 
As special cases of (2.2) and (2.8), we have 
foala © a*) © fopgla 0 a*) = Pogg, fpggla © 2’) = fpga(a © a) (2.6) 


If u is the unique element of S which ıs both self-associate and self-conjugate, 
we obtain from (2.4) and (2.5) 


(foan(t) © fpag(tt)) © (fopalu) © fapg(w)) = Popa ° Pogp- (2.7) 
3. We now introduce newer elements Corresponding to every element a of S, 
let there exist an element F(a), defined as another function of a, a t+ F(a). Further 
suppose that F(a) represents a permutation, say the identity, of a glOup of permutations 
of four ‘objects’, s, i, j, k, and let this representation be expressed by 
F(a) = Fyy(a). (8.1) 
Then F(a) gives rise to other elements corresponding to different permutations. Every 
element thus created is supposed to be different from the elements introduced in the last 
two articles, but the composition which holds for the elements of S is supposed to hold 
for these newer elements also. These elements are assumed to have the following 
properties : 
There is a 1—1 correspondence, f(a) ++ F(a), expressed by 


fngla) +> F nga). (8.2) 
If pqgh 18 an arbitrary permutation of aijk, then, when a runs over the elements of 8, 
Fyqph(@) © Fpgrgla) = O (8.8) 


remains invariant independent of the permutation. And, with reference to this invariant 
element O, there are also the following two properties : 


F pagala) © Fopgnla*) = O, (3.4) 

F pagala 9 a!) o Fpgrgla ° a!) = Fyago(a oa!) o O. (8.5) 

Various formulae can be derived from the above properties. For example, it 
follows from (8.8) and (8.4) that 


Fpogala) = F'oprgla*), Fpggala o a*) = Fopag(a o a*). (8.6) 
Also, it follows from (8.5) and the property of O as given by (8 3) that 
F parola 9 a!) o Fono, (a 9 a!) = Fygng(a © a’) ° 0 | (3 7) 
F paghla 0 a!) o Fprggla o a) = Fogqa(a oa!) © O 


For the unique element u of S which ıs both self-associate and self-conjugate, il 
follows from (8.5) that 
Fpagalu) o Fog, (u) = Fprgo(t) © O. 
Wniting ghpq for pqgh, we get 
F grpa(t) © Fapqn®e) = Fyopn(u) © O 
7—1789P—3 


180 R. N. SEN 


And since, by (8.6), Fg (u). = Fopqa(u), the above two equations are satisfied if 
Fpqgn(tt) = F grpalt). (8.8) 
84. With reference to the correspondence between the elements f(a) and/F(a), 
we may regard the properties (2.2) and (2.3) as corresponding to (8.4) and (8.5) 
respectively. The first of theso two pairs of corresponding properties suggest’ the 
possibility of creating an element, sgy.€ such’ that 
Fyn(c) = 0. (8.9) 
In order io examine the possibility, we notice the correspondence (8:2) and that arising 
from (2.6), (8.6), namely > - : 
fla) = figla) +4 Fain(a) = F(a) 
Pag = fela o a*) o figla o a*) <> Fi (6 o a*) o Fisa o a*) = 0. (8,10) 
Since f,; is not geriérally equal to fy for the same element, 1t appears from:(8.9) and 
(8.10) that an element e-n& proposed caunot normally belong to S; and that this element, 
if.cteated, has to be self-associate. Under the circumstances, let it be possible to express 
Peis 88 
Png = Faigle) © fige) 
with the conditions that e is self-associate and Pags) = Fac). Then e shall :be the 
required elementi 
Let us for the moment suppose that a is any self-associate element of S. Thenit 
follows from II(1) 8 1 that/ 
0, = Q4, Qa = dp, Qa = poi Qs = dp. 
Or a —aj-g-» j=1,..., p/2@+l. 
U = Gyo Ajtpj2 = Oy ? Gp p[2-(-8) 
In particular, V = Apa ° Qpja+8- 
If now the self-associate element e generates a system S’ in-exactly the same 


manner as t generates S and if the. unique element u is both self associate and 
self-conjugate in both S.and 9’, then a connecting link of S and 8’ 1s given by 


u = ep ° tpji+8 (8.11) 

ä. Let a, b be two elements of S and a = 44; 05, . . -, dp; b = b,, b,,...5 Dp 
be-the sequences of the type (1.5) generated by them and let, as before, 

u = 4°04 = bob pe, Lr =, DET (4.1) 


be the unique element of 8 which is both self-associate and self-conjugate. 

Now the functions f and F may not be completely ‘determined by the properties 
given in the last two articles. We may therefore assume for them further properties. 
Let then f be supposed to have the distributive property : 


f(a o b) = f(a) » f(b) (4:2) 


This makes the correspondence a ++ f(a) isomorphic. In particular, we.then have . 
ftu) = flai) © flaro) = flat) © flairon) = f(a) © flaron) 
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Various formulae may be derived: from (2.2), (2.4). (2.5) by the assumption of (4.2). 

The isomorphism between the sets of the a's and the f(a)’s and the mapping 
f{(a)'++ F(a), as introduced before, do not imply the existence of an isomorphism between 
the a's (or the f(a)'s) and the F(a)’s. We may therefore assume that there exists what 
may be called a pseudo-isomorphiam defined as follows: 

Let X be the set of all elements F(a), Fyj44:(2), where a runs over the elements 
of S, together with all the elements that are obtained by repeated composition of these 
elements and of those generated in this manner. 

Suppose that (4, b), (c, d) are two given non-ordered pairs of elements of 8 and 


Ai,..+, Am are m arbitrary elements of S which are not necessarily all distinct. Put 
Jm = a9(À,o(... (Am o0))...)) Am = bo (A, 0(...¢(Amod))...), 
Further suppose that u,,..., us are n arbitrary elements of S which may not be distinct 


from one another and from the A's. Put 
Gn = (F(a) o F(b)) o (F(p) o (... o (F(ug) ° F(cod))...) 
Hn = F(a 0 b) o (FQ) » (+++ o (Pun) o (F(c) o F(d))) . . .) 
Then, as further property of F, we assume the following: 
If gm = A, holds in S, then 


Gam = Hm holds in X. (4.8) 
Andif gm°9n = ho h,' holds in S, then - 
(Gam 9 Gan) 9 Gmin = (Ham i Ayn) 9 H min holds in X. (4.4) 


Property (4.8) ean. be expressed in other forms by suitably choosing the A's and 
the.u's. ‘For example, form = 1, choose p, = gu, — Cod; if then we put A, — c or d, 
(4.8) reduces to the following : 

Ifuoo-beo(ced), or ae(cod) — bed, then 

(F(a) &'F(b))'« F(c o d) = F(ab) o (F(c od) o (F(c o d) o (F(c) o F(d)))). (4.5) 
As an important particular case, le& m = 0. Then (4.8) reduces to the following: 
If aec = bed, then 


(F(a) o F(b)) © F(c o d) = (P(e) « P(d)) o F(a o b). (4.6) 
It therefore-follows from (4.1) that 
(F(aj) o F(b,)) o F(aizpi bii) = (F(a1,52 ° F(b,4p/2)) » F(ai b,) (4.7) 


With regard to this interesting formula, we notice that since a; = +p, by = br4p, there 
are ,(p/2)? such distinct formulae if a—b,l1—r, If, however, a = b, lÆ r, there are 
4[(8) -4p] =.p(p-2)/4 such distinct formulae. And if a #b,l =r, there are p/2 
such distinct formulae. 

44. Now the ‘objects’ 8,1, j, k, with respect to which permutations have been 
taken, may not be all distinct. If so, it follows from (8.3) and (83.4) that 


Pag(a) =F mla 0 0*) = O. 
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The invariant element ‘O of X has therefore special-properties which we shall define as 
follows : 
Two elements A and B of X shall be called inverse of one another if and only if 


A o B = O, and the inverse of A shall be denoted by A It follows A — A Further, we 
shall suppose that the inverse has the following properties : 


(1) 4A» Ba Ao B. 
(2) The equation A = B implies Ae B = 0. 
(8) If F(A,) o (Fa) 0 (o (FAm) +> +) = Pg) ° (Fu) (+++ o F(un)) : * *) 
i» an equation in 3, m <n, then the equation remains unaltered when F(A,) and 


F(p,) are replaced respectively by Fiu) and (F(A), 1 & rz m 
In view of the above properties, we have 
0- 0, F aya) = Fiala *) = Pun(2) , (4.9) 
and the equation (4.6) can be written as follows: 
If aoc - bod, then Y 
(F(a) © F(b)) o F(a b)) o ((F(c) o F(d)) © F(c » d)) = O. (4.9) 

B. It may be noticed that in the equation gm = hm of (4.8), the A’s with the same 
index are placed in corresponding positions on both sides of the equation, and therefore 
the two A; may be expected to ‘counterbalance’ one another, so to say, for certain suitably 
chosen composition. Further, the two pairs of elements a, c in gmand b, d in hm 
on the two sides of the same equation have & kind of vorrespondence in the sense 
that the elements of each pair are separated from one another by the ‘same number (m)' 
of steps’. 

Tt is therefore natural to enquire whether, given the elements a, b, it 18 possible lo 
obtain c, d such that, for certain .composition suitably chosen, the equation gm = Am 
may be identically satisfied. If it is possible, i.e., ifc, d can be created in this 
manner, the equation Gym = Hm shall hold without any restriction. j 

Evidently, given m, the elements c, d shall have to be constructed wıth the help of 
a,b: For the purpose of this constructidn, it appears that we require a second 
composition and, for that matter, we require a system of double composition of which S. 
would be a subsystem. ‘This new system may be defined as follows: , 

Let the system of elements S as defined in § 1 be extended to a system R having 
the following properties : ' l i6 l 

(1) For every par of elements a, b of R, two -compositions are defined iri R of 
which one 4 » b 18 the commutative composition already defined in 8 and the other a A b 
is non-commutative, and, for every element a'of R, they satisfy 


GoG-c—aüu^a-ca. 


(2) Every element a of R has an associate a* and a conjugate a! belonging to R, 
which satisfy a** = af = a asin 8. 
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(B) (a,b)? —-a* o b*, (ae b). = a' o b/, (aA b)* = a* Ab*, (aA b)! = al Abl. 

(4 aeb- (aAb)o(b Aa). 

(8) (aob)o(a Ab) =a, 

In view-of the properties (1), (2), (8), there is no harm to suppose that all we -have 


said. in the last few articles remains true when the elements of S,are replaced by , the 
elements of R. 


‘Correspondingly, a seb () may be defined of which X is a subset such that NQ 
corresponds to R in the same manner as X corresponds to S. 
Now let a, b be two arbitrary elements of R. Put. 


0 WS ely 


0, = aAb, &, o bAa, = e A, uM (5.1) 
Omar = Cm A Em, Gmi = êm A 8m.. 
Then-1t follows from the-property (4) above that m 
od Emo dg = Gob, m=1,2,.... : ; (5.2) 


Now, given the commutative composition, it is seen from the properties (4) and (5) 
that the non-commutative composition has been made to depend, so to say, on the 


commutative one. It may then be possible to choose the commutative composition in 
such a manner that the following equation in R 


* (89 (eC o (Am ° Bm)) s) m buo (no (Am? Om) © ++) (5.3) 
is satisfied identically. If so, it would follow from (4.8). (5.1) and (5.2) that 
(F(a) » F(b)) © (F (us) (+++ o (F(pam) 0 F(a 6 b)) - --) 

= F(a o b) o (F(u) (+++ o (F (pam) © Gem) ° F(0)) +++) + (6.4) 


' 


holds i inQ. This formula may be put in a simpler form by choosing p, = +++ = Ham 
— Gb. In particular, for m = 1, we may obtain in Q 
F(a) o F(b) = F(a o b) o (Flao b) o (F(e,) « F(6,))). (5.5) 


Finally, if the commutative composition can be so chosen that (5.8). is identically 
satisfied, then (4.4), when Gam and H,, are expressed by the two sides of (5.4), would be 
satisfied i Q without any restriction. 


6. We shall now apply the properties of the algebraic system, obtained so far, 
in Riemannian geometry. In what follows, the usual notations of tensor calculus 
are adopted. Suppose that in a Riemannian space whose metric is given by 


ds? = gydztdzi, n (6.1) 
contravariant vectors are given parallel displacements according to the law a 
dV -- T'3V*dz! = 0, (6.2) 


where the coefficients of affine connection I", are supposed to be arbitrary. We give 
below a brief summary of those results, obtained in the paper referred to (Sen, 1950), 
which are here necessary for our purpose. 
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Let the covariant derivatives of tensors with respect to (6:2) be-denoted by a 
comma followed by indices. If then we denote and define as'follows - 
a= I} o&=Djt+g™ ging d ml. . (6.8) 


the property (1.1) is satisfied. Also, if the commutative composition of two affine 
connections in the space denoted by a and'b is defined as 


a c b = }(a+b), (0.4) 


the properties (1.2) and (1.8) are satisfied We can therefore construct the system ‘8 of 
affine connections generated by a as envisaged in'§ 1. 

Further, if we put 

a = j, a=a,, a* =a,,a** = a,..., 

2 = g™ Ins, o = g" gg i, B = 9" gin Unj— Lin), Bo = 9" gn Limi — Dim) y =O Gio — Yo 
we obtain the following cyclic sequence of the type (1:6). with 12 elements 

dj, @,=at+a, @,=a/+o,, a, 2 ata —y, a; =a'+4,+8,-y . 

Gg = Ga. &,-- B-- B, —y. a, — ala a, B B,—y, a, — a ra B Boy (6.5) 

a, — GF «t BF B,— y, Ao = a bn Bu Q — atu B, d, = 0 


‘Finally, if H denotes the Christoffel symbol, then, corresponding to (1.0), we have 


{iy Siete), ideas, - (6.8) 
as-the unique element of S which is both self-associate and- self-conjugate. 
.Now pul 
f(a) = gal'y = fag(a) - (67) 


Then t nt ent i _ Oise 
fayla) + fa(a*) = Gal yt ga(Un + 9™ Gand) = Qui Gol gala = Bof (0.8) 


Further, it may be verified from (6.5) that 
feala) + fye(a’*!) = gal’, + gal Us +g” gimit gen (Imi = Tis] 


= init Gul t gulam oda. 


Similarl : 
calis frala) faa) = H. 


Thus, (2.2) and (2.8) are satisfied and therefore all subsequent equations of $ 2 are 
satisfied, as is to be expected. 


Further, put 


t t 
Fla) = gel — Get (22-23 3T, tril) = Tage Fan). (6.9) 
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Then T! T ‘ 
Ti I i a " 
= Ope D (eu Th qua) - gn (ST TGTS) 
Therefore 9 ə 
Dux + D'un = E (440%, + gal) > E (Jar F gaT) 
+ Geel yt JarI — gu, T — gu T n 
_ 0 x T 9 i t 
= ay Gink + Gale + Gul) E (giis t+ Gul, + gu) 
+ Ginge — Jinky + gi ( Lp — T$, J: 
Therefore RP i 
Toit I'an = Qus Quit Quo (Vy — T). (6.10) 
And, if we put F(a*) = Tage we have (Sen, 1948) 
T nga Iak = Jisk 7 Junki + Grrm(L 5, — TE). (6.11) 
It therefore follows from (6.10) and (6.11) that (interchanging i, 8) 
Tag ha 0. (6.19) 


Thus (8.8), (8.4) and (8.5) are satisfied when O ia replaced here by the number zero. 
Therefore, the subsequent equations (8.5) to (8.8) of 8 8 are also satisfied, as 18 to be 
expected. : 
The equation (6,12) is interesting. It says that Dage 18 skew in the indices a,i for 
those parallelism which are self-associate It explains tberefore as to why the Riemann- 
Christoffel tensor Kn has this property. The same thing is true of the property (8.6). 
Evidently, Ks is not the only one of its kind which has these two properties. But the 
property (8.8), namely I'y = Ly; holds only for the Riemann-Christoffel tensor Ky and 
for no other tensor of its kind, 

Regarding the equation (8.9) and the remarks made thereabout, it follows from 
(0.8) that 


Prs = |a) + figl = 5 Od. (6.18) 


Let us introduce an orthogonal ennuple at every point of the space defined, as usual, by 


Ju = > Th;Th, gh = g™Th,,. 


OS (n, Lt rn he) = (o, hg, ah, 
ado A (MES St) = D (ne T+ oust Sy 


Tftherefore we put e = sh'(0Th;/Ga7?) then (0.18) is satisfied m view of (6.7). Now the 


- Then 
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parallelism (6.2) corresponding to Tj, =e 1s Einstein's teleparallelism which is known 
to be self-associate and with respect to which the, curvature tensor is known to vanish 
for all permutations of the indices 


7. Leta and b be two elements of 8 and-let 
a — T$, b= Li, a+b) K Ak, "RS Ti. 
Then it can be seen (Sen, 1949) that 
F(a(a + b)) - &(F (a) + F(b)) = Arge- Aunt Lai) = iga(Th Tij — Try Ta)- (7.1) 


Ifc and d are two other elements of S such that|a—b|- v|c—d]|, where v is any 
constant multiplier, it follows from (7.1) that 
F(&(a + b)) - 4(F(a) + F(6)) = [FEC + 2) —à(F(o)  F(2). (7.2) 
In view of the composition as defined by (0.4), repeated composition introduces the 
numbers v = 1/2', where ¢ 1s an integer. We may therefore verify from (7.2) that (4.8) 
and (4.4) are satisfied. ‘lherefore the subsequent equations of § 4 are also satisfied. 
Some applications of (4.8), (4.4) were given in the paper (Sen, 1949) referred to 
above, For example, it was shown there that the following relation existed among the 


t i . "ed 
gi — 65; = ivi "2 M ) 


xj o oh. ma (v) 


four elements of 8 : 


Therefore, pubting 


we obtained the following formula, as a particular case of (7.2), 
Kir + Vik - 461 — Aij — Dijn T 8X = 0. 
The equation (4.7) with a = b, lÆ r gives 


F((ai-- 2,)) — 4{F (a) t F(a,)] = F (R(01,, a7.) — HE (01.4) +E (ar 4]. (7.8) 
Again put ' 
F(a*) = Iie, F(a*) = Deg, F(at*) = Dip ..., Fia) = Du 


"where t t 
> " ; E oed T, er. 
Dus Gal jer sso lues JaLe Dyk = DS 


and similarly for the b's and the &(a-- b)'s. Also put 
Ay = Aug apt Lagi), Aa Ang Aet Da), 
; Ay = At AT). Aaa = A eet Lan). 
. Then the equation (4.7), with a+b, | r gives the interesting relations 
„A= Ay Aya Age ons A= Ae ' (7.4) 
7.4. Regardmg the non-commutative composition introduced in § 5, let,us put 


anb = }(at+b)+(¢—b) = Ah + Ti, = Wi. | (7.5) 


+ DIS T Tib. 
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Evidently, Wi, are the coefficients of an affine connection. Let the covariant derivatives 
with respect to the parallelism (6.2) corresponding to D Li, AS and Wi, be denoted 
respectively by a comma, a solidus, an ordinary bracke& and a square bracket followed 
by indices. Then 


[Gu le = (9u)a — 9s To. - gu Tf 
(a ^ b)* = Wi +9™ [gun] = Al g" (gus) — 9" gan Ts. 


$(a* +b*) = AT +g (Gim) 


Now 


and 
(a* —b*) = Ti, 9" (9,4 — gemi) = Ta — 9" (gos D$ + gg To) = —G™ gu Tas. 
Henee 
[$(a+b)+(a—b)]* = $(a* + b*) + (a* — b*). (7.6) 
Therefore all the properties (1) to (5) of the system R are satisfied. 
As regards (5.1), we notice that 
Omer = ha +b) +2™a—b), Cm, = $(a+b)+2(b — a). 
It can therefore be verified that (5.8) is satisfied and therefore (5 4) is satisfied. In 
particular, formula (5.5) becomes 
4[F(a) + F(b)} = GF(&(a 4 b) + F(4(a +b) +(a—b)) + F(4(a + b) + (b — a)) (7.7) 
It is thus shown that various new and interesting formulae can be obtained in 
Riemannian geometry and that their origin may be traced to the lind of abstrabt 
algebra discussed in the paper. 
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CORRECTIONS TO MY PAPER “ON THE FLEXURE PROBLEM 
OF A LIMACON AND SOME OTHER BOUNDARIES.” 


By 
D. N. MITRA 


The following error has crept into my paper with the above title published in 
Bull. Cal. Math. Soc. 44, 158, 1949. 


—a*b*(8 +4 
Page 157, 5th line from the top, for zy = irae cuyo ^ p às) 





sod docs —2a°b?(3 + 4c) 
® = obt 2a? (b* + 607b + 2a*) 





I am thankful to the reviewer of my paper in the ‘Mathematical Reviews" (Vol. 11 
p. 287) for pointing out this misprint (omission Of factor 2). 

I take this opportunity in clarifying a statement in my paper to the effect that the 
error in Stevenson's final result is due to an unnecessary factor 2 in equation (8.26) of 
Stevenson's paper. I did not mean that Stevenson’s result differs from mune by a 
factor 2. In fact Stevenson's result in our notations is, 

— 2Qab*{(b? —a?)? - c (b* —2Qa?b? + 4a*)]. 
3(1 + o)(b? + 2a*)(b* + 6a*b* + 2a*) 


This is completely different from the result I have obtamed. 


t= 
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BENDING ‘OF ANNULAR ELLIPTICAL PLATES LOADED 
BY EDGE MOMENTS. 


W. A. Nisus, South Bend, Indiana, U. S. A: 
(Communicated by the Secrelarg— Recetned April 24, 1960) 
Summary 


The problem of the small deflections of a thin_ plate bounded by two confocal 
ellipses and loaded by bending moments around both boundaries is presented here. 
Three conditions of edge support are considered. Since the faces are free of load, 
the Lagrange differential equation for the middle surface of the plate reduces to the 
biharmonic equation. Elliptic coordinates are employed and a series solution of the 
biharmonie equation is used to represent the deflection surface of the plate. Coefficients 
of the various terms in the series are obtained merely by solving linear, algebraic 


equations. = 
Nomenclature 
c = distance from center of ellipse to either focus 
Soho ENS 
D flexural rigidiby of plate — B- BU- 
E = Young's modulus 
Èn = elliptic coordinate directions 


Mz, M, = bending moments, per unit length of the middle surface of the plate, in 
rectangular coordinates 

My, Myx = twisting moments, per unit length of the middle surface of the plate, in 
rectangular coordinates 

Qs, Qy = shearing forces, per unit length of the middle surface of the plate, parallel 
to the z-axis 

M,;,M, = bending moments, per unit length of the tadi surface of the plate, in 
elliptic coordinates 

Ma, M,; = twisting moments, per unit length of the middle surface of the plate, in 
elliptic coordinates 


Qe, Q, = shearing forces, per unit length of the middle surface of the piens, parallel 
to the s-axis 

q = norma! load per unit area acting on face of plate 

t = thickness of plate 

w = £-componeni of displacement of a particle originally in the middle plane 
of the plate 

v = Poisson’s ratio 
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Introduction 


The literature contains the solutions of only a relatively few elasticity problems 
involving elliptical boundaries. Most of these may be found in the references at the 
end of this paper. The problem treated here may be regarded as an extension of 
the work included in a previous paper by the author (Nash, 1950). The solution of 
any plane stress problem involving olliptical boundaries should be evident from a 
consideration of the general theory presented here. 

Theory developed here 1s subject to the following restrictions : 

(1) The plate is composed of a homogeneous, isotropic material. 

(2) The material follows Hooke's Law 

(8) The deflection of the plate is small compared to the thickness 

(4) The thickness of the plate is small compared to its lateral dimensions. 

Deflections. The differential equation in rectangular coordinates of the middle 
surface of a plate is 

Ow ,, Fw tw q 
paa pee a ea — NEL A 
a aa Gy D (1) 
where q is the normal load per unit area acting on the face of the plate and D is the 
flexural rigidity of the plate. Here, w denotes the z-component of displacement of 
a particle originally in the middle plane of the plate. The quantity w is called the 
deflection of the plate. This equation may be written in the form 
tea 2 2 
MS ES (2) 
where V? is the Laplacian operator 

Since the problem under consideration here involves a plate of elliptical contour, 
elliplic coordinates will be used The equations relatmg rectangular Cartesian coordi- 
nates (z, y) to elliptic coordinates (£,g) are 

z = c cosh € cos o (8) 
y = c sinh € sin y 
The parametric lines of ihe elliptic coordinate system are the orthogonal families of 
confocal ellipses and hyperbolas shown in Fig. 1. 

By means of equations (8), the Laplacian operator may be expressed 1a terme of 

elliptic coordinates. It is 


y? 2 co r ) 
C'(eosh 2€—cos 2) NV o£ 3n’ (9 





Thus, the differential oquation of (he middle surface of the plate, expressed in elliptic 
coordinates, is 


meae op " 5p) "7 b 000 
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The solution of the problem of the bending of & plate of elliptical contour when 
a resultant norma! load q per unit area acts on the faces of the plate and the edges 
are loaded by bending moments, twisting moments, and shearing forces thus reduces 
to the integration of Equation (2) with regard to boundary conditions. 


Moments. The expressions in rectangular coordinates for bending and twisting 
moments, per unit length of the middle surface of the plate, are 





Fig 1. The elliptic coordinate eystem 








gu gw 
Me=- (ES tse) e 
gw Ow ) 
M, = D( oa te (7) 
2 
My =-Ma, = DU » (8) 


where v is Poison’s ratio, 


In the elliptic coordinate system, the bending moments, per unit Jength of the 
middle surface of the plate, are denoted by M; and M,, and (he twisting moments, per 
unit length of the middle surface by My, and M, The shearing forces, also per unit 
length of the middle surface, parallel to the z-axis are denoted by Qe and Q,. By a 
consideration of the equilibrium of the stresses acting ou an element bounded by an 


ellipse and lines paraliel to the æ and y coordinate axes, the following expressions are 
obtained : 


2D Pw, Bw 
Me == [ 
t =~ Sitcosh BE—cos 9) L OE a 


_ (l-v) sinh 2€ Ow 4: (1—v) sm 2y i 
(cosh 2£—cos 2) ag  feosh 26—cos 29g) Ay L 








(9) 
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M =- 2D l^ ou + Qu 
i o*(cosh 2¢ — cos 29) e? ov 
(1—v) sinh 2E Ow _ (1— v) sin 27 =| (<0) 
(cosh 2€—cos 2n) OE (cosh 26—cos 2y) Om ' 3 
u = LL Di) [ sin Qn w 
€  ¢3(cosh 2€—co8 21) (cosh 2£— cos 25) 3E | js 


(11) 





Si sinh 2£ aw Ow ] 

"'(cosh 2£—cos 2g) On End 

Solution of the Biharmonic Equation, The differential equation of the middle 

surface of a plate has already been found in elliptic coordinates for the case when & 

resultant normal load q per unit area acts on’ the faces of the plate and the edges 

are loaded by bending moments, twisting moments, and shearing forces. This is 

Equation (5). 

If the external forces acting on the plate are applied only to the edges, the faces 

being free, then q = 0, and the foregoing equation reduces to 


ecards Ge +S uro "e 


This is the biharmonic equation expressed in elliptic coordinates. 
In a previous paper (Nash, 1950) the author has found the following solutions to 
this equation. They are of two general types: , 


(a) Those that are harmonic, i.e., they satisfy Laplace’s equation. Such functions 
È 1, £ vp 

` sinh n£ sin ny, sinh nf cos ny, 

cosh nf sin mn, cosh nf cos ny, 


Bre: 


Jesna. - (18) 


(b) Those that are biharmonic, but not harmonic. Such functions are: 
sinh (n+2)é sin ny + sinh n£ sin (n+2)y, n'2 1, 2, ... 
sinh (n+2)¢ cos nz sinh n£ cos (n 2j, n = 1. 2,... 
cosh (n +2) sin ny + cosh ny sin (n+ 2)y, n = 1, 2, . . 
cosh (n.4-2)£ cos ny + cosh ny cos (n-- 2), n = 0, 1,2, . EUN 


(14) 


The First Problem 


Statement of the Problem. Consider a plate bounded by two confocal ellipses and - 
subject to the following boundary conditions : 

(a) The inner edge of the plate, £ = (i, is supported and 1s given a préscribed 
deflection in a direction perpendicular to the ‘middle plane of the plate. 

(b) The outer edge of the plate, € = £4, 1s supported and i given a prescribed 
deflection in.a direction perpendicular to the middle plane of the plate. 


e 
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plate. Let M, denote this moment at ££. 


(d) A general distribution of bending moments is applied to the outer edge of the 
plate. Let M, denote this moment at ¢ = &. 


-(c) A general distribution of bending moments is applied to the inner edgé of the 


Let us assume for the deflection w(é, y) the following linear combination of 
biharmonic functions : i 


z fot 6 did "1 o f eoo 
w= > A, sinh né sin ny + > By sinh.n£ cos nq > Cn cosh n£ sin nq 
aos nag * reg 


œ% 
` + © Da cosh n£ cos ny +H, (sinh 2£ sin 2n) 
LIEF i 


+ $ E,[sinh (n--2)£ sin ny + sinh né sin (n +2)y] 
a=) 


i E e ; & 
+ 2, Fs[sinh (n+2)€ cos ny+sinh n£ cos (n+2)n] 


+ Š Galeosh (n+2)€ sin ny +cosh ng sin (n+2)y] 


+ Š H, [cosh (n +2)€ cos ny + cosh n£ cos (n +2)n] (15) 


where An, B4, . . . Hn are constants to be determined from the boundary conditions. 


The First Boundary Condition. The prescribed deflection of any point on the 
neutral axis of the inner edge of the plate may be represented by the Fourier series 


[W] emg, = tao + las cos ny + b, sin ny) (16) 


where 4», Gy, and b, are known constants, This boundary conditon may be applied to 
the value of w given by Equation (15) to. yield an identity in y. Coefficients of corres- 
‘ponding sme and cosine terms in this identity are then equated to give one infinite sot 
of equations containing the Bn, Dn, Fa and Hy; and another infinite set of equations 
containing the Án, Cn, En, and’ Gp. 


°| Tha Second Boundary Condition. In an analogous manner, the prescribed defles- 
tion of any point on the neutral axis of the outer edge of the plate may be represented 
by the Fourier series 


o 
[wlene, = ic p? (on cos ny + dp sin ny) (17) 


where Co, Cn, and d, are known constants. Again, this condition may be applied to 
Equation (15) to yield another identity m 1. Hquating coefficients of corresponding sine 
and cosine terms yields one infinite set of equations contaimng the Bn, Dn, Fn and Ay} 
and another infinite set of equations containing the An, On, En and Gy. ] 


104 dac ME X da NASH EE * gcc 


Tho Third Boundary Condition. The -expression for the bending moment M; at 
any point in an elliptical plate is given by Equation (0). - Let My denote this AIppneee 
moment at the inner edge =., . We then have ir 


_M ic *(cosh 2£,— cos 2)? — fs NES [2] + 
2D -o£* Jese, On? Jte 


(dosi 36; eog 99) SUL cv) sian af [3 la (L3) ando [A I (18) 








Also, M, may be expanded in a Fourier series of the form 


— Mc? (cosh Ze, —008 2)? _ 46, + $ (es cos ny +f, sin ny) (19) 
52] 





where €s, 64, and fn are known Fourier coefficients. This boundary condition may be 
applied to the value of w given by Equation (15) 4o yield a third identity in y, Two 
more infinite sets of equations, one containing the By, Dm, Fy, and Hy and the other 


An, Cn, En, and Gy are obtained by equating coefficients of corresponding sine and cosine 
terms. 


The Fourth Boundary Condition If M, denotes the applied moment at the outer 
edge, then we may write an expression analogous to Equation (18) but with M, replaced 


by M, and £ replaced by &,. The left side of this equation may be expanded in a 
Fourier series of the form 


— Msc'(cosh 2€,— cos 2n)* = $g, + $ (gn COB ny +My sin nq) (20) 
2D ne] 
whore go gm and hn are known Fourier coefficients. Again, this condition may be 
applied to Equation (15) to give a fourth identity in y. Two more infinite sets of 
equations, one containing the By, Da, Fy and Hna, and the other the An, Cn, En, and 
Gn are obtained by equating coefficients of corresponding sme and cosine terms, 


Determination of Coefficients. The eight sets of equations resulting from the 
boundary conditions may be grouped in the following manner: 


E85 HoT = $4 | 


~ (81) 
E Xa+ HeYi2 = 36] - 
F Si+ HiT = a, | (22) 
F Xn t H,Yis = 0; 


B S+ D Ti FSi tH Tyt Hy = a, 

B X+ D,Y e F,Xi € H, Yu +H, = c, 
B Paot DaP og t FP i050 HP ao HP agro t BoP oo = de, 
B Uas + DgU yy + FU yep + H,U gy + HoU sare EBSU, = bgo 


| 
| 298 
MEC CL 
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Bois + Dalin Fut tac Pn Sica HnTin got Hy ST aa = On 
BaXin + DaY int PX ngat Fn-aXin-2+ HpYi gat HY ons 
Bs Pos BusPasn at BaPa t Dn_.Pyng 
+ DaisPs,:n-3+ DaP ona t Fs Py n-9+ Fs UP 
FS Pact FP d Hasib imak Hy Piana (24) 
*H, Pas HP ana = fnar 
Bn ynea + Bs SU, s a BaU sy naat Dictus 
TDi Usa FD Uus t Fa QU; n a FOU 
TE. Us ERU ced H oU 


8;n—3 


8:5—2 
11:n—3 


ENS aut Hs-IU sa at HU sna = Jn- N —8,41,,, 


E, G,Ti = A (25) 
EQXQc G,Yis = d, 
E,Bu- G,T, +E, = b, (28) 
E,Yu4 G,Y44 E, = d, 


The remaining equations for the An, Cs, En, and Gy are analogous to Equations (24) 
with the Ba m each equation replaced by An. the D, by Cy, the Fn by En, and the En 
by Ga. Also, on the right side of each of these equations the a, must be replaced by by, 
the Cp by dp, the ea by f,and the ga by hy. In Equations (21) the value zero is to be 
assigned to any coefficients outside of the range of definition indicated in Equation (15) 
In these equations, Pm, are known constants given by the relations: 
Pin = RSi m-at R San- +R S 
Pan = R,T n+ R48, RS, 
Pan = — BS, na, + BS, 42+ BS 
Pan = BT, ng + RT. ng TRQT 
Psa = R Sint BT. RT, 
Pon = —R,T, mast RT nas + FT anes 
Pin = RySo na + R,8,4 4 RS 


ayn—3 


2)5*3 


2,n-3 (277) 


$,n-2 


Pas = RAT nog t BAS yn + RsS ana + RS, + Ran 4 2,8 
Pon = RAT nes a BSynes + BB snes + B Sint BS. + RS. 
Pion = — RAS,,nia E4844 uth,s 
Pus = BAT, F RAT nat EST, A. 
Pien = BS, naa + R,T, n-2t B,T.a t &,T;, + BT y+ FAT, as 
Pisa = BS ua RTL ua RyTansat Rylan t RT RT 
Pus = R,T, neat RAT. + R,T, 


The constants Um, are analogous to the quantities Pm, with the R, in each cage 


replaced by W,, the S44 by X44, and the Tian by Ying. The quantities RE, are defined 
as follows: 


4m2 
3,43 


ant? 


3mt2 


mti 
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R, 2 —(1—v) sinh 2€, R=} 
R,=3(1-») - R, = —v cosh 26, (28) 
R, = cosh 2£, Ry = 
The quantities W, are analogous to the R, with £i replaced by é The constants Sian 
Tans Xn, and Ymn are given by the relations : 


Bin = n sinh né, Sen = 7°(n +2) sinh (n--2)6 

San = n* smh né, B,4 = n'(n—2) sinh (n—2)E, 

Ss, = n° sinh (n—2)E, Ban = n sinh (n+2)€, 

San = n? sinh (n+ QE, Son = n sinh (n—Q)E, 

B4, = w sinh nå, . (29) 


The constants Tn» are analogous to the Sus with the hyperbolie cosine function replacing 
the hyperbolie sine in every instance The quantities Xmn correspond to the Smn 
with £, replaced by £, The same replacemént in the expressions for Tmn gives the 
constants Yma. f 
Also: ' Sin = sinh né, Xin = sinh nf, 
Tin = cosh nf, - Yin = cosh ^£; (80) 
The infinite set set of unknowns B,. Dy, Fy, and H, may be evaluated from 
Equations (24). The set of equations analogous, to these but containing the unknowns 
An: Car En and G,, may be solved for these unknowns. Thus, all of the coefficients of 
the terms in Equation (15) may be found by solving successive groups of simulteneous 


linear algebraic equations. 
The series given by Equation (15) converges absolutely and uniformly in both 


variables throughout the plate, including the boundary. 
The Second Problem 


Statement of the Problem. The boundary condition (a) of the first problem is 
replaced by the new condition : 
(a) The inner edge of the plate, &=&, is not supported against vertical defiection. 
The remaining three boundary conditions are as stated in the first problem. 
In rectangular coordinates, the condition of no support at an edge (< = a) is 


expressed by the equation 3 x 
[254 G-42929.] -o (81) 

Oz OzOy" Jaca 
This expression may be transformed to elliptic coordinates by use of Equations (3). It 


becomes : ! € 
(3(8 —») sinh °¢,+2(v—2) smh *£, cosh & € 2 sinh "&.] [B], , 


—(1+v)[sinh *&; cosh £i] s]... elena oe [Z6]... 


+ [sinh se] [Z5] , 2t «£, cosh £i] [Fle (82) 
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The combination of harmonic and biharmonic terms used in tho first -problem 
may again be assumed to represent the middle surface of the plate. 
Equation (15). 

Let us introduce the additional notation : 


Qi = EH ~R Bint BR, San 

Qo = R,8,,— RP oq + RT, " = 

Qsn = R,T, mái RaiSat t RTs insa a RT on dE R85 (88) 
Qin T R,T, m=-2 7 R85 .n~s s BT ua = FT TE San 

Qin = R,8,4.. x RyPans at B,8,4.. = RB on, + Rylan 

Qen = R,5, m~3 ReT a aa + RS sons x B,8,, + R, oTsn 


This is given- by- 


where 
R, = (8—8v) smh *£, — (2v — 4) sinh ?£, cosh *£,—2 sinh 56 
R, = (1-- v) smh ‘£, cosh £, "à 
R, = sinh *£, 
R,, = 2 sinh *£, cosh £, (84) 
The boundary condition (a/, as expressed by Equation (82) may now be applied 
„to the expression for w given by Equation (15). ‘The following equations are obtained 
by equaling to zero the coefficients of the various sine and cosine terms : 


E Qoa t Hagos = 0 
FQ, * HQ =0 


Bia t Dao t F,Q,- H,Q,- 4H, =0 
. Baint DíQ; t FíQi EF, AQ HQ. H, Qu, =0 n=3,4,... (85) 
E,951+ 4,951 =0 
EQ; Ga = 0 


Anin + Os Qi * EnQsn T En-Qan + G5 Qs + Gan-en = 0 n= 8, 4, AR (86) 


These seven equations, in the order given, replace the first equation in each of the 
groups (21), (22), etc., respectively. The other equations in each of these groups remain 
unaltered Thus, we again have one infinite set of equations for the infinite set of 
unknowns By, Dn, Fn ond Hp; and another infinite set of equations for the infinite 
sat of unknowns An, On, En, and G4. The coefficients of the terms appearing in Equation 
(15) may be obtamed by solving these linear equation. 


* 


The Third Problem 


Statement of the Problem. The boundary condition (b) of the first problem is 
replaced by the new condition : 
(b/) The outer edge of the plate, é= £, is not supported against vertical deflection. 
The remaining three boundary conditions are stated in the first problem. 
The condition prevailng at the outer edge may be expressed by an equation 
analogus to Equation (82), but with £, replaced by £z. 
Expressions similar to those given in Equations (83) and (84) may be introduced 
with £, replacing £,, and equations analogus to Equations (85) and (86) will be obtamed, 


2—1739P—4 
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These equations will replace the second equation in each of the groups (21), (22), etc. 
respectively. The other equations in each of these groups remain unaltered. Again, 


the coefficients of the terms appearing in Equation (15) be obtained by solving these linear 
equations. : 
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SOME NEW PROPERTIES OF GENERALISED LAPLACE 
TRANSFORM 


By 
8. K. Bose, Lucknow 


(Received April 24, 1950) 


1. ‘Ihe generalisation of the Laplace integral, given by Dr. R. 8 Varma and 
according to him known as the Whittaker transform, 1s 


e(p) = p f (2p)  * Wy, (2pz)h(z)de (1) 
0 
to which I have given the symbolie notation (Bose, 1949) 
k 
g(p) — h(z). 
m 


: For k — 4, m=+4, the above transform reduces to the Laplace transform, since 
we have 
(22p)3W, 4,(2mp) = ePe 
Other particular cases of this transform are: 
(i) When k = 0, we have 
Wass (z) = (a/7) 1E (z/2), 


the general transform reduces to 


v(p) = (prz) ig (22 p)* Ks (pz)h(z)dz 
0 
and 18 known as K-transform and symbolically denoted by 


o 
g(p) = h(z). : 
m 


(n) When k = $+4n¢l and m= +4n, we have 


Weysgathtgn(@) = (~ )te tetit Ly (z), 


l being a positive integer and the general transform gives 


«(p = (=) 'p | @ep)in+te-Li aped 
0 
and known as Ly -transform and symbolically denoted by 
At gn+l 
v(p) i h(x) 2 


(i) When k = n+}, m — 41, we have 
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D,(2V 2) = A22) -+W 14,24 (22) 


and the general transform reduces to 


plp) = 2-À"p | D, {2(«p)*th (x) de 
0 ! 


and is known as D,,-transform and symbolically denoted by 


vip) a) 
i 

In this paper 1 have given some new properties of this new transform, the 
analogues of which do not exist in the case of Laplace transform. Properties of 
Whittaker funetion, Parabolic Cylinder function and others have been utilized to find 


these new properties. The results of this paper are mteresting and general, 

9. Theorem I. The recurrence formula that holds for Wx,m(2) also holda for the 
Whittacker transform of the function x-*f(x), whero A is any arbitrary parameter, 
provided the integrals and the series *ncolved are covergent. 


Proof: (a) We know 


Wriml2) = 21W, -im-4(8) +(4-k T m) Wr-im(8). F (4) 
Let k i 
- ma (p) = $^ (2) 
m 
that is DE ^ 
alb) = p | enl-tee specie 8 0) 
0 


= p f ee if) Capt Wa n ep) (G-k +m) Was op) Je 


0 
= (2p)*ow- 4m - ka (P) + (G — k +m) Prima (D) 
Hence, we get the recurrence formula 
Gima(P) = (2P)tPr-hm-pa-4(P) + (8 -k m). -ima (P) (2) 
provided the integrals ın (1) are uniformly convergent. 
Integrals in (1) are uniformly and absolutely convergent, if R(u-Axm-3)20 
where f(z) = O(s”), for small z and (Qep,)~*Wr-1,n(2ep.)e@—*f (x) is bounded for z = 0 and 
R(p) > R(pj) > 0. 2 % 


(b) We know : 
Wan (a) = rWiipsra()tüchk-im)Waons. (B) 
Hence, as in (a), we can easily obtain a recurrence formula 
Phm alp) = (2p)teyi m pa (P) + (8 — k— m)gu im (D) JEN (8) 


provided R(u AX m3) 70 where f(z) = O(a) for small values of z and R(p) > 
R(po) > 0. ` F i 


8. Here we pomt out certain interesting results. 


SOME NEW PROPERTIES OF GENERALISED LAPLACE TRANSFORM 201. 


6) If in (2), we put k=}n+ł}, m — £1, then the left hand side reduces to. 
D,,-transform where as the right hand side remains W-transform. Thus it is interesting 
to note that the sum of two Whiltaker transforms is. equivalent to a D,-transform for 
any function z-*/(x), for which the integrals and the series involved are convergent. 

(ii) If in (8), we put k = 4n+4i, m=+4, again we mark the same result as 
in() ^ - 

(Hi) Ifin (2) and (B), we put k — 0, we find that the left hand side reduces 


to K-transform where as the right hand side is the sum of two W-transforms. Hence i in 
this case also we mark the same result. 


* (iv) .If in (2) and (8. we put k =4+4n+1 and m — 4 4n. then again we observe 
the same result as in (1) for L?-transform. 


4. Example. Let (Bose, 1949) 





B PETS E Temgl'(n-2m45) nimctin-mtj. 1 q 
OU) SNO ee GED LAE ig i) 
 R(nim-4$)20, R(p-R(p)20and|p| J4], 
then from (2 2), we get . 


(nk D4F, ps n-mcb 1 ug 


n—k+4 "2 2p 


nimt+h,n—mth 1 = 
cnm pa {i ken aoe ET 


n+m+hn-m+$h 1 q - 
—k+m).,F f 1 L-a} 
+ (bohm) Gn cà 
R(n £m 1) 2 0, Rie) > Rip.) > 0 and lp | -| e 
This may be written in the form 


pathy aftr REF, z} = (84-3). LU Pus. a} 


* +(+y-86)..F OU ; 21 


8. Theorem II. If the Whittaker transform of x~4f(a) with reapaor to the first 
derivative of Whittaker function be d, wm, (DP), that is 


F k 
Dz,m,a(P) = smf (x) (1) 
m 
then 


2pm (p) = kg, m,r-41(P) — PPh, malp) — {m? —(k ~ 4) Pkmn lp). 
Proof: We know 


aWrm(s) = (k— 4) Maral) —{m? -(k — Ws (2). : (c) 
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From (1), we have 


imalp) = p f Geb) Wis Gopher ^f(e)de 
0 


- f (zp)75z-^-! f(z) (k — pz) Ws, (2p) - (m* — (&—4)* Wa, (2pz)]de. (2) 
0 
Henee 


2p, malp) = heim (p) ^ PPr, m, (p) - £m? — (k — 4)? bP -i,m a41(P) (8) 


provided R(u —A +m + 3) > 0 where f(z) = O(z*) for small values of æ and (2rp,) *7^-!f(z) 
Wis (2ps2) is bounded for z > 0, R(p) > R(p,) > 0 i 


6. Example. Let (Bose, 1949) 


f(x) = 2" 





k Dine mt 9) (n—m +8). P po UEM n i} 
m —Q""p"T(n-k-41) > lin-kel í 
R(n x m +3) >0 and R(p) > R(p,) 0 
then from (5.8), we get 
' m 1- [kl(n-Ac-mc-DI(n-A-m-1 
Ve = gae [Tee 
xF tnu a n-A—- mci. phat Deaan \I\(n-A—m + 3) 
\n-rA—k+ : 2 T(n-A-—k+H) 


n-Atmc) n-A-—m+h fm? — (k 4) ]P(n -A - m - DI'(n -A— m 1) 
un A-k4i sae a es ar, 


n—-A+m+}, n-A-—m+} 


es oe k+4 


; 4] R(n-A4m +} > 0 and R(p) > R(p,) > 0 


7. Theorem III. If 
ioci 





) z) 
p (p "e f(x 
and 

y(p) => ei"g(z) 
thon 

EE in(m — 1) m(m-—1)(—2)(0n—3), — ` ‘| 
y(p) = (py [pnt + CÓ»QpC Pm-2(P) + Jg Pin—a(P) + 
where the last term being 
23/200 ! 


vi(p), when m is odd 


(8p)i"(&(m — DP 


and 
m! 


(8p)?™ (47) | 
Proof: We know (Varma, 1988) 


9, (p) when m is even. 
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amen = Df OS D p, pe) m(m—1)(m - 2)(m—8) y 


2.1! 2* 9] m-4(9) donus 





the last term being 


m! 
wa- m— Ih D,(#), when m is odd 


dif) D,(s) when m is even. 
Also, we have 
2t'g,(p) = rf D,{2(ap)}f(a\da (2) 
0 


and, if 


k 
9,(p) = h,(x), then 
m 


deme Sn. 


r-]0 Tom] 


Using these results, we get 
1 — - —2)(m—8 
(2p)is [e.c +n l 1) Pm—a(P) + Bier Don Dims) Pm—a(P) Le ‘| = y(p) 
where y(p) = ei"f(z) and the last term 
1 98/2 | 3 
(8p)i im-17] 9, (p), when m is odd 


and 
ie Gor 9,(p, when m is even 


provided R(u) > —1 where, f(x) = O(z4) for small values of z and R(p) > R(p,) > 0. 


8; Theorem III helps us in simplying big expressions which, in general, we come 
across when we find the D, transforms. Generally, we find that Laplace transforms 
are simple expressions and so the interesting thing that we mark in Theorem III 1s 
that the sum of a number of D,-transforms is a Laplace transform which, in general, 
18 & Simple expression. ` 

This can be illustrated by the following examples. 


() Let (Bose, 1049) 
= aeo PE Tt lane) p [th m3 
E= ił TOTTE i eani 
R(») >—1, R(p) > R(p,) > 0 and (p|] [q| 





TI 
vies 
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Hence by Theorem IIT, we get 


Tintim+i)p _ D(-DDP(o-8 [s i i eb ; i a 
n—4m ^" —im-c P p 


(p +g) tinti 2(2p)ni**" 
m(m—1l) ` auttm 1s ss] 
FIn- gmt i-imaeb 2 





and the last term is 


miT(n+8) 
Fo amen ICES rae when m 18 odd 





and an fT'(n +1) 
gm*1(25)im -1(rm) p - q)^* 
(ii) Let (Bose, 1949) t 


f(a) = zJ (be) +t (b/2 D(nt+ p+ 26-- 8)T'(n * uo 25 1) 


+4 22 a a8 lT (n+8 +1) (n+u+28— 4r +8) 


when m 18 even. 








-ay (ntu +28 F$, n+pt2e+1 | 
(ie T ME UNE - jap 
R(n-- £1) 70, R(p) > R(pj 20 and [p] 7| b |, 


vip) = (b /2)"T'(n - p -- 3m - 1) (&ict dmt dn t 3, Eois 
Dn4lpr"H 7 0dae1 ;-bp 
Hence by Theorem III, we got 


Torpcim en +im+1), ge iine prend _ p/p? 
Dei) n+1 I 





"mE [ In n 28r 8)L'(n t p 28 € 1) (- b y 
grterimH Ly s IT (ns 1)D(n-t u—im-2s 3) NV 16p* 





<P und n+pt2st+l . m (m — 1) 
! In u—4m 26-8 E 2111 


I'(n-u-t28- 8)I'(n * u * 2s-- 1)( —b?/16p")s 
8 IT'(n 4-8 1)T(n t uy - 28 — $m +3) 





o ntpt2e+1 | a} 
> 1\n+up—-im+2s+ġ RE 


9. Theorem IV. If 
tiatn 


eo E fe) 


and i 
s plp) = (e/a)i***f(z[a), where a = D 


ch 
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_ (1—-#)*(1+t) Xv (-)nt* 
e(p) Gy 2 nl 9s (D) 
provided R(u--j«--8) 70, where f(z) = O(z*) for small values of z, R(p) > R(p,) 0 
[t] « 1 and f(z) is continuous. 
Proof: We have 
esp) = (nip | (2epjitte-t L Qop)f(o)d (1) 
25 o ‘ 
Muttiplymg by (—)"é"/n! and taking the sum from n = 0 to n = co, we get (Howel, 19087) 
nin _ —?pzill—i 
> oe ST oat) = =f LEE: — QN 
Z (2p)tet+ t 1 
MESEN e(p, | |< 
where l 
plp) = (w/a)te+4/(a ja), a = — RQ) > R(p.) > 0, f| «1 and eiS 
Hence 


1-0*0:42 Èo- 
"— Pn (D). 





'(3) 
The change of order of integration and summation is obe due to the uniforin 
and absolute convergence of sn series and the integral for 
R(u+ła+4) > 0, where f(z) = 





(p) > R(p 2 0 and 
z^) for small z. . 
10. Theorem V, If F 
qur p) 18 the Let? transform of a*f(z) 
and ] 
^ - E -— - - - 
g$+a+h+2n = 
T z—te-to(z), 
me x (2+ 4) 
then 
_ (Qp)¥ tin IT (2n + 24.12) NC (— 7 T(2-- 7 1) (2p)? eH 
vo) Tn tat) Že eatarra 7 l- 
Proof: We have 


(2p) DRE (p) = (-)'p(n—))1 J “(Qup)tetrt tena x L5 y Pp). (2p) f(w)d 
or 


"f(z)dz (1) 
0 S 
(2 


(n-5i' yet (p = p J * Qap)tette~*9 (0p) "Lat (Qep)f(a)de. . 
i 





I'(«- r1) 
T (22 + 27 + 2) 





Multiplying by 
T 


and taking the sum from r= 0 to r = n, we get (Howell 
1987, p. 399). 


3—1739P—4 
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* (—)***I'(« 4 + 1)(2p)* ort "D 
~ (n—1) iri Qs cr 2) > 


Syp g chor Bg nre 








Hence T 
(3p)i« ^n IT (2n + 26-2) Ñ (=T (ar + 1)8p)Y pt2 
yp - T(n-«-41) AOI (Qa + 2r 4- 2) Par (P) 
where ; erect 
= —fo-$ A 
Y (p) AGED z f(z) 


11. Theorem VI. If : 
9s, (p) 18 L5. , transform of f(z), and (p) is Ls transform of zi8—9f(z), then 


n! v (-YT(e-8+ 


y(p) = T - A)(apyhe=) x m In =7) I Pn—r(P). 
Proof: We have 
Parl) = (-)7*(n-np f (ep) ^ieceLé..Qpnf()de — (1) 
0 E 


Also, we know that (Howel, 1987, p. 897) 


Te B+r)7~8 
$T La-la). 


Using this, we get 





a n tn =o spé Ls (apa)f(z) ajda = CPE ^N) 
*- 
Hence —Y'T («B +r) 


(= 
(2p)i(97 3T 52 rl(n—r7)! palp) = ¥(p) (2) 





where ¥(p) is the L5 transform of st (6 Jf(a) i 
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ON WHITTAKER TRANSFORM 


By 
S. K. Bose, Lucknow 


(Received June 6, 1950) 


1. The integral (Varma 1947) 


" plp) = p f (22p)-+ Wr, s (2pz)f(z)dz (1) 
0 
is the generalisation of the well-known Laplace integral 
e(p) = p f e F*f(z)dz 2) 
due to the identity ý i 


(2pz)-*W4,,,(Qpz)=c »* 
Integral (1) (Bose 1949) 1s symbolically denoted by 


opt (a) 


m 


and 1s known as Whittaker transform. 
Two of the particular cases of this transform are: 
_ (i) when k = 0, integral (1) reduces to 


oP) = (p/n) | 2xp)*Kn(2pa)/ (ede @) 
0 


where K,(s) is Bessel function and is known as K -transform; 
(ii) when k = 3-- 4n tl, m = xt dn, l being a positive integer, 
integral (1) reduces to 


plp) = (—)Uip f (2ep)in trem L3 Gpaf (de 
0 


where L?(z) is Generalised Laguerre polynomial, and is known as L7 — transform. 


In this note I have given a few more properties of this new transform by using 
the properties of Self-reciprocal functions, Whittaker function and Generalised Laguerre 
polynomial. The analogues of these results do not exist in the case of Laplace transform, 
except in Theorem I, which is given in the form of a Corollary. 

2. Theorem I. If 
d 
m 
and yhe) =x" -94W,,(2pz)f(z) 


Pal p)—=r7 (1x) 
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where f(x) is independent oj n, then 
—1 = (2p)* gree d 
Poem) = Sony Jm er o 
provided R(y, —n +m 4 1) > R(m,) > 0, where f(z) = O(x®) for small z, 
2--*W ,m(2px)é~*/ (2) 
is bounded for R(p) > p, > 0, 8 => 0 and the integral (1) converges. 


Proof: Since k 
svp) afi, 


therefore, f % od 
Paim (P) = p | Go) Wa sape flade @) 
0 
On using 1 e ^ 
VE ur J 'e7tgm-1da, R(m,) >0 


in (2), we have 





D . 1 eo 
e -i -n-1 —szam,—1d 
Pn+m,(P) = P I (2«p) Vna pe Jade | e^! 8 


0 0 


- in "ends ie (xp) AW», (Bpz)z-*-! e-*/ (a) da (3) 


2 ON Bf 7*j(a)da 


Regarding the nicam of the change of order of integration we see that in 
(8), z—integral is uniformly and absolutely convergent if R(pg, n xm 1) 2 0 where 
f(z) = O(z^) for small z and z-"-*Wy ,(2p,z)/(z)e^*" 18 bounded for R(p) >p, > 0, 
82-0, 8-integral is absolutely and uniformly convergent for R(m,)>0, > 0 and the 
repeated integral exists due to the convergence of (1). t 

8. Corollary. If in the above theorem, we put k = ł, m = +4, we get- the 
result of Tewari (1043) : 

If '— Galp) = a7 1f(a), 
whore f(z) is not a function of n and R(n) <0, fhen 

gm-l 

Tm) o 8) 
provided R(p) > 0, R(m,) 2 0 and the agar converges. 

4. Example. If 


Pum, (p) = pra”? +8)ds, 


f(z) = get, 
then (Humbert and McLachlan 1941, p. 61) 
ple) «(n (2p) HT (ke — n+ 88/29) 73(5/2p +1) -+-+ 
and (Bose 1949, p. 18) 
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goma—n—te-ge D mJT(1- m,—2n) ie he aia fa ai L) 
n 2(2p)-™-*-41(8/4—m,—n—k) ? 'là-m,—n-k '9 4p! 


R(m,) <1, R(m,+2n) <1, R(p) — 0 and |p[>4 
Hence, on applying Theorem I, we obtain 


n-h—-4¢ 
| ie. ds 
2p . 


0 





ett im JT (1 — m )IY1- n, —2n)(Qp) +4 +r -3/2 F | I-m,—2n 1L 
D(k-n+4)0(g —m,—n—k) X ai à—m,—-n-k '9 4p 


provided 0 « R(m,) «1, R(m, t k& n) 5 $8, R(m,+2n) <1, R(p) » 0, and |p|2» &. 
5. Theorem II. If 


(2) fa) 


and y^-?Pe(y) is self-reciprocal in the Hankel transjorm of order v, then* 


a-r-3g(y) = Zuti km th) [h-uain p fintivtimtá, y 
pote) = oo ef trece 77 (Eje 


provided R(v-u m * 2) — 0, Riu,- iE Er R(x, xm + $) > 0 where f(t) = O(t«) for 
small t, R(u,-$v-u)2- 0 where g(x) = O(z^) for small z, R(p) 7-0, |p[ 2] y] and 
toe) F fu tavtam+s; vel; —y'[U] and z^-J,(zy)g(z) both uniformly tends to 
gero a8 t —co for y > 0, 

Proof: We have 


0 
e(p) —f(z), 
m 


y*-Pp(y) x (2y)4J, (zy)a^ "I o(z)dz (1) 
and (Barg 1949, p. 14) 


dey Taiu dv tm 8) ieriviim-d, oy, 
e, (p) = y (22). I'(v + 1)ps** za v+l1 2 


0 
=J, (zy) = f(z) 
m 


R(v* um 3) > 0, R(p) >O0and|[p|>[y|. 
Now, applying (Bose 1949, p. 19, R. 6): If 


0 
o(p) —f(a) 





+ Symbol 
Ty(ax B) = T'(a--B)T (— 8) 


and atB a+, a—B 
F A =,F H 
1 | y a} 1 | y ef 
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and 0 
Pı (p) =f, (x), 
m 
then eo o0 
dt — dz 
J «o7 = J plz)fla 2, 
we obtain 


24T du tdvxidm-8) (^, uuu p fibtiviime8, y 
V (21). I (v +1) js jft)sF, È vcl , uae 


=y T (zy)*J, (zy)z^-9Pg(z)dz = y^-*-39(y), from (1). 
0 


6. Theorem III. If 


k-— 2 
wp) di f(z) 
and k 
e(p) —[(z), 
m 
then n E : 
op) = nITim kei, > — ROC ev (p) 


— (n —r) 'r!T(m - k —n t 74-4) 


T 


provided R(k—-k+m)>0, R(ugm-c4) 0 where f(z) = O(z^) for small z, and 
OOH ey n ge Pun) and HW, ,(9p,c)f(z) both uniformly tend to zero as x —co 


for R(p > po > 0, r = 0,1, ...., n. 
Proof: We have 
(2p) o(p) = p | Gep)-tGpz) W pr-nrpl2pa)ila)dz a) 
0 m+fr 
(=Y 
\irlI(m+k-n+r+}) 


and on using (Hari Shanker 1942, p. 52) 


me : > (—) at 
Waele) SCPE serial Daas IrID'(m c k—n-4 r- 3) 





On multipliymg by ot and taking the sum from r = O tor — n, 





W (i-e) R(t}-—k+m)>0 (A) 


we get 








> (=x (2p)! eiae g(p) 

L n-rir(mek-nertg)" (-yI(m 4 kin! 

provided R(&$—k-c-m)720, R(utm-c1$) 70 where f(z) = O(z*) for small z, and 

z*Wi, QA p,z)f(z) and zT ficat HAPN) both uniformly tends to zero as mz —oo 
mtr 


for Rp) > p, > 0, r= 1,2,,.., 7. 
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T. Ezample, If 
^ 


f(z) = I, (2az), 
then (Bose 1949)*, with k = 0, 





2 (2a Tigvedm+s) p fivtimedo sol gi TM 
Pp = cime wae 2 | Rwim+§)>0, Rip—2a) >0 


and p> Qa, 


p CE LSE emtee "ia 
ir ~ 81 D'(v t 6 1) (vin+2e+4) 2p 


and 





vtmcrr28t 5, v—m 4-284 
x Ff $, $, ij 
v-nt2s8 i 
R(v£m-1)2»0, R(p-2a)2 O and p 2a. 
Hence, on applying Theorem III, with k = 0, we obtain 


UysGvtim+s) p mon zs 


4 (2m).D(v-1) Tl ved > p? 
Ln IT(m +4) (—)** IYv* m r4 26 3) 
57 9t > n —r)lr!I'(m — pA EH ~all@t+etl) 





= vtm+r+28+3, v-m4+2e+ 
Ie ae y E 1 2 jd] (1) 
v-F n t 28 t T) M2p vint+28+ 3 


R($ +m) > 0, R(v 4m + $) > 0, R(p —2a) > 0 and p|>|2a. 


From (1), on comparing coefficients of p~? from both sides and replacing 
ivt dm &, jv-àm 8 by a, B respectively, we obtain 





5 (— J+ (2a + r+ 28) ; ea 28328. j 
(n-r)lrlT(s-8-n r4) * lat Btnt2ty ? 


B 28027 71]'(a 4 8) (x - 8 n 28 3) " z 
= n T( EN E EEATT » R(z+4) > R(8) > 0 and R(z) > 0. 





8. Theorem IV. 1j 


Tmc 
(p)! = P Kæ), p being a positive integer 
+m 


and 


hth+artu—n jr 
p, (p) + (m+ is zi [(z), 
then 


p . (-)**(2p)i* 
SRDE pz irl. D(Qm+ poner j 





* This 1s obtained by applying (R. 1). p. 19, in Example 11!o). p. 16, 
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provided R(u,+m+ 43) 22 0 where f(x) = O(z*) for small x and a" HBAg pee Lm (2p,z)f(z) 
is bounded for R(p) > p, > O and z >V. i 
Proof: We have 


(ER pp) = (yun) p f (Qapitro apa jade =) 


1 


g from t=O to r= 
r){r {T(Qm + u—n4 em taking the sum from t r= 





On multiplying by ae 
and using (Hari Shanker 1942, p. 58), 2 


` n rp 2m 
I?"(g) = n (u-n) IT (2 (=#)'Ly~n (2) , 
p ILn(g) = n p= n) T mene) > aay Ir II(2m c in 71) 








we obtain 
-yQp* (=): j 
EIS Ir I (2m t 4 — Intri” ep = n{L'(2m + +1) (p) 


provided R(u,+m+4) >O where f(z) = O(z^) for small z and amti - pe Li» (2p,a)f(z) 


is bounded for R(p) > po > 0 and £ > 0. 


9. Example. If 
f(z) = 2, 
then (Bose 1949, p. 12), 


= a De ap ut jj 3] Rep) > 0 and RO gm >0 


«O9wID(A- m-guci)^ m -— yt À 
and is ee mpi, jen mdp i} 
į Atit (A—m—pint 2): A—m—ptn+4 : a 


Hence, on applying Theorem IV, we obtain 


TO m4 p[^tmti ij 


Eu m— "ES iain pee 





_ n dT (2m + p+) by (=D Em r4) 
TO -m-pitnt d (n-rirlP(2mtg-nt r1) 


Atm+r+$3,A-—m+ 
"d IN : e t, a}, R(p) > 0 and RA+m+4) > 0. 


—m—,utn-ct i ; 
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UNION CURVES AND HYPER-ASYMPTOTIC CURVES 
ON THE SURFACE OF REFERENCE OF A 
RECTILINEAR CONGRUENCE 


By 
R. 8. Mispra, Lucknow 


(Communicated by the Secretary—Received July 13, 1950) 


Union curves and dual union curves have been defined and studied in projective 
space by Sperry (1928). A curve on a surface is called a union curve of a congruence 
T in case the curve is such that its osculating plane at each of ils points P contains 
the line | of T through P. Union curves were studied in an Euclidean space of three 
dimensions by Springer (1945) and Mishra (1950A). The curves which have the property 
that their rectifying planes at all their pomts contain the lines of the congruence 
through those pomts were studied by Mishra (1950B). Let us: call these curves 
hyper-asymptotic curves. Tho reason why these curves have been so named is that 
they reduce to asymptotic lines when the congruence is formed by normals to the 
surface of reference. ‘The object of this paper is to study union curves and hyper- 
asymptotic curves in further detail 

The notation generally adopted ıs that used by Eisenhart (1940) unless it is 
expressly stated. 

1. Let the coordinates of a point P on the surface of reference S of a rectilinear 
congruence be given by æ = æ (ut, u?), (i= 1, 2.8) and the direction cosines of tho 
ray l of the congruence through « by A* = A‘ (ut, u’). Consider on the surface S any 
curve C:z* = z(8) at P. The direction of its tangent PT is determined by a value of 
du*[du'. Let w be the angle which the vector A‘ makes with the principal normal 
to the curve at P. Thon 
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ibus pu Oe (1.1) 
Where p is the radius of curvature of the curve at P. But 
3 i e 

s = peat, a t kX! (1.2) 


where p* are the components of the curvature vector of the curve C at P and ky is the 
curvature of the normal section of the surface in the direction of the curve, 
Use of (1.2) in (1.1) yields : 
LIW = M.(p*3,, + Kn X) = p*p, + kng (1.8) 
p EA 
where p, = A*.25,,; and A.X! — cos 0.= q, 0 being the angle which the normal to the 
surface at z* makes with the line of the congruence through z*, 
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The quantity (cos w)/p is the same for all curves through P having a common 
tangent at P denoted by PT. Consider in particular the plane curve in which the surface 
is cut by the plane determined by the lne l at P and the tangent PT. Let us call 
it the congruence section of the surface for the direction PT. In this case w 1s 0° 
or 180° according as the principal normal to C and the line l have the same or opposite 
directions. If we denote by p. the radius of curvature of this plane curve at P 
assumed to be positive, we have 

cos w/p = e[ps 
where e is +1 or —1 according as the principal normal to C and the line l have the 
same or opposite directions. 

If we define a quantity k, for a direction du* ata point u* by 

o = P°Pa takn (1.4) 
it follows that the absolute value of k, is the curvature of the congruence section oj the 
surface for the given direction. 

‘By know that the equation of the hyper-asymptotic curves is given by (Mishra, 


P*Pat qin = 0 
hence a hyper-asymptotic curve may be characterised by the property that the 
curvature of the congruence section of the surface in the direction of the curve vanishes. 
This is reminiscent of the metrie theorem that the curvature of the normal section 
of a surface in the direction of an asymptotic line is zero. 
The curvature of a union curve is given by (Mishra 1950A) 


= cosec p (p*p, +hnq) 
which by virtue of (1.4) assumes the form 
k = k, cosec 9. 

From this equation it can be easily seen that the straight lines on a surface 
are the only union hyper-asymptotic lines. This is a generalisation of the result: the 
straight lines on a surface are the only geodesic asymptotic lines. l 

From the definition of hyper-asymptotic les it is seen that the envelope of 
rectifying planes of these curves is the line ‘U itself. 

9. A union curve is a class of curves which have their differential equations 
of the type (Fubmi 1918; Wilczynski 1922) 

24,2 2 a\2 543 
jak = as dt (22) E) 


where the coefficients are functions of u! and u?. These curves are called hypergeo desio: . 
We now find the values of A, B, C, D in the case of union curves. ' 
The equation of a union curve is given by (Springer 1945) 


6aalknp* —qp*)duP = 0 (2.1) 





where 
8,5977 (X* 2*,, 25,5) and p* = g*" pe. 
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dans (2.1) and observing thal 


du? ne du Pw _ du? G5 du? du) 
ds da du! ds? 





ds duds’ de? dudul 


we gat, du? 


_ 2 du?. 
node 7 abr Qd sa en nay 
d 2.21 1 4X3 
+ (afiat {2} + daah" - naue Xs) *(be] dM XS)" em 
where h* = p*jq. 


The values of A, B, C, D are indicated by this equation. In particular if the 
congruence is formed by normals to the surface of reference h* = 0, and we get the 
equation of a geodesic m the form (Hisenhart 1909, p. 205), 


ame 7 nyt (fist -* a} rer * Glo] - bxc) (ae) 


The equation of a dual union curve on S (Lane 1932, p. 108) is given by 


d^u? 2 1 2 du? 
du'dut =fr (Ln aj rade - eu dui 


«(slàj- — {oo} + dash? — -24h (EY + «(ai ET (2.3) 


The directions of Segré are characterised as the directions m which the union curves 
and dual Union curves coincide (Lane 1982, p. 116). From (2. 2) and (2.8) it is easily seen 
that if on a surface union curves and dual union curves coincide, then the differentiai 
equation of the curves of Segré assumes the form 


Hit- hd, (du')* + (dah - 1a =0 


and the curves of Darboux are given by 


da- hd, Je "(Ilà- Wd, au) = 


From (2.2) it 1s seen that if a parametric curve u? = constant is a union curve, 
then i 9 
h da-f} =0 


which. by (2.8) ıs the condition that the curve 1s a dual union curve also. Butin 
that case the curve will bea line of Segrè. Hence if a parametric curve is a union 
curve or a dual union curve it must be a line of Segrè. 

We now find the condition for a hyper-asymptotic curve to be a hypergeodesic. 

The equation of a hyper-asymptolic curve 18 given by 


"p.t gh, = 0 
Expanding this equation we get ; i 
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This represents a hypergeodesic if p,du* = 0 which js true when either the congruence 
1$ formed by normals to the surface of reference in which case the hyper-asymptotic 
lines reduce to asymptotic lines or the lines of the congruence are tangent to one 
parameter family of curves. 





8. Referred to asymptotic hnes the direction cosines of a projective normal 
through 2! are given by (Lane 1982, p. 248) 


(log Akt), a£, + (log Akt), at, +da Xi 
{[ (log AKA), 317951 T [dog ARE) ]*g.. t 2(log Akt), (log Akt) gia tdg 





where ({ 9 M 1 yy : 
11J122 e 
. À om ast and k = 2, 
(d,,6,,)* m di. 


Let the denominator of the expression for these direction cosines be denoted by A, 
then for a congruence formed by projective normals 


(log Akt), Iia +(log Akt), gaa 
A 


Pa = and q = 2s 


Hence the equation of the hyper-asymptotic lines is given by 
p*[ (log AR), 91a + (log Ak$),.9,.] +d,,h, = 0 
and the equation of union curves is given by 
Basing” [(log Ak), diy + (log Akt), Gay ]du? =d skg = 
where kg is the geodesic curvature of the curve. 
From these equations a number of properties of union curves and hyper-asymplotic 
curves of a projective normal congruence can be found. 
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CONVERGENCE, OF RANDOM DISTRIBUTION FUNCTIONS * 


By 
M. N. Gaos, Calcutta 


(Communicated by Dr. P. K. Bose—Recewed July 7, 1950) 


Convergence of sequences of probability distribution functions have been considered 
in statistical literature, the most important theorem being the second limiting theorem of 
Frechet & &Shohat (1981) which demonstrates that under certain conditions the 
convergence of moments implies the convergence of the distribution functions. In many 
statistical problems, ¢.g., in the theory of nonparametric tests we have to consider 
sequences of distribution functions depending upon random elements, We shall in this 
paper consider the convergence of & sequence of distribution functions ‚depending upon a 
sequence of random variables £, é, ..&,,... dependent or not. 

Let Falz, &, ... Ên) be a distribution function depending on the random variables 
€... En and ¢,(¢, &, . . . En) the corresponding characteristic function. Let 

i= f ondes bu. 02 
-@ 


LJ 


be the moments of F,(z,£,...£,. af” thus a random variable depending upon 
by PON Ens 
Let 
Phm p? = y, ` 
no 
i.e., ny converges to a, in probability, the notation being due to Wald & Mann (1948), 
We have 





k r kii k+1 


p 2s S it)" | (it)**! d**1 


rT elige feles OKLO, oce] 














Thus l ^x Ir T 
len) —9(0 [ Max | pr — p, | 
fal Tl r<kh 
ib dk*1 dk*1 
+ aay {Max ERIT 5 Pn(@) |+ Max | jet \ 
851 die k+l : kii 
qtr nle) = į Ja e™ dF, (z) 
thus as 


geri fre) | zu. 
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where Y is the absolute moment of order k+1 for F,(z). Thus 


lonli- T e Er ecol 


From Plim pe =p 
Prob {| if? -p| > e] <8, for n >n, holds. 
Thus a 
Prob [p-m] <e; r5 1... k+1}> 1- e 13, 
for n > Max (n, ... Nps) = N say. 

When k+1 is even pers = Virno afl = X35 and (vesi HVER) < Que. HE. 

Thus when n œN, except for a set of values of (£,,... £4) of probability less 
than (k+1)8, 


| eal! -ols SUE s. 


rel 


Consider the functions 


G,(2) =t T P. (s)ds, G(z) zs f V Ple)de 


As shown by Cramer (1988) the functions G,(z) and G(z)'are distribution functions 
and the characteristic function of G,,(z) is given by 





jj Bwat eoi 1] 2, 9l 


]tE* 
(k+1)! 


p= = 


$«(D 





From the inversion theorem 


Gala) — Ga(0) mie +0 aa > = at 























E men ftii 
[G,(2) - @@)] - (4,0) - 8(0)] = auf Lont) e at 
lene- aa- O-O 54 | r e iud ai 
sf tines has 
UTC ee a ear 


— E] 
bre ies elt Ea iuo, when | 2| « 1 
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Also 1-39 
[ox = EGET when [s] 1. 
Thus L—e7® 
Y < e holds for all values of z. 
—g-ühy1. e~ "PUN 
Lf o-o P= = aeaf on-oa 
jt «4 ]t <a 
k 
s 3| lorfecr+ oe ayy Qd] 
and 
nl t dt 
' [es Pa $0] dt <a aS 
}t{>a {tl>a 
Thus we have 
I[G.(2) — G(z)] — [G4(0) — G(0)]] 
8 Me 
Aou a feet 4 — —— gays tll for [z|« M. 


We shall make the following assumption. 


k+3,, 
Assumption A. lim saat =0 for any given value of a. 
ko - 


It may be recalled that this is a sufficient condition tbat the set of moments should 
determine a distribution uniquely. Now, when assumption A holds for any given value of 
h and for [| < M. 

We may select æ so large that 8/ she < $e, for any given value of « we may choose 


Me? 
T zn - 


(k--1)8, <8. Thus for n > n,(h, M) 
I[G, (2) — G(@)] — [8,(0) — GO] — e, 
(2) 1.6., \[Gn(z) - G4,(2)] -[G,.(-—h) - G(— 5)]] < 26, 


holds with probability greater than 1—8 where e, and 6 are arbitrarily small. 
Agam, since F,(z) 18 an increasing function of g 


33 [F,() -F()]da > F,(z)- 72 F(s)de ` 


Kaa AY «i ' and finally n so large that MS" oes <3 and 


+ 


k so large that —— 


> (Pale) Fa)]- E f7 [Pe Fa)]ds 


T 


0 
if [F,,(8)— ()]ds < Fs (0) — JE 


< [F.(0)—7(0]- 1 2 [F(s) — F (0 (Nae. 
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Subtracting the second inequality from the first we have 
[Ga(x) — G(3)] -LG4(-9) -G(-h)] = [Fa(e)-F()] -[Fn(0)-FO)] 
Ttk 0 
-if uere 7 J Fle) FO 
ie, [Fa(2)-F(e)]—[Fa(0)—F(0)] <|[G@a@)- G(2] — [G,(-h) - G(—8)]] 
0 zm x+h 
S xf ro rone " aH [F (a) - F(z)]ds 


Now when dF(s)/da exists and 1s bounded 





(8) : f f [F(2)-F(e)]da = O(h). 


Thus for h sufficiently small ! 
[Fp@)-F(2)]- [Fa(0)-F(0)] < 26: * a 


Let F,(z) = 1 — Fa(— 2) and F(z) =1-F(-2), then F,(x) and F(z) are the distribution 
functions with moments nS and py respectively and being the distribution functions of 
(—a) in either case. Since all the above arguments hold for these distribution functions 
we have 


[Fa(@) - F(2)] T [F,,(0)-F(0)] zi | [G. (a) - G(x)] = [G4(—h) = G(—h)] | 
1 [e-Feas 


-0 
f (Fe@-Folae 





L 
T 





E 





where G,(z) and G(z) correspond to F(z) and F(a) respectively. 
ie., -[F,(-2) — F(-2)] + [F4(0) -F(0] «2e, t e; 
— [E,(z) - F(z2)] + [F(0) - F(0)] < 2e; t €x 
Thus we have 
(4) | [Frea] - [F4(0) - F(0] 3er 
for h < h, and n >N,(h,, M) and [e] « M. 
Again, from Tehebyscheff's mequality 


b un Ha t€ 
(5) acre) = | arm E tn 


(6) 1-F@ = | dF() a s 

since Prob {| i — p| <s} > 1-8, when n > N, and when z is sufficiently large. 
Thus except for values of (1, - - - Én) of probability less than 9, 

| F,(z) F(a)| < 6ste, for [2] =M. 


Thus we have 
| F,(0) — F(0) | < 2e, +62 + 6 te = e’ say 


for n> N,(h, M) and n 2 N,. 
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Hence we have 
| Fa(x) — F(a) | < 2e tete < e” - 
for n >N,(h, M), N, except for values of (Eir... Én) of probability less than, 8,06 
e, 9, ô, being arbitrarily small. 
Thus we may state: 
Theorem A. Let Fa(t; &,... Én) be a sequence of distribution functions depending 
on a set of random variables £, .. . En, . . . such that 


Plim py” = p, (r= 1,2,.,.) 


n+ 


where uU) is the r-th moment of F(x) and p, is the r-th moment of a distribution F(x) 


which possesses a density function and for which assumption (A) holds, then for « and 8 
arbitrarily small, | F,(z)— F(z) | < e for n>N (e. 8) except for values Êr... Ên with 
probability lesa then 8. 

The convergence of F,(z) considered in theorem A is æa Case of convergence in 
probability i.e., convergence m the weak sense we shall prove the following theorem for 
the strong convergence of the random distribution function. 

Theorem B. A sufficient condition for the almost certain convergence of the 
random distribution function F,(z, £i... En) to F(a) is that 


Prob flim p!” = u}= 1 
n+ 


hold jor r = 1,2,8,.... 

Proof. Since £r are real random variables, dependent or not, the jomt distribution 
function of &,..., & defines a probability distribution over a class of Borel s3ts in the 
infinite dimensional space of £, Ea, ... En... For the purpose we consider the cylinder 
sets of Kolmogoroff as the Borel sets. These cylinder sets consists of all sequences 


eee sud 


for which the first k variables le in specified sets in the space of (En ... En), the 
probabilities of the cylinder sets being the probabilities.of (£1... - Ên) lying in given sets, 
As shown by Kolmogroff (1988) this proceedure defines a probability distribution in the 
infinite dimensional space as a totally additive set function. VE i 
From the equation 
P {lim p = pip = 1 


we see that except for a set A, of points (€,, . . &,....) in the infinite dimensional space 
of probability e” 

la py] <n? forno n, 
where ny? are nonincreasing sequences with limit zero. This follows fróm the property 
that a random variable converging almost certainly also converges uniformly in probability 
(Frechet, 1987). ; l . 


Thus the moments Je converge to u, except for sequences (£,,.. Er.. ) bel^nging to 


A = Á UAU... UARU... 
5*-1739P—4 
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where Al ef — 2e. From the second limiting theorem of Frechet and Shohat 
n=l 


(1981), F (z) converges to F(z) except for sequences in A. Since e ig arbitrarily small it 
follows that F,,(z) converges almost certainly to F(z) Since F,(z) : continuous F,,(z) 
converges uniformly to F(x) with respect to z. Hence the theorem 

Applications. 1. Let2,,..%,--- be a sequence of independent random variables 
with the same distribution function F(z). Con responding to the samples 2,, . . £s consider 
the sample distribution. funetion S,(z) (or repartition function according to Von Mises). 
lin, is the number of values Z;,. . 2a less than x then 


Bala) = n/n, 
we have thus 


i Zt + E Z 
x’dS,(x) = “1 — LM 
n 





-00 


Thus when all the moments of F(z‘ exists we have 
T 
P flim i EE = Elz} = 1 


from the strong law of large numbers Hence the conditions of Theorem B are fuifilled f 
as S4(z) converges almost certainly to F(z). 
When the moments of F(x) do not exist we can find a distribution function H(z) 
with finite bounds such that 
| F(z) - H(z)! «e 
where ¢ is arbitraily small In particular, let 
HA. 
F(B) — F(a) 
=0 otherwise. 


H(z) whenexr<B 


Let S,(z, H) be the repartition of a sample from (2) obtained by removing values 
ofa<f‘andr<4 from a sample from F(z) 


The moments of H(z) are naturally finite and thus from Theorem B Salz, H) 
converges almost certainly to H(z). Now 


8,(2,H) = “#2 =" _[8,(z)-S,(@)] 


N Nha fg—n, 





Since (ng —n,)/n converges almost certainly to F(B) - F(2), it follows that S4(z) -Ba (2) 
converges almost certainly to F(z)—F(s) for æ and z in (2, B). Since a, B are arbitrary it 
follows that S,(z) converges almost certainly to F(z) uniformly for z. Thus we state 

Theorem C. When 2,,...4n,...4 sequence of independent random variables 
with the same distribution function F(z) then 

[S,(2) - F(z)! < e'(n) 

forn =m, n+l... with probability greater then 1—8, e'(n) being a nonincreasing 
sequence of n such that iim ein) = 0. 
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This is the celebrated theorem of Glivenko-Cantelli (Glivenko, 1988 ; Cantelli, 1935), 
and has been called by Cantelli as the fundamental theorem of statistics. The method 
of proof given above may be useful for the case where the variables are dependent, | 
although in the case of independence the proof is not simpler than the one given by 
Frechet (1987). . 

2. Wald and Wolfowitz (1943) have shown that the, nonparametric distribution of 
the serial correlation coefficient 

RELIER E n 
vn 
converges asymptotically to the normal distribution when the sequence satisfies the 
relations 


(C) 00, r=8,4,.., 


m= iXQ-1$) 


a noticed by Wald and Wolfowitz (1943), this Sonin is satisfied with probability 
one, when %,..2%,,..are independent random variables with the same distribution 
{function F(z) with finite moments, We know from the strong law of large numbers that 
wken the moments of all order exist the relations (O) hold in a strong sense. Since 
whenever the condition (C) holds the moments of the nonparametric distribution converge 
to the moments of a normal distribution converge to the moments of a normal 
distribution, it follows that the distribution of the statistic T converges almost nd 
to the normal distribution — . ees 

' However, the condition (C) may be relaxed as shown by G. E. Noether (1949) and , 
we:consider | - 


where 


) 


(C,) Zle- _ og T 
ix (x, - ay 

when (C,) holds the moments of the nonparametric distribution of T converge to the 
moments of a norma] distribution. It is easy to show that the condition (C) holds 
when Jaji are independent random variables with the same distribution function G(z) for’ 
which absolute moments of order, 4-- 8 exist. * 
—. We shall’ assume E(x;) = 0 without loss of generality. From -Minkowsk’s inequality 


{(@,- a)" o +(%,-2)} < [(e, o) -- + (ep —2)*] for dr <1 


Again when absolute moments of order 4+& exist 


Prob [25 Zat -m| > d< kle) 


nh 


from Markoff's law of large numbers (Uspensky, 1987) and 


< Prob [ža] > e} < bi 


ne? 
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Thus E 
; X(n-z2*. Ve E) 
Prob [35-2 i >e \< "M 
Thus Prob í(z, —2)" + «+ + (z,, —a)'] anA. 


with probability greater than 1- Also by the same argument 


Vea? zn[n- 8l 


with probability greater than 1 alts, ‘Thus 


n 


Sær)" < knr 
Sle- mpe S 


* s k' 
with probability greater than l--H 


Thus the condition (C,) bolds with probability approaching unity. In this case, 
however, unless moments of order 8 exist, the strong law need not hold for 
E ss HEr 
n 
and thus the conditions (C,) hold only in a: weak sense Therefore in such a case 
theorem A holds and F,(z) converges to F(z) in a weak sense. 

8. Convergence of a sequence of random functions. Let f,(v, a), «o fu 9)... 
be a sequence of random functions defined by a set of stochastic processes, where « 18 the 
element of a space P, over which a probability measure 1s defined. Glivenko (1988) has 
considered the convergence of a sequence of random functions to a non-random function 


as n increases. Let 
z b 
ye, 2) =f 116, 1a] [ 1st, oat 


where the integrals exist whenever the correlation function of the stochastic process 
| En(t, aJ] is continuous. 


F,,(a) is thus a random distribution function defined for ail values of « c P for which 


f ise mato. 


Instead of a sequence of random variables (£,...£,) we may naturally consider & 
sequence (z,, .. . %) of elements of P and the Theorem B can be apphed to the random 
functions F',(z, «) whenever 


PL [tat a) [dt = of - 0. 
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Thus b 
a? =, f erar.) 


exists and is a function of @ and when 
b 
Plim pf eg, = f a*dF (a) 
a 


from Theorem A 
[Fy(z)-F(a){>6¢ for n>m 


with probability greater than 1— 6. 


. Let bt 
grlt, a) = (fat, a) / f Ifa, afat 
and b 
lim Eiga(t, )} = g(t), pr = J z"g(z)dz. 
- (M) lim Ef[ps” —p,]*} = 0 
^ sco . 
implies that the random variable uU" converges in probability to p, i.e., Plm a™ = Br. 
Now E([u — py]} = Ein? — Eq] + (Bes) we} 
and v b 
lim E(u’) = lim BÍ ft 1o, o) [dt] = lim f g(t) a 
n> noo 
a 


a 
since the operator E is commutative with integration with respect to t from a 
generalisation of Fubini’s theorem to abstract product spaces. Thus 


lim [E(uf") - u,]* = 0. 
Eil - Eg] = E [1 ‘| "tnli, ajdt- f egoa], [where gy(t) = Efgn(t, a)}] 
= aff f lon, 9-7018] = B| fna fnttostt 9-70a o -$481]. 


b b b b 
= f và f ramos )- F001 Lane, 501 = f at f ets, tat 
where I',(s, t) 18 the correlation function of the stochastic process gs(z, a). 


Thus when b Ab 
f J (et)"D,(6, t)dedt 


converges lo zero ag n — co (M) holds and thus F,,(z, a) converges to F(x) in probability. 


Now, when I',(s, t) 1s continuous, the stochastic process galt, «) is continuous in 


mean square and 


f EX a)dt 
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18 differentiable in mean square (Loeve, 1947), then 


Plim gq (#, 2) =g(2), Phm s 9] — gfe) 





Xn(%) 
where b 
xs) = f Ifat, 2) lat 
Hence : E 
-lfa 2) ] _ g(2) 
Pus fab, a) | g(k) 


when the stochastic process starts from the point a, so that the random function 
fy(x, a) has the value A at the point x = a 
E Plim | falz, a) l = dg (2). 
We thus have the following theorem. * : 
Theorem D. Letí|f,(z, a) |] be a sequence of :andom functions and let I,(s, t) bo 
the correlation of the stochastic process i 


| falz, @) \/ f! falt, o) " 


be continuous and 


b b l 
lii f Í (st'T (s, t)dsdt = 0 


no 


for all integral values of r and let ] 
b 
i a = f. 
im B fate od (ff inti, 48} = gn 


fale, 2) 


then | 25—— | converges in probability to the non-random function g(x)/g(k) in the interval 





fu(k,@) 
(a, b). 
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EQUILIBRIUM OF ROTATING FLUID-BODIES IN CONFOCAL 
STRATIFICATIONS—I 


By 
N. L. Grosx 


(Received Jine 20, 1950) 
INTRODUCTION 


` The problem of rotating equilibrium of fluid-bodies in confocal stratifications was 

studied by Dive (1980). He proved the existence of such forme of equilibrium under 
self-gravitition and also obtained the remarkable result that in such cases shells of 
equal density turn as a whole. He proved also that the angular velocily in- every- case 
diminishes outwards. This paper is devoted to the study of the same problem with a 
somewhat different approach. It contains a complete integration of the problem and 
obtains the general expressions for the potential, the angular velocity and the pressure. 
The analysis also serves to bring out certain characteristic features in addition to obtaining 
the results arrived at by Dive. 7 

The paper is divided into (wo sections. Sec. I contains the deduction of the general 
form for the potential function in elliptic coordinates and obtains the same in two 
particular cases, with a view to utilisation in part (1I) of this study. 

Sec, 2. contains a discussion of the general problem. At the end a few general 
formulae for some of the physical quantities connected with such bodies have also been 
appended, a 


Seo. 1. POTENTIALS OF BODIES IN CONFOCAL STRATIFIOATIONS 


1. Confocal Ellipsoidal Stratificationa. We know that the potential at an mternal 
point (z!, y’, 2’) cf a homogeneous solid ellipsoid bounded by 
x? 3 
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and two similar enpressions for C(v) end D(v), (1.2) can be put in the form 
U, = ap[A4(v) - 2° BW) - y^C(v) —s2.D(v)]. (1.8) 
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The potential of jhe elementary homogeneous shell of density p bounded outside 
by the ellipsoid (1.1) 18 


-rp S [A() -2 B9) - 200) - à DO) hv. 


1f the boundary of the whole body be of semu-axes a, b, c and the confocal through 
(z^, y’, #’) be 
E We UN pod. =Í (1.4) 
a?—d bI-A c—A 


we have, by summing up the contributions due to all the shells to which (z^, y’, z’) 18 
internal and considering the density for each she!l to be a function p(v) of its parameter v, 


2 0 
Us f ot) 41 AG) ca BQ) - y O0) - s D() (1.5) 


as the potential due to all matter of the ellipsoid (a, b, c) outside the confocal through 
(z^, y^, 8’). 
Again, for the homogeneous solid ellipsoid 
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the potential, Us, at an external point (z^, y’, 2") 18 given by 
= dé 
v, = ertet oen f 
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g” E 
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where the confocal through (2, y’, 4) is given by 
c? y? 2° 
+ zl. j 
a? —y' +h, poy tA, Oa FA, (1.8) 





As (1.4) and (1.8) represent the same ellipsoid, we have, 
A, = vÀ. (1.9) 
With the substitution —v' +0 = 0 (1.7) becomes 


& 3 v^ Yb4 —v)(c! —v fx dé E gt 
Uy — spl? — (5^ 7v) V f ocawesercap t n (1.10) 


v J r + mpeg -6j] iu -D (1.11) 


we find that I is independent of v’ and we have 


U, = rei - v) (bà v) (0 —RI. 





Putting 





Now, the contribution of the shell of density p(v) and with the ellipsoidal surface (1.6) 


as its outer boundary is 


HQUILIBRIUM OF ROTATING FLUID-BODIES ETC. 29. 


—npl Fie- )(b! —v)(c e! =v) dy’, 


Hence, the potential due to all the shells to whieh s y’, 2°) is an external pont id 
given by 


U, = —r.I. f To (1.19) 
a : 


Now adding (1.5) and (1.12), the potential at the internal point (z^, y’, g’) due to tha 
whole ellipsoid (a, b, c) is given by 


0 = 
yu al f pl) £[ A(v) -a^*B(y) -y*C(v) -w'^D() ]d» 
A * 


+I f oo F ((o* o? -» - »pa«]. (1.13) 


It may be noted ibat in all the resulta given above we have taken the gravitational 
constant G to be unity. 

2. Confocal Spheroidal Stratifications. In the case of a helerogeneous mass with 
stratifications in confocal spheroids and having the axis of £ as the common axis of: 
symmetry, the potential at the internal point whose cylindrical co-ordinates are (f, v) 
18 given by 


0 A 
te / pl) LAG) - E B9) - (dv +1 Í pb) £i —)(e* dv. (114) 


where the boundary is given by the meridian gection 


r? g^ 
at EF 1, (1.15) 
the density on the surface 
2 2 7 
Eu. =l (1.18) 


a—p ci-y 
is p(v), A is the positive root of the equation 
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and A(v), B(v), C(v) and I ara given by 
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Now, putting ' 
) -f(.L(9); B()-f9.M(); CH = 1(0.NO (1.20) 
where 
fo) = (a? —v(c? TE | 
oo) = o E $e —v46)t p 
| : 
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Z do 
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and using the substitution @ = yee (1.19) reduces to 
K d6' e E n? 
im le ? A 6’)(c? uu a! —À-46' 2l . 
and hence from (1.21) we have . f 
I = LQ)-8MQ)-qvNOQ). (1.22) 


Hence using (1.20), (1.18) and (1.22), (1.14) becomes 
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which gives the potential of a heterogeneous spheroid with stratifications confocal 
to the boundary. i 
8. Transformation to elliptic coordinates. Let us put 
r= k(l- 4 0)* 
(1—p*)*( a (1.24) 
z = kyu% 
so that the curves ¢ = constant and p = constant are respectively the confocal ellipses 


and hyperbolas 
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both systems being confocal with the foci ab (+k, 0). We further assume that 


7? 
(i) <= ¢, corresponds to the boundary, - s =f, 
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(à) § = ġa, to the confocal through (£, x) 











and O o h i r? a? 
(üu) & e t, to the surface "m i m = 1, 
And so 
a? = kx y i= Pü-u)y ev= kele) 
o? = k}? "o g-AcEU IE omy = kG? j (kan 
hence v = U, A, c*, correspond to = ¢,, &, 0, respectively. (1.27a) 
With (1.27) we have from (1.21) 
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Now putting 
AD = PPL Y, BQ = UUEMA, C t1 -UNQ (1.29) ` 
(1 28) reduces to f 


Z- f0 a-EB- Q4 + LG) - PM) - 8.9] 


x f: p(t). (1 --3t*)dt. (1.80). 


The point (£, 4) is here defined by . Ei 
u ac The 
E= k(1- a)l eG y = kebo. (1.81) 


The functions L,(¢), M,(q), ete. defined in (1 28) and (1.28) can all be evaluated in 
explicit terms and we have 


L,Q = s-2tmn^7t MQ =2 — tan Ud N Ñ) = 2 tan“ + t —z. (1.89) 
AQ = KYLEE- ban, —— 
Be sagd -ten - s, '— (1.88) 


CQ = t +?) b tan t4- i =r} 


4. The formula (1.80) can be reduced by partial mtégration to 
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In the case where the density vanishes on the surface we have 


pP) = 0 (1.85) 
and hence (1.34) reduces to 


i be 
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s LO- PMO -PNOO (1-38) 


5. We shall now prove the following theorem : 

Whenever the density oj a system of confocal spheroidal stratifications diminishes 
outwards the potential on any stratification increases from the equator to the pole along 
a meridian section. 

As the value of »on any meridional section of a stratification increases from zero 
at the equator to 1 at the pole, it will be enough to show that 


sa > O<p<l (1.86) 


whenever dp/df < 0. 
From (1.84) it is pear. on writing down the' values of £ and ) from (1.81) that 
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_As p’(0) < 0, the right-hand-side in (1.87) will be positive if 
(1¥0,7)M,(Q—-G7N 0) > 0, 
lor (> Co. 
Now, from (1.28) we have 
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The integral is obviously positive for (> and hence the result follows. 
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6. As an illustration .of the general results given above we shall evaluate the 
potential for the law of density 
pt) = po(1— a TET pk) ` (1.88) 
for m > 1 and assume 
p(x) — 0, (1.882) 
& corresponding to the boundary ellipsoid (1. 15). Thus (1.86) becomes applicable and ` 
we have 





» = 0+3, (1.88c) 
From (1 38), mp 
i p'(- 7 pe (1.89) 
and hence (1.86) turns out to be 
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where x;, Xs, Xa are given by 


Xi(5) = s(1-- 67) —2 tan™ (1-52) 4-2 log [t + *(-59?*] (1.418) 
Xalı) = (4 — tan! AERA EET P (1.41b) 
X«(6) = (1-2 ant) Eo l (1 41e) 


at the point (to, u). 
Now changing the coordinates of the point considered from (Go, u) to È, u), we have, 
as the potential at the point (6, u), 
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fif (6-9) +2 tan b+ t — 2 (1,42) 
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7. As a second application of the formula (1.86), the potential for the law of 
density 
P = polbi—$) (1.48) 
at the point (t, x) is found to be i 
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S LIT = kb, (61) + FO) £44) + FOT- 6G + F(t (1.44) 
where (£, 7) are given by (1.31) and 


P) = RL + G2) fhe tan? Ga + BU 10) (1.45a) 
VAR) = EQ FUP tan S) BL SD (1.45) 
jt) = pO HGP tan t bb KL +) (1 450) 
PQ = -fhr tan? Ce C199] (1 48a) 
P,Q) =- Htr- tan"! i-a 3e (1.405) 
FQQ = -fir + tan gti (1.480) 


Sec. 2. Equilibrium of Fluid-Bodles in confocal Stratifications 


4. ‘The equations of motion of a mass of perfect fluid rotating steadily about the 
axis of 4, in cylindrical coordinates, are 


5 at 5 oF (2.1) 
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where w, ®, p p stand for the angular velocity, the gravitational potential, the density 
and the pressure respectively. 
We introduce elliptic coordinates by the substitutions (1.24), so that the curves 
t = constant are confocal ellipses and the curves p = constant are confocal hyperbolas. 
‘Lhe equations (2.1) and (2.2) now reduce to 
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and ebminating p from (2.3) and (2.4) we have 
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2. We now assume the boundary to be given by 


(1-49) (2.8) 








' (2.4) 





t1 (2.0) 


ae js meridian section, and also (hat on this surface ¢ = ¢,. Hence (2.6) must be the 
same a8 3 g 
+2 =k (2.7) 





so that 
2 = kPt’); c = WG)’. (2.8) 
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‘Lhe equations imply that the eccentricity of the boundary is given by 





e = 1/(L+t,). (2.9) 
For stratifications confo¢al with the boundary we must have 
P = pli). (2.10) 
The equation (2.5) now reduces to 
ka 2) 3 [pk dp 9b. 
1+0 (e J+ i= pe oe) = af Q1 
( 3 (1—p*) Se 8 dà ay D 


8. We shall now suppose that the field-potential ® is due purely to self-gravitation 
of the body; hence © must be the same as V; of the equation (1.80). Hence in this 
case we have, in general, at the point (bo, u) 

^ Bo, p) = V,, (2.12) 
where V; is given by (1.80) and where (£, 9) are the cylindrical co-ordinates of the pomt 
(o, #) and constants for the purposes of the integration in (1.80), 

Now, it is well-known that in all problems of rotatmg fluida one of the four 
quantities mentioned in Art. 1 must be prescribed before the problem can be solved. 
We shall assume, in what follows, that the density of the model is prescribed with the 
boundary defined by (2.6) or (2,7) For a complete solution one has now to obtain, 
by integration, the angular velocity and the pressure. The validity of the solution is 
subject to the restriction that the square of the angular velocity, thus obtained, must be 
positive everywhere inside the body, and the pressure should either vanish on the surface 
or have a positive constant value everywhere on it. This latter condition will 
automatically ensure that the pressure everywhere inside is positive by virtue of 
equation (2.2), an argument essentially due to Dive. 

4. The angular velocity Equation (211) being a linear partial differential 
equation of the first order can always be integrated and the allied differential 
equations are 








di? dy? " nm [SS oP), 2 
s E, = agen / (88 (2.19) 


One integral of this equation is obviously _ 

(14+ 05(1— u*) = cónstant (2.14) 
that 1s, 

r? = constant. (2.148) 

Another independent integral of (2.18) ean, however, be obtained for alllaws of the 
density stratifications. This is because O/a’ can be shown easily, from (2.12) to be a 
function of € alone. In fact, in Sec 1, equation (1.87), we have calculated Gdj/oy* 
generally and it is obvious that the same is independent of u, Hence, as a second 
independent integral of (2.18), we have 


1 © dp 


2h = . 
in irpo ae 


(2.18) 
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Thus, the general solution of (2.18) can be written as 


ape (1.99 Soars wate 2.16) 
wth lae8 Pade + - 0 et) ( 
where F stands for any arbitrary function. Putting . 
= [1 32 de; (2.17 
a= f$. dt OU 
and pu f : 
PUAU = > BA a) «tor (2 18) 
ac 
we have » 
iati? = QU) > B(x ?a cir (2.19) 
a0 
B. The Pressure. From (2.3) and (2.4) we have at once 
dp = pd + kpw*k? .df(1— u*) (1 -- 5). (2 20) 


With (2.19), this can be written as 


dp = d(p®) + EB AU — pL + Pip. dia — wi +9) Ve YALL — pL + $P — Od. (2.21) 


Now, from (2 12) it is clear that we can put ® in the form 


BE, n) = OD + wh, (9), (2.22) 
so that, obviously ' 
a 0. (2.28) 
Op? 


Now wita (2,17) and (2.23), (2.21) can be put in the form 


om 


dp = debs D Bi - neon 0H «1 + [00 -8,0 76] 26. 2.29 


This shows that for all laws of confocal stratifications dp 18 a perfect differential and 
hence the pressure can be integrated out without any further restrictions. We have 


FILI 


P = pV- PUHUA P BAL - LECH + FO+O (228) 
where SY : 
80 = ffon - 9.0.56 ac. (2.26) 


and C is the constant of integration. 


6. The Boundary Conditions As we have already mentioned, the boundary 
condition is that the pressure either vanishes on the surface ¢ = ¢, or is constant over it. 
In what follows we shall formulate our arguments on the assumption that the pressure 
vanishes on the surface, Th's will not make any difference in our general conclusions 
for models under constant pressure at the boundary. A reflection on the formula (2.25) 
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together with the equation (2.22), shows quite clearly that the pressure cannot vanish 
everywhere on the surface = ¢,, unless the terms in B® and higher powers of z?, 
all vanish. This means that the only non-zero term that can oxisi in the summation 
(2.18) is B,. Thus the constancy of the pressure or its vanishing, over the boundary 
determines exactly the form of the arbitrary function that appears in the expression for 
w? (Eqn. 2. 19). We now have (2.19) and (2.25) as, 


pwk? = OO - B, (2 27) 
and 
p = PË- p(l +E + BJ —w)(1 +0?) + (2C. (2 28) 
Now, from (2.17), (2.28) and (2.26) we have 
HO = t «t09 - fto +) ^ar. (2 29) 
S$ 
Hence, with (2.27), (2.28) reduces to, 7 i 
p= pb (Lc p) +e) path J (6, 4 4.) Paga C. (2.80) 


Hence splitting up 4 as in (2.22) and equating to zero the term independent of u? und 
the coefficient of p?, separately, we have, as the conditions for the vanishing of the 


pressure over the boundary, 


pra eun] - fo, «eg P dte o o (81) 
and 
pf, — 10 -- Fuk} = 0 (2.82) 


on $ = bi. Equations (2.8!) and (2.82) determine the constant C and the boundary 
value, ws, of w, in general. From (2 22) we find that when 


O EO oF = Fetes Pu) (2.88) 


but when (i) p(k) = 0, «o, 18 not given by (2.82). We shall see soon how ws can be 
determined when the density vanishes on the surface. 

In either case, bowever, C is obtained definitely-from (2.31). 

T. We noticed that the problems under discussion fall into two classes according 
as the density vanishes on the surface, or it does not. 

() Class (a): p(t) = 0. In this case, we have from (2.27) 


ipw = Q-A) (2.84) 
and , à dp x 
p = pb t ipe u-Wiu)--e f (D, * d.) a; 4 (2.35) 
and from (2.84) we find 
P= 2 hn Z) (2.86) 
"o kiia PO 


e, being as before the surface value of w. 
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(ii) Class (b). p(&) +0: Here (2.27). reduces to 
ipa? = Heh) o P EUD- 2G) (287) 


where oj? is given by (2.88), and the pressure is given by 
mU anad . 
p = pb (1p) C9) Apo*l? + f (9,49) edt - pb). 49 + Pak, (2.38) 
i 


which is obtained from (2.80) by substituting the value of C from (2.81). 


8. It now remains to show that w? given by (2.34), or by (2.87) is positive for 
every b S bı For this, we notice from (2.17) that 


d 
~*~ Off) = —— SSS 
dt, ( 
and it has been proved in Art 5, Sec L that &P/Gu* must every where be positive. Hence 
if the density diminishes outwards the function Qt) must also behave in the same 
manner. Thus for all laws of density for which the density diminishes outwards we 


must have 


dQJ « 0. (2.89) 


Now t increases from zero at the central disc to t, at the outer boundary and 20) 
diminishes outwards. Hence 


OG) <O. 


Q()—0(,) > 0 (2.40) 
whenever dp(0)/ dt <0. Besides, by (2.28), w > 9 because ®,(¢,) > 0, from (2.88). 


This establishes completely that w* obtained from (2.34) or (2.87) must be positive 
everywhere inside whenever the density of the stratifications diminishes monotonically 


Thus we have 


outwards. 
9. We shall now show that in either of the two cases the angular veiocity must 
diminish outwards. From (2.87) we have 


d 224) — QI 
a beat) = OO. 


Hence, from (2.17), we have 





dua = de[ p. oP owl, 
prm d toss I 


Now, substituting from (2.87) again, and simplifying. we have 


ada nn pf di 1 5 
L gm - E. ES (2.41) 





Now differentiating the expression for BV (boon) (Op? obtained in (1 87) with respect to 
t, and simplifying we have 
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d C : 
zia | = 2t [060-6914 -N G) 


{a 
+ fno - s OH- oko «cag 
ks 
+$ LA HEIME) -LN Cl]. I (POREH. Q49) 
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Taking note of the fact that p’(t) is negative, we see’ that 
(1) The first term ou the night hand side of (2.42) is negative if 


M,(5) —N,(t.) «0; (2.43) 
(2) The 2nd term in the same expression is negative if 
M-N E) <O, fort, 6t (2.48b) 


(8) The third term is negative if 
d "4 * e 
FRAU * G67)M,G) - GIN GEO (2.430) 


Now from the values of M,(t) and N,(t) given in (1.28) it becomes clear that all the 
conditions mentioned m the equations (2,484), (2.43b) and (2.48c) are satisfied. Hence 
from (2.42) we have 

d. 25) = 
a (Ss AN (2.44) 

Thus, the mtegrand iu /2.41) ıs negative and so the right-hand-side of equation 

(2.41) is negative whenever dp/dt <0. Hence 


i fokt <0 (2.45) 
S 


This proves that the angular velocity must diminish outwardg. The result remains 
true when the density vanishes op the surface. 

10. From the above analysis we conclude as follows: 

(i) Whenever the stratifications are in spheroids confocal with the boundary, 
equilibrium under self-gravitation is possible for any law of variation of the density, 
provided the density continuously diminishes outwards, 

(n) In every such equilibrium the angular velocity is constant over the same 
stratification and hence the shelis of equal density turn as a whole. 

(in) The angular velocity varies from shell to shell and continuously diminishes 
outwards under the same proviso as in (i) 

These general conclusions were known. They were discovered by P. Dive (1980) 
in bis researches on the internal rotations of stellar fluids. Dive obtained the results 
without the aid of the general formula for potentials of bodies in confocal sbratifications, 
though, in his method he had practically integrated the force-components to the extent 
necessary for proving the reality of w. 
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The present discvesion is a somewhat different approach to the problem. It is to be 
noted that the success of the solution really depends on the characteristic:form (2.22) of 
the petential function viz. b,(Q+#7@,(0, in which ©,(() > 0. This is responsible for the 
interesting result (i). Formulae (2 83) and (2.36) which give the surface angular velocity 
in terms of k and the surface eccentricity (e? = 1/1+¢,") are however believed to be new. 

Besides, a general expression for the pressure has been worked out. 

It appears from the above discussion that if in addition to the field due to 
self-gravitation an external field is imposed which does not disturb the features that the 
total dean be put in the form db,(,) +p*®,(Q) and that P Q> 0, equilibrium in confocal 
ktratifications may still be possible if GT/0z is negative everywhere, and then the angular 
velocity will maintain the same character. 

41. Tt: possible to obtain in.quite simple terms the general expressions for the 
muss, moment of imertia, etc. of models in confocal stratifications. As we shull have 

‘oecasion to use several of them in our future work these expressions are given below m 
forms which may easily be integrated in partioular cases, 

(a) The Masa. 


h 
M= f ie [ex - (inlet ME = Sak? [pt u(t- / POLEA] (2.46a) 
o 
10 general. When the ae vanishes on the surface we have 


M =- Gal? T e t(1- t). (2 46b) 
0 
(b) The kinetic energy. : 





Putting "Nem 
k (u TRO t. dg = gE +y) d 
ds, = ast z4 85 erar u, we have 
K.E. = Fap i (L4&2)(1 + Bt?) pwd (2.472) 
When p) : = 0, we have : 
KE--HMe ET. t 2 cac ; (2.4 Tb) 
15 J dt 
(c) The moment of mertia, I about DEUS axis of rotation. 
pu or "pg d x fc vus (2.488) 
in genral. And . 
ü 
jana | p t 29d (2 48b) 
UC 0 






when: plk) = 0 

(a) The average of the squared angular-velocity, As the uverage over volume ‘of 
‘simple wè leads to intractable integrals it has been found advantageous-to calculate the 
average of the function pw*. Two averages in this connection ‘have: been ‘considered. 
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The first is the average over the values of the confocal parameter { and the second the 
18 the average over the whole volume. Thus, 





-- dp quo. vm 2 "p dp i d 
O Can pez f O-A- 2.1 f ee do ad (2 49a) 
w ll k ü : { 9 (5i $ ke a ppt di IFẸ 
ET 2 I S Có dp M 
u) (pw?) vel = — 5. — T dt, (2. 49b) 
( puo ] ki ga Tu) 3 Ou? d; S 


Further, we define 


i 2 2 “Ob dp p "dp, djs 
(0 )mace = fo pdv [ foe =j [ : au? ae 4 / , de c. «i| (2 50) 
when p(t,) = 0 
Finully, I take this opportunity to express my grateful thanks to Prof. N. R. Sen 
for his kind guidance in (he preparation of this paper. 
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EQUILIBRIUM OF ROTATING FLUID-BODIES IN CONFOCAL 
STRATIFICATIONS—II 


By 
N L. Gnosng 


(Recetced June 20, 1950) 
Introduotion 


In part I (Ghosh, 1950B) we have given a general discussion of the problem of 
rotating equilibrium of a spheroidal fluid-mass in confocal stratifications. 

In the present paper we have worked out fully the case where the law of density is 
given by 


- 


p =p 1 - qi m>1 (3.1) 
{ being the ellipsoidal co-ordinate used in (I). This case is shown to be completely 
integrable in closed form in terms of ordmary functions, 

We have studied the ‘average’ value of the function w?/2zp for this model and the results 
show that qualitatively, it is of the same character as in the case of the homogeneous 
model or as in the case of the model where the distribution of density is in similar spheroids 
(Ghosh, 19504). The variations in the average angular velocity, the central density and 
the equational extension with cbanging eccentricity have also been studied. The results 
show that such a model can lie only between the flat-disc state and a state of extreme 
condensation in the form of a droplet. 1t can never attain a state of infinite diffusion. 

In the following discussion all equations under (1.) and (2.) refer to part I. 
Equations of this paper are marked as (8.). 
2. Assuming as in (I) that t, stands for the boundary value of X and that 


p) = 0 (3.2) 
mea (Lrg ts. (3.8) 


In sec 1 of (I) we have shown that the potential due to self-gravitation of such a 
model is given by (1.48). Hence, for equilibrium under self gravitation only we have 


o 


np,mk 


we have 


= (x, -72)-*2tan^! 6£—21og [$+ (19 Cr G-a))(ca V4 ex) — tan C 


-NU ET) (a) 
S 








NIE ae } vl —z)t2tan 0i 
Pe epo e pus aere 
where x, x, Xs ate defined by the equations (1.41). 
As the density of this mcdel is supposed to vanish on the surface, wand p should 
be given by equations (234) and (235), the surface value of w” being determined 
by (2.86). 


unt bo 
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From (8.4) we find that in this case 


®, /mpymk* = f(x, =z) +2 tan7! t2 log[t-- (1+ ()4]] 


I REDE REND E 
+ (1+) sx) - tant ijp^uzpa] 05 


t2) 
Bs/npomk? = 3 f(x, =n) + 2 tant te +? Ln 
5 





— (14 C) [as - X3) — tan`! ere + ü x) (8.6) 


so that ©, +, is given by the simpler form 


o. e, o, = -1+_ + a4 
RP = (Xv) +2 tan! E-2 log [f+ (14+ t] 
+ Cx. — 2) + 26 tan`? 6-26 - 260 +), (8.7) 
Hence substituting, we have from (2.17) 
O = — np, m kW) (8.8) 
where 


d & g 
mn + Alsa) (L3 een 


TN 2 p hor E 205. 
Is '8ü-BGR 9 arget 1+ (3.9) 


Qr (0 8120 
Hence, from (2.84), we have 
Pa? = rp m*[ WAY — Wid] (3.10) 


and from En we obtain after some simplifieation 








= [ux - 12) J+H 77) a puli -H.i, l ati 7— pjt + tong, 


TR 8 B E (17$ 


* Ban t etj Sh fa] (8.11) 


This shows that the angular veloeity at the surface does not vanish and it will be useful 
to remember that the angular velocity dimini-hes outwards in every case of confocal 
stratifications with density diminishing outwards. 
From (2.85) we have by (8.7) 
P = pde dps! IA (1— p?)(1 +t) + Bp mk Ol (8.19) 
where 
tan“! t 


E WE Grürb? 24 
eo - [i lg rd 5i co 5 tis x log fte et JE dw T+ pe 46 (3 18) 





3 The values of the various physical quantities E (I', [equations 
(2.460—2.50] work out as follows in the present case. 
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(a) The mass is given by 
M = fal? p, mi(1 T69)t-1l 


y- grkg (Lr 6!) 
(c) "The moment of inertia by 


(b) The volume by 


1 


= 8rp, I^ (+ Gy 1 28/2 — 
[= 45 t {( +% ) 1} 
(d) The kinetic energy by 


2,92 245 
K.E = = Ts : [HI +617)? {x2 + Xs ga +3 tan"! &] 
— ba * xs - Bat} + (6 0 50 — 861 


(e) The average density, p by 


A E E b pec Le 

P (vol) = pags (1o nce) o 
5 (balp. g [194-1] (ii) 
p (mass) = Berea TE dm an^! t, —1] (iii) 


(f) The mass-average of the square of the angular velocity is, 


vi = ot. pao | foa 


where v = $ak*t(1-- i9). From (8.14f) with (8.14e, (iii)) we have from (8.10) 


A Bn ae 





TP mass 
where 
= (br - c 2) — tjt — 2 oa oe 65, —8t On 
PG) = Gr- tan 4) {9014698 I 2| aet t 
and 


\ 


QR) = tan?! à —&/ (1695. 


5. w!/2np as a function of 5. 
From (8.15) it can be showa that 


1 
L, 2.20119, L, = = 0. 
Loo Asp 1,40 2p 


(3.14a) 
(8.14b) 


8.14c) 


(8.14d) 


(8.146) 


(8.14f) 


(8.15) 


(8.10) 


(8.17) 


(8.18) 


The values of w^ /2rp for a few other values of t, are shown in the table given below. 
Since {, corresponds to the eccentricity of the bounding spheroid of the model (5; — ce 
when e >0, and {, —0 when e — 1) we notice that in the spherical state the function 
attains a finite value and vanishes in the flat-dise state. In between il attains the 


maximum value 0'84 when ¢, = 0'4, the corresponding value of e being about '02. 
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Tt is well-known that in the case of the homogeneous model (Maclaurin’s Spheroid) 
the function vanishes at the two extreme limits and attains the maximum value 0'225 
when the eccentricity is about 0:98. 

In a previous paper (Ghosh, 1950A) we have shown how the vol ume-average of 
w*/2cp behaves for the law of distribution of density, p = p,(1—ar* — 827), in similar 
spheroids. In this case also the function vanishes at the two limits and attains the 
maximum 0:88 ate = 0 02. 

For the sake of a better comparison with the latter case 1.6., with p = p,(1—ar! — 82"), 
we have calculated the mass average of the function w'/2mp for this case of similar 
distribution and the results are shoan in the table. Itis found that in the case of the 
mass average of the similar distribution, the function agam vanishes at the two extremes 
but the maximum aitained is only about 0°29 for nearly the same eccentricity 0 92. 

Thus for the s:milar model the mass-average 1s nearer the homogeneous model 
than the volume average, but Lhe qualitative behaviour of the two averages 1s practically 
the same. 

Hence the mass-average introduced m the study of the present model wi!! not lead 
us very far wrong, so far as the average behaviour of the function w?/2rp is concarned. 
























, v! [5p (mass) Similar model 
1 Present model wj 2mp (vol) | w*/2zp (mass) 
co 0 0:119 0 
10 | 0°09 0:148 070043 
2 | 0447 0:209 01227 
1 | o07 0254 0 285 
0'5 | 0:89 V277 0868 
04 | 092 0:840 0:880 
093 | 0957 0:80 0:870 
0 | 1 0 0 





8. In the previous paper mentioned above we have investigated the way in whioh 
the central-density, the average angular-velocity and the equatorial extension of a 
fluid mass in similar stratifications change, as the mode! undergoes secular variations in 
the boundary eccentricity, keeping iis mass and angular momentum constant. We propose 
now to undertake a similar study with respect to the present model, where the law of 
stratifications in confocal apheroids is given by (8.1). 

Assuming the boundary to be 


8—1739P—4 
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we must have 
a? = E rx) 
c? = ktg? 


‘and the eccentricity of the boundary must be given by 





which implies 


L0, ei 


Lil, > æ, E 


Now, the angular momentum of the model, given by 


A= f or pdv 


(8.20) 


(3.21) 


cannot be evaluated easily, As we are interested only in qualitative results, we may 


without serious error, write 


A= v.I 


(8.22) 


where the moment of inertia T, is given by (3.14c) and w stauds for the square root of the 


average value of w°. Hence 
@ = (wi 


the mass-average of w° only being considered. 


(8.28) 


(0 Behaviour of k. Eliminating p, from (3.140) and (8.22) we have by (8.15) and 


the last of the equations m (8.142) 
k = 25 A? {(1+¢,7)#-—1}? 





| 6 M PQRP G74 04h 


An analysis of (8.24) gives the following results when 4 and M remain invariable, 


Lyk >0 (a), Li kt, 30 
Loc ioo 

I k t — finite ` (e), nm k -> 
tito s0 


(8.94) 


(8.25) 


From the above equations ib becomes clear that a and c both tend to zero when 
{, co i.e., when the bouadary becomes a sphere. The stratifications inside must then 
be concentric spheres, but the volume of the model becomes vanishingly small. 


Consequently the average density must be indefinitely large. 


We have, howover, seen 


in (8.18) that w*/2xp must remain finite, Hence w? also must become indefinitely large. 
We shall verify these consequences by actual calculations from the expressions ior 


w and p 


(I) ‘The Central Density, po. Eliminating k from the same set of equations as in 


case (I) we obtain 
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P(5).(m't? — 1)? ; 
i= L.S 1 ; 
5 mi(mt, — 1)88 (3-20) 
where " M108 2«(8x|45). (3.27) 
O AÀ (47/3) 098 i 
Hence, for 6, 1 ; 
p es L.P(t,).53ü +47), or poh (3.28a) 
go that as 6, — co, p, — cc. 
Again, fort, «& 1 1 
pot FI, d es Li pp eo. (8.28b) 
$1 uO 


Bub Ly Pob, >a finite value. This last result explains why the mass remams finite 
ho 


though the total volume tends to zero as b, > 0 (or e 1). 

The above results show that at both ends of the series p, becomes indefinitely 
large though at all intermediate stages it remains finite. ‘hat is, in the disc-shaped 
state the central density must be of a high order. Any change from this state, (where 
the mathematical volume is infinitesimal), leads really to an expansion in volume with 
an equatorial contraction. ‘This continues till the central density attains its minimum 
value, a8 shown in the table below. After that the volume and the equatorial radius 
diminish together and p, goes on increasing. Ultimately p, reaches an order of 
magnitude which for exceeds the value ıt had at the starb. The following numerical 
values calculated from (8.28) show the order of magnitude and the position of the 
minimum ps. l 


i 
6 log (E 


10 | 009 |1:82204 
07196 | 088140 
0:707 | 0778467 

05 |089 ,10581 

04 | O92 | 122424 


08 | 0'957 | 159320 

















Thus, the minimum value of p, 18 touched in between i, = 1 and ¢, = 0 5, the 
corresponding eccentricity being nearly 0'7. The volume at this stage must be the 
largest attained by the model and is obviously finite. 


(Hi) w. From (8.15) with (B.14e, ni) we have 


ngo Eh PG) | 
(CUMUR Gr PM 
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' 


Hence m " 
l wo mt? whent, 91, .. Ly wo ce. (8.80a) 
Also [e 
L: w > a finite quantity. (8. 80b) 
to 


Thus in the dise-shaped state the rotation is finite whereas at the other extreme, 
the droplet-form, the rotation is indefinitely large, the variation in the rótation in bet een 
being a monotonic increase. 

6. Conclusions. From the above discussion 16 becomes clear that the maximum 
equalional extension of the model is attained when 6,0, that 1s, when tre model 
turns into a flat disc. At the other end of the series it becomes a droplet of infinite 
concentration. And, for all variations in b! e surface fattening the model plies between 
these two limits, attaining a finite maximum volume and a finite minimum central 
density when the eccentricity 1s near about (7. Such a model ean never attain a state 
of infinite diffusion as hag already been remarked in the introduction ; on the contrary 
it can reduce itself to a point-mass. i 

lt is interesting to compare this result with that of the model m similar 
stratifications (Ghosh, 1950A). It was seen that the latter could ply only between the 
state of infinite diffusion and the flat-disc form, attaining a finite minimum equatorial 
radius at the disc stage. The iwo series appear to meet nowhere excepl at the 
disc-state, 

My grateful thanks to Prof. N. R. Ben for bis kind interest and encouragement 
in the preparation of this work. l 
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SOME FORMULAS IN TENSOR CALCULUS 


By 
M. C. Cnaki, Calcutta 


(Received July 18, 1950) 


1. Ina recent paper (Ben, 1950), a finite system of 12 sets of coefficients of affine 
connections have been given by starting with an arbitrary set and introducing the notions 
of the associate and the conjugate of each coefficient of the set. In the same paper, the 
Christoffel symbols in the Riemannian Geometry have been obtained by special linear 
combinations of these coefficients. Further, some interesting relations involving these 
coefficients and tensors derived from these coefficients, analogous to the Riemann- 
Christoffel tensor, have been given. The object of this paper js to establish some formulas 
involving the coefficients of an arbitrary system of uffine connections in combination with 
an arbitrary tensor and formulas involving curvature tensors derived irom these 
coefficients in accordance with the suggestion and method given in the paper referred to 
above. 

Let a = T", be a set of coefficients of an arbitrary affine connection and T$, be an 
arbitrary tensor, obviously 

d= +T} (1.1) 
are the coefficients of another affine connection. 

Also, let gy denote an arbitrary covariant symmetric tensor of rank 2 and denote the 
coveriant derivative of gą with respect to I*, by a comma followed by indices. Introducing 
the notions of the associate (*) and the conjugate (’) ol a, as given m the paper referred to 
above, namely 

a* = Ih + 9" gmj a = T5, 
let 
Q, = 4, A, = až, a,— a*', a = a*'*t,.... a, —a 
and 
d= d, d, = d*, dj=d*, dy = d*'*,,.., dy dn 
Put 
oS 995,5, b pui I" Gin A= 9" 9n = Ào 
p= gg. (T5, — Ta), B= g"gul Us, — T5), yc T. jo T. 
ô = F” Gu Tap = G gaT e= g"GuT ins €; = g"gu Tin. 

We give below the shes of the finite cyclic sequence generated by d. Thes 

calculation, although laborious, is straightforward. 


d,=d=aty=a,+y (1.3) 
d,=at+e-8=a,-8 


Ly 
I 


? 
a = a’ +a,—8 = 0,— B, 
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47 G+a-A+Pt+e,=a,+6, 
a’ Ea, À+ Bete = as e, 


a Ww A 
M 
ll 


a= Gora Atp tbey  a.— Yo 
d, = a'*tado,—A Ba B,—y = aY 
d, oa p 6E EEcaS 
d, = ata -A- Br B, 8, as 8, 
dio = a+ aet By— eg = a — 
dı = aat fB—e—20,,— 
dia = d'= a' y, dy, 
If {i be the Chnstoffel symbol formed with, respect to g's, it is easily seen that 
fori = 1, 2,. 
Hitis = i(ai 21,4) = hata tata, — Ate +p 
= DAD 8 9" Gmt Ija Gnd tg" ' HGLa Din) + Gila T) 
mE E 
Further 
ge, + Ty) + gully + gg -ggm TZ) = Jug + Ialn + Gul = a (1 4) 


x 


as are to be expected. 
Now, as a special case, let 


= a+m(b-—0) = Wi, say, (1.5) 
where b = Li; and c = o are gels of coefficients of iwo arbitrary affine connections and 
m 18 a numerical conslanl. 

For the sake of covenience, put b~c = Th. Let the covariant derivatives with respect 


to b, c, d be denoted by a semi-colon, a solidus and a square bracket followed by indices. 
We have then 
[gn]. = Be —GenW y — GusWaj = Jons MIT + JusT os. 
Therefore l e ] 
É 9^ [gi]; = 99v; - mT; — mg GaP rj. 
ence 5 
Wa = Wi tg [gin]; = Tht mT, +9 ging — mT, —mg'"gaT;; 


= (Lyt gg) + mg" (gs. — inj + Gna 5} = Vy + miL - Q1. 


Therefore 
d* = a* +m b*—o* 
a . (1.6) 
d =a '4m(b'— o") i 
The values of d; can now explicitly be given in terms of aj, b; and m, l= 1,...,12. 


In particular, let d = u+m(a,—a,), where u = fit 
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We may now wrile 
d, — (d,  d,) + mla, —a,), or i(d,—4d,) = mía, —a;). 


Therefore the values (1.2) aie now replaced by (12%, say, where a anda’ &re replaced 


by u, T, 1s replaced by à(d,—d;) and z, «, A, 8, B, have the values zero. Further, 
since 
a,+a, = Qu, or, a,—@, = 2(a,—u), 





we have 
d—u = 2m(a,—u), or, d = Ima, — (2m — iu, 
Therefore 
d- iau) 0-1 (a —u). 
Hence, in order to obtain the values of d,,..., dj, we may also replace (1 2) by (1. 2’), 


say, where a, a’ are replaced by 4(a+4), i(a'--w) respectively, T is replaced by 
4m—1 





(a—u) and a, te A, B, B, are replaced respecl:vely by half their values. 


2. Let us now take as a further special case 
d = 4(a+b)+m(a—b) (2.1) 
Put (a+b) = A$, and a—-b = Th and let the covariant derivatives of ga's with 
respect to Al be denoted by an ordinary bracket followed by indices. Also let 


i i 
C) = Ti = Sp Sp TS PhIY 


be the curvature tensor formed with respect to a. Similarly for C(b), C(c) ete. Wa, 
then, have 


: C(b) — (a) = Ta Ti, TT -TAT + TL T1) (2.2) 
an 
! &C(a) + C(b)] — C(3(a-- b)) = 3(T T, — THT). (2.8) 
Subtracting (2.8) from (2.2) 
4C(3 (a +b) -$8C(a)  C(b)) = 75, Phy + TL T3). (2 4) 
Interchanging a, b in (2.4) and subtracting 
C(b)— C(a) = (1e — (P1), + TEAL — A ty) (2 5) 


Put }(a+b) for a and }(a+b)+m(b—a) for b in (2.4), so that a — b is replaced by m(a—b) 
and à(a- b) is replaced by 4(a+b)+4m(b—a). Hence (2.4) reduces to 


40(4(a +b)  3m(b — a) — {8C(4(a-+ b) + C(3(a + b) -m(b —a))] 


-om[(Ty- (Ph, TL(AA — AL) (2.8) 
From (2.5) and (2.6) 


m{C(b) — C(a)j = 4C(3(a + b)  4m(b —a)) — (8C(A(a + b))  C(3(a + b) + m(b —a))} 
interchangmg a, b and subtracting 
2m|C(a) — C(b)] = 4[C(3(a + 6) + 43m(a — b)) — C(3(a + b) + àin(b — a))] 
, —{C(4(a + b) + m(a—5)) - C(4(a - b) +m(b—a))} (2.7) 
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If instead of subtracting we add, we get 
4fC(&(a 4 b) + àm(a —5)) + C(à(a +b) + 3m(b —a))] 
= 8C(&(a + b)) + £C(&(a +b) + m(a —b)) - C(3(a-- b) -m(b —a)). (2.8) 
Further, it follows directly from (2.8) that 
m?[C(4(a + b)) -HC (a) + C(6))] = C(&(a- b)) - 4C (a b) + ima- 5) 
-C(Ma-b)-3m(b-a)j (2.9) 
The last three results appear interesting of which the last two reduce to one given in the 
paper referred to before for the particular cases when m = 1 and m = 2 respectively. 


Other formulas can be derived from them by taking the associates and the conjugates. 
For example, a;— by can always be replaced by b,,,—a;,,. Again let i 


e, = (a, b) = b(a +b) +4m(a—b), e, = (b, a) = b(a +b)+ àm(b —a). 
Th 
i 6, = (6, 6) = (at b) +m? (a ~b), e, = (e, 6) = h(a +b) t ám*(b -a). 


Similarly for e,, 6, etc. In general, 


&, = la b)-r àm"(a—b) and 6, K(a--b)--dm*(b—a), r= 1,2,8... 


Cla, b] = &iC(a) - C(b)) — C(&(a-- b)) = Tis, say 
Then it follows from (2.8) that 
Cle, 6] = m T, r=1,2,8... 
We may now obtain various formulae by eliminating the tensor Toe For example, 
Other formulae can also be derived by taking the associates and the conjugates. For 
C [at bi] can always be replaced by C [a;, ,, 54, ]. 


In conolusion, I take the opportunity of acknowledging my grateful thanks to 
Dr, R. N. Sen for his helpful guidance and encouragement. 
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STRESSES DUE TO NUCLEI OF THERMO-ELASTIC STRAIN 
IN A THIN CIRCULAR PLATE. 


By 
BIBAUTIBHUSHAN Sgn, Calcutta 
(Received July 8, 1950) 
INTRODUOTION. 


It hag been shown by Goodier (1937) that if a paré of an elastic plate be 
heated while tho remaining part is kept at zero temperature, the displacement can 
be expressed as the gradient of a certain potential function. This result has been 
utilized in this paper to find the plane stresses in an isotropic circular plate of small 
thickness when a small element of area surrounding an arbitrary point in the plate is 
heated in the manner stated above. The method developed by the author in a previous 
paper (Sen, 1946) has been used to solve the problem. 


SOLUTION ` 


Let O, the centre of a plene face of the thin circular plete be the origin and 
Ox, Oy, two perpendicular lines on this face, the axes of co-ordinates. We suppose 
that an element of area dí? surrounding the point A (c, 0) 18 heated to a temperature T, 
the remaining part being at zero temperature. If r, be the distance of any point 
(x, y) from A, then following ihe arguments given by Goodier (1987) we find that 
the components of displacement (u, v) at the point (z, y) can be expressed as 


LE (1.1) 
where aT 
veu +o) dO log r,, (1.2) 


4 being the coefficient of hnear expansion, and c, Poisson's ratio. Plane stresses 
produced by these components of displacement are 


ae poTdo[1 209], 
1 











1 p 7 
ARN ee | . 
YYa Or Lie rèd 
EaTdQ, (z— 
ry, = cor Cg, (1.8) 


in which Æ is Young’s modulus, and r,? (ze—c)y* Putting Q for E«TdO,2m, 
and 7? = z*-- y^, we obtain the expressions 
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Y 
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T.T, = 2.20, +Y.2Y, = [2er zr +0), 
1 ` 
T.F, = fry, + yyy, = a [e? - 77]. : a 4) 
1 


1f P be a point (æ, y) on the circular boundary r = a, and B(a*/c, 0) the inverse point 
of A with respect to the circle, we have 














[r.rt;]rne = n [2ca? - z(à*  c?)] = zo a Boc — a(u* Tc?)], 
EN E Qy 2 a] Q.a*y 2 341 i L5 
[7.7Y; ]roa "ws AP* [c a ] Berle as Ji ( ) 


To -nullify the above stresses on the circular, boundary we should superpose a stress 
system Tra, "T zy, which yield. 
1 T2, = 2.205 +Y £j, 


TTy. = my. y Wa 





such that 2 
z3 .a* E : 
Itrz.lels— pralea +o’) — 9ca*], 
= . 
and [r.79s]r«a = Pav foto]. (1.6) 


It has been shown in the author's paper (Sen, 1946) that if the boundary values of the 
expressions 7.rv, and 7.ry¥, be known in the forms a[L(z)],.a and a[M(s)],.« where 


g = z+ iy and L(s), M(z) are analytic functions of s. then 





TY, = n[ fei POS ance]. | (1.7). 


In these expressions R denctes the real part, and f(z) is an analytic function of 4 
such that T 


sz, + yy, = R[f()]. l (1.8) 
It was also proved in the same paper that 


fe) = A tM l (1.9) 
# 


except when 


STRESSES DUE TO NUCLEI OF THERMO-ELASTIC STRAIN ETO. 


It is evident from (1.6) that we can put - 


_ Qa? g 
we) = Goa 


_ Qa? -iz 
T aM(s) = of atn 


Hence from (1.9) we get 
4Qa? 
e*(s — a*[c)* 


fle) = 


255 


(t.10) 


(1.11) 


Thus we find that the expressions TIU, r. ja (and hence the superposed stress system) 


can be completely determined from (1.7). "These combined with a2, ZY, n given in 


(1.8) give us the required stress distribution if the plate. 


The hoop stress 68 al any point on the boundary can be found out from the 


boundary value of (9 (= "na 66). The contribution to © by aa, and yu. is nil Since 


at the circular edge rr = 0, 


à [66]... = [© rma = [Rf(2)]rea- 


"Piae rtl... 


— 2E«Td( a? — 2ac, eos 0 +c? cos 20 
07 7 [a?—2ac cos 6+c7]? ’ 


where (a, 6) are the co-ordinates of the point on the boundary. 


PRESIDENOY COLLEGE, 
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